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PEEFACE 

This  work,  as  the  name  implies,  is  intended  for  colleges  and 
scientific  schools.  The  first  part  is  simply  a  review  of  the  prin- 
ciples of  Algebra  preceding  Quadratic  Equations,  with  just  enough 
examples  to  illustrate  and  enforce  these  principles.  By  this  brief 
treatment  of  the  first  chapters  sufficient  space  is  allowed,  without 
making  the  book  cumbersome,  for  a  full  discussion  of  Quadratic 
Equations,  The  Binomial  Theorem,  Choice,  Chance,  Series,  Deter- 
minants, and  The  Greneral  Properties  of  Equations.  Every  effort 
has  been  made  to  present  in  the  clearest  light  each  subject  discussed, 
and  to  give  in  matter  and  methods  the  best  training  in  algebraic 
analysis  at  present  attainable.  Many  problems  and  sections  can  be 
omitted  at  the  discretion  of  the  instructor. 

The  author  is  under  great  obligation  to  J.  C.  Glashan,  LL.D., 
Ottawa,  Canada,  to  Professor  J.  J.  Hardy,  Ph.D.,  Lafayette  College, 
Easton,  Pa.,  and  to  W.  H.  Butts,  A.M.,  Michigan  University,  Ann 
Arbor,  Mich.,  who  have  read  the  proofs  and  given  valuable  sugges- 
tions on  the  Bubject-matter. 

Answers  to  the  problems  are  bound  separately  in  paper  covers, 
and  will  be  furnished  free  to  pupils  when  teachers  apply  to  the 
publishers  for  them. 

Any  corrections  or  suggestions  relating  to  the  work  will  be 

thankfully  received. 

G.  A.  WENTWORTH. 

ExBTBS,  N.H.,  May,  1902. 
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CHAPTER   I 
FUNDAMENTAL  IDEAS 

1.  Magnitude,  Quantity,  and  Number.  Whatever  admits  of 
increase  or  decrease  is  called  a  magnitude.  Every  magnitude 
must  therefore  admit  of  comparison  with  another  magnitude  of 
the  same  kind  in  such  a  way  as  to  determine  whether  the  first 
is  greater  than,  less  than,  or  equal  to  the  other. 

A  measurable  magnitude  is  a  magnitude  that  admits  of  being 
considered  as  made  up  of  parts  all  equal  to  one  another. 

To  measure  any  given  measurable  magnitude,  we  take  as 
standard  of  reference  a  definite  magnitude  of  the  same  kind 
as  the  magnitude  to  be  measured  and  determine  how  many 
magnitudes,  each  equal  to  the  standard  of  reference,  will 
together  constitute  the  given  magnitude. 

A  quantity  is  a  measurable  magnitude  expressed  as  a  mag- 
nitude actually  measured.  Hence,  the  expression  of  a  quan- 
tity consists  of  two  components.  One  of  these  components 
is  the  name  of  the  magnitude  that  has  been  selected  as  the 
standard  of  reference  or  measurement.  The  other  component 
expresses  how  many  magnitudes,  each  equal  to  the  standard 
of  reference,  must  be  taken  to  make  up  the  quantity.  The 
standard  magnitude  is  termed  a  unit,  and  the  other  component 
of  the  expression  is  termed  the  numerical  value  of  the  expres- 
sion.    Hence, 

A  unit  is  the  standard  magnitude  employed  in  counting  any 
collection  of  objects  or  in  measuring  any  magnitude. 
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A  number  is  that  which  is  applied  to*  a  unit  to  express  how 
many  parts^  each  equal  to  the  unit,  there  are  in  the  magnitude 
measured. 

.  The  endless  succession  of  numbers  one,  two,  three,  four,  etc., 
employed  in  counting  is  called  the  natural  series  of  numbers. 

2.  In  the  statement  James  walked  12  miles,  the  number  of 
miles  is  actually  stated,  and  the  12  is  therefore  called  a  known 
number,  or  it  is  said  to  be  explicitly  assigned. 

In  the  statement  If  from,  five  times  the  number  of  miles 
James  walked,  ten  is  subtracted,  the  remainder  will  be  fifty, 
the  number  of  miles,  though  not  directly  given,  may  be  found 
from  the  data  to  be  twelve  and  is  therefore  said  to  be  implied 
in  the  statement,  or  it  is  called  an  implicitly  assigned  number, 
or  more  commonly,  an  unknown  number. 

In  the  statement  If  from  the  double  of  a  number  six  is 
subtracted,  the  result  mil  be  the  same  as  if  three  had  been 
subtracted  from  that  number  and  the  remainder  doubled,  the 
number  to  be  doubled  is  assigned  neither  explicitly  nor  implic- 
itly, since  the  statement  is  true  for  any  number  whatever. 
A  number  of  this  kind,  which  may  have  any  value  whatever,  is 
called  an  arbitrary  number.  Arbitrary  numbers  are  frequently 
called  known  numbers,  as  they  are  often  assumed  to  be  known, 
though  not  definitely  assigned. 

3.  Numbers  explicitly  assigned  are  represented  in  Algebra, 
as  they  are  in  Arithmetic,  by  the  numerals  or  figures  0,  1,  2, 
3,  4,  5,  6,  7,  8,  9,  and  combinations  of  these.  Each  figure  or 
combination  of  figures  represents  one  and  but  one  particular 
number.  Numbers  implicitly  assigned  and  arbitrary  numbers 
are  usually  represented  by  the  letters  of  the  alphabet.  The 
first  letters  of  the  alphabet,  as  a,  b,  c,  etc.,  are  generally  used 
to  represent  arbitrary  numbers,  while  z,  y,  x,  w,  etc.,  commonly 
represent  imknown  numbers. 

4.  When  any  letter,  as  x,  is  used  in  the  course  of  a  calcu- 
lation it  denotes  the  same  number  throughout.     We  may  also 
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represent  different  nudibers  by  the  same  letter  with  marks 
affixed. 

Thus,  instead  of  writing  a,  h,  c  for  three  different  numbers,  we  may 
represent  these  numbers  by  the  symbols  ai,  02,  as  (read  a  suh-one,  a  sub- 
two  ^  etc.),  or  by  a',  a",  a'"  (read  a  prime,  a  second,  etc.). 

5.  In  Arithmetic  the  figures  that  represent  numbers  are 
generally  themselves  called  numbers ;  and,  similarly,  in  Algebra 
the  symbols  that  stand  for  numbers  are  themselves  called  ' 
numbers.     Letter-symbols  are  called  literal  expressionsj  and 
figure-symbols  numerical  expressions. 

The  number  which  a  letter  represents  is  called  its  value, 
and  if  represented  arithmetically,  its  numerical  value. 

6.  In  elementary  Algebra  we  consider  all  quantities  as 
expressed  numerically  in  terms  of  some  unit,  and  the  symbols 
represent  only  the  purely  mimerical  parts  of  such  quantities. 
In  other  words,  the  symbols  denote  what  are  called  in  Arith- 
metic abstract  numbers. 

7.  An  algebraic  expression  is  the  expression  of  a  number  in 
algebraic  symbols. 

8.  Certain  words  and  phrases  occur  so  often  in  Algebra  that  it 
is  found  convenient  to  represent  them  by  easily  made  symbols. 

Symbols  of  Relation. 

=  ,  read  equals,  is  equal  to,  will  be  equal  to,  etc. 

=^,  read  is  not  equal  to,  etc. 

>,  read  is  greater  than,  thus  9  >  4. 

<,  read  is  less  than,  thus  4  <  9. 

:,  : :,  the  signs  of  proportion,  as  in  Arithmetic. 

Thus,  a:b  ::c:d,  or  a  :  5  =  c  :  d,  is  read  a,  is  to  h  as  cis  to  d. 

Symbols  for  Words. 

.'.,  read  therefore,  consequently,  hence. 

'.',  read  because,  since. 

Thus,  •.•  a  =  &,  and  &  =  c  ;  .-.  a  =  c,  is  read  strwe  a  equals  b,  and  b 
equals  c;  therefore  a  equals  c. 
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•  ••,  the  symbol  of  continuation^  is  read  continued  by  the 
same  law. 

Thus,  1,  2,  3,  4,  •  •  •  means  that  we  are  to  continue  the  numbers  by  the 
same  law  ;  Xi,  Xt,  Xt,  '  •  - ,  x»  means  Xi,  Xt,  Xg,  Z4,  Z5,  and  so  on  to  z«. 

9.  Signs  of  Operation.  The  principal  operations  of  Algebra 
are  Addition,  Subtraction,  Multiplication,  Division,  Involu- 
tion, Evolution,  and  Logarithmation.  A  mark  used  to  denote 
that  one  of  these  operations  is  to  be  performed  on  a  number 
is  called  a  sign  of  operation.  These  signs  of  operation  will 
now  be  explained. 

10.  The  sign  of  addition  is  +  (read  ^Zt*5).  As  in  Arithmetic, 
it  denotes  that  the  number  before  which  it  stands  is  an 
addend. 

Thus,  a  +  5  means  that  6  is  to  be  added  to  a ;  so  that  if  a  represents 
6  and  6  represents  4,  a  +  6  represents  6  +  4,  which  is  10.  a  +  6  +  c 
denotes  that  6  is  to  be  added  to  a,  and  then  c  added  to  their  sum. 

The  sum  of  two  or  more  nurnbers  is  expressed  by  writing 
them,  in  a  row  with  the  sign  +  before  ea^ch  of  them  except  the 
first  nwniber. 

11.  The  sign  of  subtraction  is  —  (read  mintis).  As  in  Arith- 
metic, placed  before  a  number  it  denotes  that  that  number  is 
a  subtrahend. 

Thus,  a  —b  (read  a  miniLS  &),  indicates  that  the  number  represented 
by  5  is  to  be  subtracted  from  the  number  represented  by  a ;  so  that,  if  a 
represents  6  and  b  represents  4,  a  —  6  is  equivalent  to  6  —  4,  which  is  2. 

Hence,  to  indicate  that  a  number  is  to  be  subtracted  from 
another  number,  as  a  from  x,  write  the  subtrahend  after  the 
minuend  with  the  sign  —  between  them. 

The  expression  a  -{-b  —  c  denotes  that  5  is  to  be  added  to  a, 
and  then  c  subtracted  from  the  sum.  a  —  b  —  c  denotes  that 
d  is  to  be  subtracted  from  a,  and  then  c  subtracted  from  the 
remainder. 
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12.  Kiunbers  to  be  multiplied  together  are  called  factors, 
and  the  resulting  number  is  called  the  product  of  these  factors. 
Multiplication  is  indicated  in  two  ways : 

1.   By  a  sign  of  operation.         2.    By  position. 

The  sig^s  of  multiplication  are  x  and  •  (read  into^  times,  or 
multiplied  by). 

Thus,  3*4>5,  or3x4x5  indicates  the  continued  product  of  the  three 
factors  3,  4,  and  5.  In  like  manner,  a  •  6,  or  a  x  &,  indicates  the  product 
of  the  factors  a  and  b. 

If  all  the  factors  or  all  but  one  are  represented  by  letters, 
the  signs  of  operation,  x  and  -^  are  generally  omitted ;  this 
method  is  called  indicating  multiplication  by  position. 

Thus,  five  times  a  is  written  6  a  (read  five  a),  and  %  of  the  product  of 
m  and  z  is  written  f  mz. 

A  number  which  multiplies  another  number  is  called  a 
coefficient  of  that  number.  A  coefficient  (literally,  co factor)  is 
therefore  simply  a  multiplier,  numerical  or  literal. 

Thus,  in  the  expression  5  amx, 

6      is  the  numerical  coefficient  of  amx, 
6  a      "      literal  *'         "   mx, 

bam    "         *^  *»         "   z. 

If  no  numerical  coefficient  is  written,  unity  is  understood  as 
the  actual  numerical  coefficient. 

13.  The  sign  of  division  is  -5-  (read  divided  by),  and  denotes 
that  the  number  immediately  following  it  is  a  divisor. 

Thus,  a-i-b  (read  a  divided  by  b)  means  that  a  is  to  be  divided  by  b. 
If  a  represents  12  and  b  represents  4,  a  -§-  6  represents  12  -5-  4,  or  3. 

Division  is  also  indicated  by  arranging  the  numbers  in  the 
form  of  a  fraction  with  the  dividend  for  numerator  and  the 

divisor  for  denominator. 

a  ,  ,  ax 

Thus,  a^b  may  be  written  -]  ax  -i-by  may  be  written  ;— . 

6  by 

This  method  is  called  indicating  division  by  position. 
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14.  In  an  expression  such  as  Tax  -{-5cy  —  Sdz  (read  seven 
ax  plus  five  cy  minus  three  dz)  the  multiplications  are  to  be 
performed  before  the  additions  and  subtractions. 

In  an  expression  such  as 1 the  multiplications 

m        n        q 

and  divisions  are  to  be  performed  before  the  additions  and 
subtractions,  so  that  in  this  expression  the  quotient  of  ax  by 
m  is  to  be  increased  by  the  quotient  of  bi/  by  n,  and  the  sum 
diminished  by  the  quotient  of  cz  by  q. 

15.  A  power  of  a  number  is  the  product  obtained  by  using 
that  number  a  certain  number  of  times  as  a  multiplier,  starting 
with  unity  as  first  multiplicand.  The  operation  of  forming  a 
power  is  called  involution ;  the  number  used  as  a  multiplier  is 
called  the  base  of  the  power ;  the  number  of  successive  multi- 
plications by  the  base  is  called  the  degree  of  the  power ;  and 
the  number  indicating  the  degree  of  the  power  is  called  the 
exponent  or  index  of  the  power  and  is  written  in  small  char- 
acters to  the  right  and  a  little  above  the  line  of  the  base. 

Thus,  1  X  a  X  a  is  represented  by  a^  (read  a  square);  here  a  is  the 
base,  2  is  the  exponent  (or  index),  and  a^  is  the  second  power  of  a. 

1  •  c  •  c  •  c  is  represented  by  c^  (read  c  cube) ;  here  c  is  the  base,  3  is  the 
exponent,  and  the  number  c^  is  the  third  power  of  c. 

In  x^  (read  x  to  the  fifth),  x  is  the  base,  5  is  the  exponent,  and  the 
number  x^  is  the  fifth  power  of  x. 

Since  the  exponent  denotes  how  many  multiplications  by  the 
base  are  to  be  made,  the  first  to  be  performed  on  unity,  it  fol- 
lows that  a^,  the  first  power  of  a,  represents  1  x  a,  or  simply  a. 

Hence,  also,,  a^,  the  zero  power  of  a,  denotes  that  no  multi- 
plication by  a  is  to  be  made,  or,  in  other  words,  that  the  unit- 
multiplicand  is  not  to  be  multiplied  by  a.  Therefore  a^  =  l  for 
any  value  of  a  whatsoever. 

16.  In  writing  a  power  at  full  length  as  a  product  it  is 
usual  to  omit  the  unit-multiplicand,  just  as  it  is  usual  to  omit 
a  unit-coefficient  where  such  occurs. 

Thus,  instead  of  writing  x^  =  1  x  x  x  ic  x  x,  we  write  x^  =  x  x  x  x  x. 
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In  this  method  of  expressing  the  value  of  a  power  the  expo* 
nerU  denotes  ths  number  of  times  the  base  is  taken  as  afdctor, 

17.  Comparing  powers,  the  second  power  is  said  to  be  higher 
than  the  first,  the  third  higher  than  the  second,  etc. 

18.  In  an  expression  such  as  4  a%^  -^  c^  (read  4  a  square 
b  cube  divided  by  c  square)  the  involutions  are  to  be  performed 
before  the  multiplications  and  divisions. 

19.  Involution  is  the  operation  of  forming  a  power  by  taking 
the  same  number  several  times  as  a  factor. 

Evolution  is  the  inverse  of  Involution,  or  the  operation  of 
finding  one  of  the  equal  factors  of  a  number.  A  root  is  one  of 
the  equal  factors.  If  the  number  is  resolved  into  two  equal 
factors,  each  factor  is  called  the  square  root;  if  into  three 
equal  factors,  each  factor  is  called  the  cube  root ;  if  into  four 
equal  factors,  each  factor  is  called  the  fourth  root ;  and  so  on. 

The  root  sign  is  V«  Except  for  the  square  root,  a  number- 
symbol  is  written  over  the  root  sign  to  show  into  how  many 
equal  factors  the  given  number  is  to  be  resolved.  This  number- 
symbol  is  called  the  index  of  the  root. 

Thus,  V64  means  the  square  root  of  64  ;  Voi  means  the  cube  root  of  64. 

20.  Logarithmation  is  the  operation  of  determining  the  index 
or  exponent  which  the  given  base  must  have  in  order  that  the 
resulting  root  or  power  may  be  equal  to  a  given  number.  The 
index  or  exponent  is  called  the  logarithm  of  the  given  number 
to  the  given  base. 

Thus,  if  a  and  h  are  given  numbers  and  a"  =  6,  n  is  called  the  loga- 
rithm of  6  to  the  base  a. 

21.  Positive  and  Negative  Numbers.  There  are  quantities 
which  stand  to  each  other  in  such  an  opposite  relation  that, 
when  combined,  they  cancel  each  other  entirely  or  in  part. 

Thus,  six  dollars  gain  and  six  dollars  lo88  just  cancel  each  other  ;  but 
ten  dollars  gain  and  six  dollars  loss  cancel  each  other  only  in  part.  For 
the  six  dollars  loss  will  cancel  six  dollars  of  the- gram  and  leave  four  dollars 
gain. 
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An  opposition  of  this  kind  exists  in  assets  and  dehts^  in 
motion  forwards  and  motion  backwards y  in  motion  to  the  right 
and  motion  to  the  left,  in  the  rise  above  zero  and  the  fall  below 
zero  of  the  mercury  of  a  thermometer. 

From  this  relation  of  quantities  a  question  often  arises 
which  is  not  considered  in  Arithmetic ;  namely,  the  subtract- 
ing of  a  greater  number  from  a  smaller.  This  cannot  be  done 
in  Arithmetic,  for  the  real  nature  of  subtraction  consists  in 
counting  backwards  along  the  natural  series  of  numbers.  If 
we  wish  to  subtract  4  from  6,  we  start  at  6  in  the  natural 
series,  count  four  units  backwards,  and  arrive  at  two,  the 
difference  sought.  If  we  subtract  6  from  6,  we  start  at  6  in 
the  natural  series,  count  six  units  backwards,  and  arrive  at 
zero.  If  we  try  to  subtract  nine  from  six,  we  cannot  do  it, 
because,  when  we  have  counted  backwards  as  far  as  zero,  the 
natural  series  of  numbers  has  come  to  an  end, 

22.  In  order  to  subtract  a  greater  number  from  a  smaller,  it 
is  necessary  to  assume  a  new  series  of  numbers,  beginning  at 
zero  and  extending  backwards.  If  the  natural  series  advances 
from  zero  to  the  right,  by  repetitions  of  the  unit,  the  new 
series  must  recede  from  zero  to  the  left,  by  repetitions  of  the 
unit;  and  the  opposition  between  the  right-hand  series  and 
the  left-hand  series,  must  be  clearly  marked.  This  opposition 
is  indicated  by  calling  every  number  in  the  right-hand  series 
2^  positive  number,  and  prefixing  to  it,  when  written,  the  sign^f-; 
and  by  calling  every  number  in  the  left-hand  series  a  negative 
number,  and  prefixing  to  it  the  sign  — .  The  two  series  of 
numbers  will  be  written  thus  : 

4,-3,-2,-1,    0,     +1,  +2,  -1-3,  -1-4,  ... 

and  may  be  considered  as  forming  but  a  single  series  consist- 
ing of  a  positive  portion  or  branch,  a  negative  portion  or 
branch,  and  zero.  The  complete  series  thus  formed  is  called 
the  scalar  series. 
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If,  now,  we  wish  to  subtract  9  from  6,  we  begin  at  6  in 
the  positive  branch,  count  nine  units  in  the  negative  direction 
(to  the  left),  and  arrive  at  —  3  in  the  negative  branch.  That 
is,  6  -  9  =  -  3. 

The  result  obtained  by  subtracting  a  greater  number  from  a 
less,  when  both  are  positive,  is  always  a  negative  number. 

If  a  and  h  represent  any  two  numbers  of  the  positive  branch, 
the  expression  a  —  h  will  denote  a  positive  number  when  a  is 
greater  than  h ;  will  be  equal  to  zero  when  a  is  equal  to  b ;  will 
denote  a  negative  number  when  a  is  less  than  b. 

If  we  wish  to  add  9  to  —  6,  we  begin  at  —  6  in  the  negative 
series,  count  nine  units  in  the  positive  direction  (to  the  right), 
and  arrive  at  +  3  in  the  positive  branch. 

We  may  illustrate  the  use  of  positive  and  negative  numbers 

as  follows  : 

-5         0  8  20 

-I 1 1 1 


DA  C 

Suppose  a  person  starting  at.^  walks  20  feet  to  the  right  of  A, 
and  then  returns  12  feet,  where  will  he  be  ?  Answer :  at  C,  a  point 
8  feet  to  the  right  of  A,  That  is,  20  feet  -  12  feet  =  8  feet;  or, 
20  -  12  =  8. 

Again,  suppose  he  walks  from  A  to  the  right  20  feet,  and  then  returns 
25  feet,  where  will  he  now  be  ?  Answer :  at  D,  a  point  5  feet  to  the 
left  of  A,  That  is,  if  we  consider  distance  measured  in  feet  to  the  left  of 
A  as  forming  a  negative  series  of  numbers,  beginning  at  ^,  20  —  25  =  —  5. 
Hence,  the  phrase,  5  feet  to  the  left  of  -4,  is  now  expressed  by  the  nega- 
tive number  —  5. 

23.  Numbers  with  the  sign  4-  or  —  are  called  scalar  numbers. 
They  are  unknown  in  elementary  Arithmetic,  but  play  a  very 
important  part  in  Algebra.  Numbers  regarded  without  refer- 
ence to  the  signs  +  or  —  are  called  absolute  numbers. 

Every  algebraic  number,  as  +  4  or  —  4,  consists  of  a  sign  + 
or  —  and  the  absolute  value  of  the  number ;  in  this  case  4. 
The  sign  shows  whether  the  number  belongs  to  the  positive 
or  the  negative  series  of  numbers ;  the  absolute  value  shows 
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what  place  the  number  has  in  the  positive  or  the  negati 
series. 

When  no  sign  stands  before  a  number  the  sign  -f  is  alwa; 
understood. 

Thus,  4  means  the  same  as  +  4,  a  means  the  same  as  +  a. 

But  the  sign  —  is  never  omitted. 

Two  numbers  which  have,  one  the  sign  +  and  the  other  tl 
sign  — ,  are  said  to  have  unlike  signs. 

Two  numbers  which  have  the  same  absolute  values,  bi 
unlike  signs,  alwaysf  cancel  each  other  when  combined. 

Thus,  +4-4  =  0,  +a-a  =  0. 

24.  Meaning  of  the  Signs.  The  use  of  the  signs  +  and  - 
to  indicate  addition  and  subtraction,  must  be  carefully  distil 
guished  from  their  use  to  indicate  in  which  series,  the  positiv 
or  the  negative,  a  given  number  belongs.  In  the  first  sens 
they  are  signs  of  operations  and  are  common  to  both  Arith 
metic  and  Algebra.  In  the  second  sense  they  are  signs  o 
opposition  and  are  employed  in  Algebra  alone. 

25.  When  an  expression  is  made  up  of  several  parts  con 
nected  by  the  signs  +,  — ,  each  of  these  parts  taken  with  th< 
sign  immediately  preceding  it  (+  being  understood  if  n< 
written  sign  precedes)  is  called  a  term. 

Thus,  a-\rh  —  c-\-d-\-e  coijsists  of  the  five  terms  +a,  +6,  — c,  -f  d,  -f  e, 

A  term  whose  sign  is  +  is  called  a  positive  term ;  a  term 
whose  sign  is  —  is  called  a  negative  term. 

An  expression  which  consists  of  but  one  term  is  called  a 
monomial  or  simple  expression. 

An  expression  which  consists  of  two  or  more  terms  is  called 
a  polynomial  or  compound  expression. 

A  polynomial  of  two  terms  is  called  a  binomial.  A  poly- 
nomial of  three  terms  is  called  a  trinomial.  Polynomials  of 
three  or  more  terms  are  sometimes  called  multinomials. 
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26.  If  two  terms  differ  only  in  one  having  the  sign  4-  and 
the  other  the  sign  — ,  they  are  called  complementary  terms. 

Thus,  +6  and  —6  are  complementary  terms  in  the  expression  a-\-b—b; 
so  —  c  and  +  c  are  complementary  terms  in  a  —  c  +  6  +  c. 

27.  The  degree  of  a  temn  is  the  number  of  literal  factors  it 
contains^  and  each  literal  factor  is  called  a  dimension  of  the  term. 

Thus,  3  a^6%>  is  of  seven  dimensions. 

This  term,  a^^V,  is  said  also  to  be  of  two  dimensions  yi  a, 
of  two  dimensions  in  b,  and  of  three  dimensions  in  c. 

The  dimensions  of  a  polynomial  are  determined  by  the 

dimensions  of  its  highest  term. 

Thus,  1  +  a^  +  3  abc  is  of  three  dimensions  because  its  highest  term, 
3  abc,  is  of  three  dimensions. 

A  polynomial  is  said  to  be  homogeneous  when  all  its  terms 
have  the  same  dimensions. 

Thus,  X*  +  3  x2y  +  3  xy^  +  y*  is  homogeneous. 

28.  Like  terms  are  terms  that  have  the  same  letters,  and 
the  corresponding  letters  have  the  same  exponents. 

Thus,  5a268,  Sa^¥,  -Ta^b^  are  like  terms;  but  Sa^b  and  8a62  are 
unlike  terms  because,  though  they  contain  the  same  letters,  the  corre- 
sponding letters  do  not  have  the  same  exponents. 

29.  If  an  expression  contains  any  like  terms,  these  may  be 
united,  and  the  expression  is  said  to  be  simplified. 

Thus,  as  in  Arithmetic,  2  dozen  -f  3  dozen  =  5  dozen  ;  2  times  8 
+  3  times  8  =  6  times  8 ;  so  in  Algebra,  2a6  +  3a6  =  6a6;2  a^b^-^'Sa^b^= 
S'a^b^. 

Similarly,  in  the  case  of  negative  terms  ;  bab  —  3ab  =  2ab;  5  cC^b^  — 
Sa^  =  2  a^b\     Hence, 

To  reduce  two  or  more  like  terms  to  a  single  equivalent  term, 

Form  the  sum  of  the  numerical  coefficients  of  the  positive 
terms  and  also  of  the  negative  terms,  then  take  the  difference  of 
these  »mns,  affix  the  literal  parts  and  prefix  to  the  result  the  sign 
of  those  term^  whose  numerical  coefficients  give  the  greater  sum. 
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14.  In  an  expression  such  as  Tax  -^5cy  —  3dz  (read  seven 
ax  jplus  Jive  cy  minus  three  dz)  the  multiplications  are  to  be 
^performed  before  the  additions  and  subtractions. 

In  an  expression  such  as h the  multiplications 

m        n        q 

and  divisions  are  to  be  performed  before  the  additions  and 
subtractions,  so  that  in  this  expression  the  quotient  of  ax  by 
m  is  to  be  increased  by  the  quotient  of  bi/  by  n,  and  the  sum 
diminished  by  the  quotient  of  cz  by  q. 

15.  A  power  of  a  number  is  the  product  obtained  by  using 
that  number  a  certain  number  of  times  as  a  multiplier,  starting 
with  unity  as  first  multiplicand.  The  operation  of  forming  a 
power  is  called  involution ;  the  number  used  as  a  multiplier  is 
called  the  base  of  the  power ;  the  number  of  successive  multi- 
plications by  the  base  is  called  the  degree  of  the  power ;  and 
the  number  indicating  the  degree  of  the  power  is  called  the 
exponent  or  index  of  the  power  and  is  written  in  small  char- 
acters to  the  right  and  a  little  above  the  line  of  the  base. 

Thus,  1  X  a  X  a  is  represented  by  a^  (read  a  8quare)\  here  a  is  the 
6036,  2  is  the  exponent  (or  index),  and  a^  is  the  second  power  of  a. 

1  •  c  •  c  •  c  is  represented  by  c*  (read  c  cuJbe)\  here  c  is  the  base,  3  is  the 
exponent,  and  the  number  c^  is  the  Uiii*d  power  of  c. 

In  a^  (read  x  to  the  ffth),  x  is  the  base,  5  is  the  exponent,  and  the 
number  a^  is  the  fifth  power  of  x. 

Since  the  exponent  denotes  how  many  multiplications  by  the 
base  are  to  be  made,  the  first  to  be  performed  on  unity,  it  fol- 
lows that  a^,  the  first  power  of  a,  represents  1  x  «,  or  simply  a. 

Hence,  also,  a®,  the  zero  power  of  a,  denotes  that  no  multi- 
plication by  a  is  to  be  made,  or,  in  other  words,  that  the  unit- 
multiplicand  is  not  to  be  multiplied  by  a.  Therefore  a®=  1  for 
any  value  of  a  whatsoever. 

16.  In  writing  a  power  at  full  length  as  a  product  it  is 
usual  to  omit  the  unit-multiplicand,  just  as  it  is  usual  to  omit 
a  unit-coefficient  where  such  occurs. 

Thus,  instead  of  writing  x«  =  1  x  x  \  x  x  x,  w©  write  x*  =  x  x  x  x  x. 
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In  this  method  of  expressing  the  value  of  a  power  the  expo* 
nent  denotes  ths  number  of  times  the  base  is  taken  as  a  factor, 

17.  Comparing  powers,  the  second  power  is  said  to  be  higher 
than  the  first,  the  third  higher  than  the  second,  etc. 

18.  In  an  expression  such  as  4  a%^  -5-  c^  (read  4  a  square 
b  cube  divided  by  c  square)  the  involutions  are  to  be  performed 
before  the  multiplications  and  divisions, 

19.  Involution  is  the  operation  of  forming  a  power  by  taking 
the  same  number  several  times  as  a  factor. 

Evolution  is  the  inverse  of  Involution,  or  the  operation  of 
finding  one  of  the  equal  factors  of  a  number.  A  root  is  one  of 
the  equal  factors.  If  the  number  is  resolved  into  two  equal 
factors,  each  factor  is  called  the  square  root;  if  into  three 
equal  factors,  each  factor  is  called  the  cube  root ;  if  into  four 
equal  factors,  each  factor  is  called  the  fourth  root ;  and  so  on. 

The  root  sign  is  V«  Except  for  the  square  root,  a  number- 
symbol  is  written  over  the  root  sign  to  show  into  how  many 
equal  factors  the  given  number  is  to  be  resolved.  This  number- 
symbol  is  called  the  index  of  the  root. 

Thus,  V64  means  the  square  root  of  64  ;  Voi  means  the  cube  root  of  64. 

20.  Logarithmation  is  the  operation  of  determining  the  index 
or  exponent  which  the  given  base  must  have  in  order  that  the 
resulting  root  or  power  may  be  equal  to  a  given  number.  The 
index  or  exponent  is  called  the  logarithm  of  the  given  number 
to  the  given  base. 

Thus,  if  a  and  h  are  given  numbers  and  a"  =  6,  n  is  called  the  loga- 
rithm of  6  to  the  base  a. 

21.  Positive  and  Negative  Numbers.  There  are  quantities 
which  stand  to  each  other  in  such  an  opposite  relation  that, 
when  combined,  they  cancel  each  other  entirely  or  in  part. 

Thus,  six  dollars  gain  and  six  dollars  loss  just  cancel  each  other  ;  but 
ten  dollars  gain  and  six  dollars  loss  cancel  each  other  only  in  part.  For 
the  six  dollars  loss  will  cancel  six  dollars  of  thegram  and  leave  four  dollars 
gain. 


CHAPTER   II 

THE  ELEMENTARY  OPERATIONS 

34.  The  introduction  of  negative  numbers  requires  the  mean- 
ings of  addition,  subtraction,  multiplication,  and  division  to  be 
made  wider  and  more  comprehensive  in  Algebra  than  they  are 
in  Arithmetic,  but  these  enlarged  meanings  must  be  consistent 
with  the  older  arithmetical  meanings,  and  the  elementary 
operations  when  thus  generalized  must  still  conform  to  the 
fundamental  laws  which  govern  these  operations  in  Arithmetic. 
We  now  proceed  to  state  these  fundamental  laws  and  to  explain 
these  wider  meanings. 

ADDITION 

35.  In  Algebra,  as  in  Arithmetic,  numbers  which  are  to  be 
added  are  called  addends,  and  the  result  of  the  addition  is 
termed  the  sum  of  the  addends ;  but  it  must  be  borne  in  mind 
that  in  Algebra  under  the  term  numbers  are  included  not  only 
the  numbers  indicated  by  single  letters  but  also  those  which 
are  the  arithmetical  values  of  compound  algebraic  expressions, 
just  as  in  Arithmetic  numbers  are  expressed  either  by  single 
digits  or  by  combinations  of  digits. 

Addition  is  the  operation  of  combining  two  or  more  numbers 
or  algebraic  expressions  into  a  single  number  or  expression 
according  to  the  following  laws  : 

I.  If  equal  numbers  are  added  to  equal  numbers  the  sums 
are  equal. 

If  the  sum  of  one  pair  of  addends  is  equal  to  the  sum  of  a 
second  pair,  and  either  addend  in  the  first  pair  is  equal  to  the 
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corresponding  addend  in  the  second  pair,  the  remaining  addend 
in  the  first  pair  is  equal  to  the  remaining  addend  in  the 
second  pair. 

II.  The  sum  of  two  addends  is  the  same,  whether  the 
second  addend  is  added  to  the  firsts  or  the  first  addend  is  added 
to  the  second. 

III.  The  sum  of  three  addends  is  the  same,  whether  the 
sum  of  the  second  and  third  addends  is  added  to  the  first,  or 
the  third  addend  is  added  to  the  sum  of  the  first  and  second. 

IV.  Adding  zero  to  any  number  leaves  the  number  unchanged, 

36.  These  laws  expressed  in  algebraic  symbols  are : 
Suppose  a,  b,  c,  and  d  have  each  one  and  only  one  value, 

zero  being  a  possible  value  for  any  one  or  more  of  them. 

I.  li  a  =  c  and  b  =  d,  then  a  -{-  b  =  c  -\-  d. 
If  a  =  c  and  a  -\-  b  =  c  -\-  d,  then  b  =  d. 
lfb  =  d  and  a  -^  b  =  c  -{-  d,  then  a  =  c. 

Hence,  Addition  is  completely  uniform. 

II.  a  -{-  b  =  b  -{-  a. 

Proposition  II  is  expressed  by, 
Addition  is  commutative. 

III.  a-{-(b  +  c)  =  (a-{-b)-{-c. 
Proposition  III  is  expressed  by, 
Addition  is  associative. 

IV.  a-{-0  =  a. 
The  modulus  of  addition  is  zero. 

37.  CoR.  1.      (a-^c)'{-b  =  a-{-(c  +  b)  (III) 

=  a+(b  +  c)  (II) 

=  (a  +  b)  +  c.  (Ill) 

Hence,  adding  any  number  to  an  addend  adds  an  equal 
number  to  the  sum. 
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Cob.  2.  li  a-\'b  =  a,  then  b  =  0.  (IV  and  I) 

Zero  is  the  only  addend  whose  addition  to  a  number  leaves 
the  number  unchanged. 

38.  An  algebraic  number  which  is  to  be  added  or  subtracted 

is  often  enclosed  in  brackets,  in  order  that  the  signs  +  and  — 

which  are  used  to  distinguish  positive  and  negative  numbers 

may  not  be  confounded  with  the  +  and  —  signs  that  denote 

the  operations  of  addition  and  subtraction. 

Thus,  +  4  +  (—  3)  expresses  the  sum  of  the  numbers  +  4  and  —  3 ; 
and  +  4  —  (—  3)  expresses  that  —  8  is  to  be  subtracted  from  +  4. 

39.  Monomials.  In  order  to  add  two  algebraic  numbers,  we 
begin  at  the  place  in  the  scalar  series  which  the  first  number 
occupies  and  count,  in  the  direction  indicated  by  the  sign  of 
the  second  number,  as  many  units  as  there  are  units  in  the 
absolute  value  of  the  second  number. 

4,   -  3,   -  2,   -  1,     0,     +  1,  +  2,   +  3,  +  4,  . .  . 

I         I         I         I         I         I         I         I         I 

Thus,  the  sum  of  +  4  +  (+  3)  is  found  by  counting  from  +  4  three 
units  in  J;he  positive  direction  and  is,  therefore,  +  7 ;  the  sum  of 
+  4  +  (—  3)  is  found  by  counting  from  -f  4  three  units  in  the  negative 
direction  and  is,  therefore,  +  1. 

In  like  manner,  the  sum  of  —  4  +  (+  3)  is  —  1,  and  the  sum  of 
_4  +  (_3)is-7. 

1.  To  add  two  numbers  with  like  signs,  find  the  sum  of 
their  absolute  values,  and  prefix  the  common  sign  to  the  sum. 

2.  To  add  two  numbers  with  unlike  signs,  find  the  differ- 
ence between  their  absolute  values,  and  prefix  to  the  difference 
the  sign  of  the  number  that  is  the  greater  in  absolute  value. 

Thus,     (1)  -{■a  +  {+b)  =  a  +  b;        (3)  -  a  +  (+  6)  =  -  a  +  6 ; 
(2)  +a  +  (-6)  =  a-6;        (4)  -  a  +  (- 6)  =  - a- 6. 

By  successive  application  of  the  above  rules  we  readily  obtain 
rules  for  adding  any  number  of  terms. 
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Thus,  4a  +  5a  +  3a  +  2a=14o; 

-Sa  —  16a  —  7a  +  l^a-2a  =  lia-27a  =  —lSa; 
4a-36-9a  +  76  =  -6a  +  46. 

40.  Polynomials.  Two  or  more  polynomials  are  added  bj 
adding  their  separate  terms. 

It  is  convenient  to  arrange  the  terms  in  columns,  so  that 

like  terms  shall  stand  in  the  same  column. 

Thus,  2a8--3a26  +  4a62+    fts 

a»  +  4a26-7a63-2&8 

~3a8+    a26-3a63_468 

2a8-|-2a26 +  606^-358 
2a8  +  4a25  -Sfts 

Addition  in  Algebra  does  not  necessarily  imply  augmenta- 
tion,  as  it  does  in  Arithmetic. 
Thus,  7  +  (-  5)  =  2. 

The  word  sum,  however,  is  used  to  denote  the  result. 

Such  a  result  is  called  the  algebraic  sum,  when  it  is  necessary 
to  distinguish  it  from  the  arithmetical  sum,  which  would  be 
obtained  by  adding  the  absolute  values  of  the  numbers. 

Exercise  1 
Add: 

1.  9a»-f  3a-h45,  2a^-'4:a  +  5b,  5a-2b-6a\ 

2.  7x^-2xy  +  y^,  4:Xi/-2y^y  Sx^  -  9xy +  12^/, 

3.  7a^b  +  9ab^-lSb^y  3a^ +  2ab'' -7 b^,  ab^-a%-6a^, 
5^,8  _  7a»  -  ab^,  4^>«  -  2a«  +  a^b. 

4.  5x^  +  2x^-7,  4:X*  +  x-9,  1  +  x -^  x% 

aj*  -h  a*  -  ««  -  aj2  -  7,  9a;2  4.  9a;«  -  12a;  -  4aj*  +  10. 

6.   Sm*  +  2  mH  +  5  mH^  -9n\  7  ti*  -  3  mn^  -  8  mhi\ 
11  mn^  —  4  m^n^  +  6  m^n^  5  w*  4-  2  m^n  —  15  mn^  —  7  n\ 

6.    2a;»-h3a;V-4ajy,  2 y»  -  3 ajy'^  +  4 « V  -  10 ay , 

Say  4- 4xy - 9y»,  SaV  —  '^xY ^-^xY - SxY- 
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14.  In  an  expression  such  as  Tax  -^5cy  —  Sdz  (read  seven 
ax  pliLS  five  cy  minus  three  dz)  the  multiplications  are  to  be 
performed  before  the  additions  and  subtractions. 

In  an  expression  such  as h  — the  multiplications 

m        n        q 

and  divisions  are  to  be  performed  before  the  additions  and 
subtractions,  so  that  in  this  expression  the  quotient  of  ox  by 
m  is  to  be  increased  by  the  quotient  of  bi/  by  n,  and  the  sum 
diminished  by  the  quotient  of  cz  by  q. 

15.  A  power  of  a  number  is  the  product  obtained  by  using 
that  number  a  certain  number  of  times  as  a  multiplier,  starting 
with  unity  as  first  multiplicand.  The  operation  of  forming  a 
power  is  called  involution ;  the  number  used  as  a  multiplier  is 
called  the  base  of  the  power ;  the  number  of  sicccessive  multi- 
plications by  the  base  is  called  the  degree  of  the  power ;  and 
the  number  indicating  the  degree  of  the  power  is  called  the 
exponent  or  index  of  the  power  and  is  written  in  small  char- 
acters to  the  right  and  a  little  above  the  line  of  the  base. 

Thus,  1  X  a  X  a  is  represented  by  a^  (read  a  square);  here  a  is  the 
base^  2  is  the  exponent  (or  index) ,  and  a^  is  the  second  power  of  a. 

1  •  c  •  c  •  c  is  represented  by  c'  (read  c  cube) ;  here  c  is  the  base,  3  is  the 
exponent,  and  the  number  c^  is  the  third  power  of  c. 

In  x^  (read  x  to  the  fifth),  x  is  the  base,  5  is  the  exponent,  and  the 
number  x^  is  the  fifth  power  of  x. 

Since  the  exponent  denotes  how  many  multiplications  by  the 
base  are  to  be  made,  the  first  to  be  performed  on  unity,  it  fol- 
lows that  a\  the  first  power  of  a,  represents  1  x  a,  or  simply  a. 

Hence,  also,  a^,  the  zero  power  of  a,  denotes  that  no  multi- 
plication by  a  is  to  be  made,  or,  in  other  words,  that  the  unit- 
multiplicand  is  not  to  be  multiplied  by  a.  Therefore  a®=  1  for 
any  value  of  a  whatsoever. 

16.  In  writing  a  power  at  full  length  as  a  product  it  is 
usual  to  omit  the  unit-multiplicand,  just  as  it  is  usual  to  omit 
a  unit-coefficient  where  such  occurs. 

Thus,  instead  of  writing  x'  =  1  x  x  x  x  x  x,  we  write  x*  =  x  x  x  x  x. 
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In  this  method  of  expressing  the  value  of  a  power  the  expo* 
nent  denotes  tJie  number  of  times  the  base  is  taken  as  a  factor, 

17.  Comparing  powers,  the  second  power  is  said  to  be  higher 
than  the  first,  the  third  higher  than  the  second,  etc. 

18.  In  an  expression  such  as  4  a^b^  -h  c*  (read  4  a  square 
b  cube  divided  by  c  square)  the  involutions  are  to  be  performed 
before  the  multiplications  and  divisions. 

19.  Involution  is  the  operation  of  forming  a  power  by  taking 
the  same  number  several  times  as  a  factor. 

Evolution  is  the  inverse  of  Involution,  or  the  operation  of 
finding  one  of  the  equal  factors  of  a  number.  A  root  is  one  of 
the  equal  factors.  If  the  number  is  resolved  into  two  equal 
factors,  each  factor  is  called  the  square  root;  if  into  three 
equal  factors,  each  factor  is  called  the  cube  root ;  if  into  four 
equal  factors,  each  factor  is  called  the  fourth  root ;  and  so  on. 

The  root  sign  is  V«  Except  for  the  square  root,  a  number- 
symbol  is  written  over  the  root  sign  to  show  into  how  many 
equal  factors  the  given  number  is  to  be  resolved.  This  number- 
symbol  is  called  the  index  of  the  root. 

Thus,  V64  means  the  square  root  of  64  ;  V64  means  the  cube  root  of  64. 

20.  Logarithmation  is  the  operation  of  determining  the  index 
or  exponent  which  the  given  base  must  have  in  order  that  the 
resulting  root  or  power  may  be  equal  to  a  given  number.  The 
index  or  exponent  is  called  the  logarithm  of  the  given  number 
to  the  given  base. 

Thus,  if  a  and  h  are  given  numbers  and  a"  =  6,  n  is  called  the  loga- 
rithm of  h  to  the  base  a. 

21.  Positive  and  Negative  Numbers.  There  are  quantities 
which  stand  to  each  other  in  such  an  opposite  relation  that, 
when  combined,  they  cancel  each  other  entirely  or  in  part. 

Thus,  six  dollars  gain  and  six  dollars  lo88  just  cancel  each  other  ;  but 
ten  dollars  gain  and  six  dollars  loss  cancel  each  other  only  in  part.  For 
the  six  dollars  loss  will  cancel  six  dollars  of  the-grain  and  leave  four  dollars 
gain. 
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SUBTRACTION 

41.  Subtraction  is  the  operation  by  which,  when  the  sum  of 
two  addends  and  one  of  the  addends  are  given,  the  other 
addend  is  determined.  In  symbols :  Subtraction  is  the  opera- 
tion symbolized  hj  a  —  b,  such  that 

(a  —  b)'{-  b  =  a'j 

and  hy  b  —■  a,  such  that 

a  -{-(b  —  a)  =  b. 

With  reference  to  this  operation,  the  simi  is  called  the 
minuend,  the  given  addend  is  called  the  subtrahend,  and  the 
required  addend  is  called  the  remainder. 

42.  The  laws  of  subtraction  are  not  fundamental  but  are 
derived  from  this  definition  combined  with  the  laws  of 
addition.      They  are: 

i.    If  equals  are  subtracted  from  equals,  the  remainders  are 
equal. 

ii.    Subtracting  any  number  from  an  addend  subtracts  an 
equal  number  from  the  sum, 

iii.  Adding  any  number  to  the  minuend  adds  an  equal  num- 
ber to  the  remainder, 

iv.  Subtracting  any  number  from  the  minuend  subtracts  an 
equal  number  from  the  remainder, 

V.    Adding  any  number  to  the  subtrahend  subtracts  an  equal 
number  from  the  remainder, 

vi.  Subtracting  any  number  from  the  subtrahend  adds  an 
equal  number  to  the  remainder, 

43.  These  laws  expressed  in  algebraic  notation  are : 

Suppose  a,  b,  c,  and  d  have  each  one  and  only  one  value,  zero 
included  as  a  possible  value  for  any  one  or  more  of  them. 
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If 


and 


a  =  c  and  b  =  d, 

a  —  b  =  c  —  d. 

(i) 

(a  —  c)  4-  J  =  (a  4-  5)  —  c, 

a  4-  (5  —  c)  =  (a  +  5)  —  c. 

(ii) 

(a  +  c)  —  b  =  (a  —  b)-\'  c. 

(iii) 

(a  —  c)  —  b  =  (a  —  b)  —  c. 

(iy) 

a  —(b  -^  c)  =  (a  —  b)  —  c. 

(V) 

a  —  (b  —  c)  =  {a  —  b)  •\'  c. 

(yi) 

44.  By  definition,  (a  —  ^)  4-  ^  =  a. 
Therefore,  if  J  =  0, 

(a  -  0)  4-  0  =  a. 
That  is,  a  -  0  =  a.  (IV,  p.  15) 

Conversely,  if  a  —  5  =  a,  then  J  =  0, 

for  in  this  case  (a  —  ft)  4-  ft  =  (a  —  ft), 

and  therefore  ft  =  0.  (Cor.  2,  p.  16) 

45.  Monomials.  In  order  to  find  the  difference  between  two 
algebraic  numbers,  we  begin  at  the  place  in  the  scalar  series 
which  the  minuend  occupies  and  count  in  the  direction  opposite 
to  that  indicated  by  the  sign  of  the  subtrahend  as  many  units 
as  there  are  units  in  the  absolute  value  of  the  subtrahend. 

Thus,  when  we  subtract  -f  3  from  +  4  we  count  from  +  4  three  units 
in  the  negative  direction,  and  arrive  at  -f  1 ;  when  we  subtract  —  3  from 
+  4  we  count  from  +  4  three  units  in  the  positive  direction,  and  arrive 
at  +  7.     In  like  manner,  4  3  from  —  4  is  —  7  ;   —  3  from  —  4  is  —  1. 

Hence, 

1.  Subtracting  a  positive  number  is  equivalent  to  adding 
an  equal  negative  number. 

2.  Subtracting  a  negative  number  is  equivalent  to  adding 
an  equal  positive  number. 
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To  subtract  one  algebraic  number  from  another^ 

Change  the  sign  of  the  svhtrahend  and  then  add  the  svbtror 
hend  to  the  minttend. 

Thus,     (1)  +a-(-f  6)  =  a-6;  (3)  _  a  -  (+ 6)  =  -a- 6: 

(2)  +a-(-b)  =  a-\-b;  (4)  -  a  -  (-b)=-a-\-b. 

46.  Polynomials.  When  one  polynomial  is  to  be  subtracted 
from  anotlier  place  its  terms  under  the  like  terms  of  the  other, 
change  the  signs  of  the  subtrahend,  and  add. 

From  4  cc'  —  3  x^y  —  xy^  +  2  y* 

take  2  a;'  —  x'^y  +  5  xy"^  —  3  y*. 

Change  the  signs  of  the  subtrahend  and  add : 

4x8-3x2y_    xy2  +  2y8 

-2z8-f    x^-5ay2-f3y^ 
2x8-2x2y  -6xy2  +  6y3 

In  practice,  instead  of  actually  changmg  the  signs  of  the 
subtrahend  we  only  conceive  them  to  be  changed. 

47.  Parentheses.  Propositions  III,  p.  15,  and  ii,  v,  and  vi, 
p.  19,  may  be  written 

a  -\-(^-\-h  —  c)-=  a  -\-h  —  Cy 
a—  (4-ft4-c)  =  a  —  ft  —  c, 
a  —  (4-ft  —  c)  =  a  —  ft  +  c, 

and,  therefore,  by  §  43,  p.  19,  and  IV,  p.  15,  and  Cor.  2,  p.  16, 

«+(—  ftH-c)=a  —  ft  +  c, 
a  —  (—  ft4-c)  =  a4-ft  —  c. 

Hence,  when  the  parenthesis  enclosing  a  polynomial  is  pre- 
ceded by  a  plus  sign  the  parenthesis  and  plus  sign  may  be 
removed  or  omitted  without  making  any  change  in  the  signs 
of  the  terms  of  the  enclosed  polynomial  other  than  inserting 
the  sign  +  before  the  first  term  if  that  term  has  no  sign 
expressed. 
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When  a  parenthesis  enclosing  a  polynomial  is  preceded  by 
a  minus  sign  the  parenthesis  and  minus  sign  may  be  removed 
if  the  signs  of  the  terms  of  the  enclosed  polynomial  are  all 
changed. 

48.  Expressions  often  occur  with  more  than  one  parenthesis. 
These  parentheses  may  be  removed  in  succession  by  removing 
first  the  innermost  ^parenthesis ;  next,  the  innermost  of  all 
that  remain,  and  so  on. 


Thus,  a  -  [6  -  {c  +  (d  -  e  -/)}] 

=  a-[6-{c-f  (d-e-f/)}] 
=  a-[6-{c-f  d-e+/}] 
=  a  —  [6  —  c  —  d  +  c  — /] 
=  a  —  6  +  c  +  d  —  e+/. 

49.  The  rules  for  introducing  parentheses  follow  directly 
from  the  rules  for  removing  them : 

1.  Any  number  of  terms  of  an  expression  may  be  put  within 
a  parenthesis,  and  the  sign  +  placed  before  the  whole. 

2.  Any  number  of  terms  of  an  expression  may  be  put  within 
a  parenthesis,  and  the  sign  —  placed  before  the  whole ;  if  the 
sign  of  every  term,  within  the  parenthesis  is  changed. 

Thus,  a-f6-c-d  =  (a-f6)-(c  +  d) 

=  a  -f  (6  —  c)  —  d 
=  a  -f  (6  —  c  —  d). 

50.  By  II,  p.  15,  and  ii  and  iv,  p.  19, 

a  -{- h  =^  h  -\-  a, 
a  —  c-\-b=ia-\'h'-'Cy 
a  —  c  —  J  =  a  —  h  —  c. 

Hence,  the  terms  of  any  polynomial  may  be  combined  in  any 
order  whatever. 

Thus,  a  +  ft  —  c  —  d  =  a  —  d  +  (6  —  c) 

=  a  —  c  —  (d  —  6) 
=  —  (c  —  6)  —  (d  —  a),  etc. 
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Ezercise  2 

1.  From  4a4-5ft--3c  take  2a  +  9b  —  Sc. 

2.  From  7a;«-a;2-f-4aj-2  take  2aj«  +  8aj2-9aj4-8. 

3.  From  3  a«  +  3  a^  -  OaJ^  +  35« 
take  2a«  ^5a%  +  7ab^  -  96«. 

4.  From  j  a*  +  4  a*  —  f  J^  ^  J  a  take  a^  -  ^V  ^^  +  i  «• 

6.   From  4  aj*  —  6  aj^  +  8  a;  —  7  take  the  sum  of 

Sx^-i-T  -8x^  +  7  X  and  -  9ic«  -  8a;^  +  4aj  +  4. 

Simplify : 

6.  2-3a-(4-6a;)-.|7-(9-.2x)|. 

7.  Sa-(a-b-'c)-2\a-^c-2(b—c)\. 

8.  4:a-l3a-\2a-(a-b)\+5b']. 

9.  [8a-3|a-(ft-a)|]-4[a-2^a-2(a~5)|-f«»]. 

10.  x(y  -{-z)  +  y[x  —Q/  +  z)^  —  z[i/  —  x(z  —  x)y 

11.  2a;«(aj-3a)-2[2a;*-a2(a;2_.a2)] 
-  3 a[aj«  -2x\a^  +  x(a-'X)\-{-  a«]. 

MULTIPLICATION 

51.  In  Algebra,  as  in  Arithmetic,  numbers  which  are  to  be 
multiplied  together  are  called /actors,  and  the  result  of  the 
multiplication  is  termed  the  product  of  the  factors.  Under 
the  term  numbers  we  include  not  only  the  numbers  symbolized 
by  single  letters  but  also  those  which  are  the  arithmetical 
values  of  compound  algebraic  expressions.  In  the  case  of  two 
factors,  the  factor  which  is  to  be  multiplied  by  the  other  is 
called  the  multiplicand,  and  the  factor  by  which  the  multi- 
plicand is  to  be  multiplied  is  called  the  multiplier. 
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Multiplication  is  the  operation  of  combining  two  or  more 
numbers  or  algebraic  expressions  into  a  single  number  or 
expression  according  to  the  following  laws : 

I.    If  equal   numbers   are  m/idtiplied  by  equal  numbers, 
the  prodticts  are  equal. 

If  the  product  of  one  pair  of  factors  is  equal  to  the  product 
of  a  second  pair,  and  if  either  faxitoT  in  the  first  pair  is  equal 
to  the  corresponding  factor  in  the  second  pair  and  is  not  zero, 
the  remaining  faMor  in  the  first  pair  is  equal  to  the  remaining 
factor  in  the  second  pair, 

II.  The  product  of  two  factors  is  the  same  whether  the  first 
factor  is  multiplied  by  the  second  or  the  second  factor  is  multi- 
plied by  the  first, 

III.  The  product  of  three  factors  is  the  same  whether  the 
first  factor  is  multiplied  by  the  product  of  the  second  and  third 
or  the  product  of  the  first  and  second  factors  is  multiplied  by 
the  third, 

IV.  Multiplying  by  unity  leaves  the  multiplicand  uncJianged, 
V.   If  the  multiplier  is  zero,  the  product  is  zero, 

52.   These  laws  expressed  in  algebraic  symbols  are : 
Suppose  a,  b,  c,  and  d  have  each  one,  and  only  one,  value, 

zero  included  as  a  possible  value  for  any  one  or  more  of  them 

except  where  noted. 

I.    If       a  =  c  and  b  =:  d,  then  axb  =  cxd. 
If  a  =:  c=^0,  and  axb  =z  cxd,  then  b  =  d; 

and  if  b  =d=^0,  and  axb  =  ex  d,  then  a  =  c. 

These  propositions  are  condensed  into  the  single  statement. 

Multiplication  is  completely  uniform  for  actual  or  non-zero 
factors. 

II.  axb  =  bx  a. 

Proposition  II  is  expressed  by, 

Multiplication  is  commutative. 
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III.  ax{bxc)  =  {axh)xc. 

Proposition  III  is  expressed  by, 
Multiplication  is  associative. 

IV.  a  X  1  =  a. 

The  modulus  of  multiplication  is  unity. 

V.  a  X  0  =  0. 

The  annihilator  of  multiplication  is  zero. 

53.  Cor.  1.  Multiphjing  a  factor  hy  any  number  multiplies 
the  product  by  that  number. 

Cor.  2.  If  the  product  of  two  factors  is  equal  to  one  of  the 
factoTSj  the  other  factor  is  unity,  the  case  of  the  product  and 
its  equal  factor  both  being  zero  excepted. 

Cor.  3.  If  the  product  of  two  or  more  factors  is  zero,  one  at 
least  of  the  factors  is  zero. 

Proofs  of  these  corollaries  are  similar  to  the  proofs  in  §  37, 
p.  15. 

54.  The  fundamental  law  connecting  the  operation  of  multi- 
plication with  the  operations  of  addition  and  subtraction  is : 

VI.  Multiplying  the  several  terms  of  a  polynomial  by  any 
number  multiplies  the  polynomial  by  that  number. 

In  symbols  :         ad  +  bd  —  cd  =  (a  -{- b  —  c)  d. 

Proposition  VI  is  expressed  by, 

Multiplication  is  distributive,  relative  to  addition  and  sub- 
traction. 

Hence,  (a  -{-  b)  (m  +  n)  =  a(m  -{-  n)  +  b (m  -{-  n)  (VI,  p.  24) 

=  (m  -{-  n)a  +  (m  +  n)b  (II,  p.  23) 

=  ma  -{-  na  -\-  mb  -\- nb  (VI,  p.  24) 

=  am  +  an  -{-bm  +  bn,  (II,  p.  23) 
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Also,  (a  —  ^)  (m  —  w)  =  a  (w  —  7i)  —  ^  (w  —  ?i)  (VI,  p.  24) 

==  (m  --  n)  a  —  (m  ---  n)h  (II,  p.  23) 

=  ma  —  na  —  (mb  —  nb)  (VI,  p.  24) 

=  ma  —  na  —  mb  +  ^^  (vi,  p.  19) 

=  am  —  an  —  bm  +  bn.  (II,  p.  23) 

55.  Law  of  Signs.  Let  (4-  a)  and  (4-  c)  denote  positive 
scalar  numbers  whose  product  is  +  clc,  and  (—  b)  and  (—  d) 
denote  negative  scalar  numbers,  a,  b,  c,  and  d  being  the  abso- 
lute values  of  the  numbers  without  reference  to  the  relation 
positive-negative,  then 

(+«)  +  (-*)  =  (+ a) -(+ J), 
and       (+c)  +  (-d)  =  (+c)-(+a). 

By  §64,  l(+a)  +  (-b)l\{+c)  +  (-d)l 

+  (-bX+c)  +  (-bX-d).  [1] 

Since    (+  a)  (4-  c)  =  (4-  ac), 
\i+a)^{+b)\\{-^c)-(-^d)l 

=  (4-  ac)  -  (4-  fl^)-  (4-  be)  4-  (4-  bd) 

=  (4-  ac)4-(-  ad)+(-  bc)+(+  bd).       [2] 

Compare  the  right-hand  members  of  [1]  and  [2],  term  by 
term. 

Since  (4- «)  X  (4-  c)  =  (4-  ac), 

then  (4-  a)  X  (—  c^)  =  (—  ad), 

(-b)x(+c)==(-bc), 
(-b)x(-d)  =  (+bd). 

Hence,  the  law  of  signs  in  multiplication. 

Like  signs  give  plies  ;  unlike  signs  give  minus. 
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The  product  of  more  than  two  scalar  factors,  each  preceded 
by  the  sign  — ,  will  be  positive  or  negative,  according  as  the 
number  of  such  factors  is  even  or  odd. 

56.  Index  Law.  The  product  of  two  or  more  powers  of  any 
number  is  that  number  with  an  exponent  equal  to  the  sum  of  the 
exponents  of  the  several  factors. 

For,       a"*  X  fit"  =  (aaa  •  •  •  to  m  factors)  (aaa  •  •  •  to  ri  factors) 

=  aa^auaa  •  •  •  to  (in-\-  ii)  factors 

Similarly  for  more  than  two  factors. 

57.  Monomials.  The  product  of  numerical  factors  is  a  new 
number  in  which  no  trace  of  the  original  factors  is  found. 

Thus,  4  X  9  =  Ji6. 

But  the  product  of  literal  factors  is  expressed  by  writing 
tliem  one  after  the  other. 

Thus,  the  product  of  ab  and  cd  is  expressed  by  abcd^  and  generally 
the  produot  of  otf"  and  6c»  is  o&c*+»,  for  ae«  x6e"  =  ax6xe«xe» 
by  the  commatative  law,  =ax6xc~+»  by  the  index  law. 

Hence,  to  find  the  product  of  two  monomials, 

Multiply  the  coefficients;  affix  all  the  literal  parts,  each  with 
an  exponent  which  is  the  sum  of  its  exponents  in  the  separate 
factors;  prefix  the  sign  -f-  if  the  signs  of  the  monomials  are 
alikcy  the  sign  —  if  they  are  unlike. 

58.  Polynomials.  To  multiply  a  polynomial  by  a  monomial, 
the  distributive  law,  §  54,  p.  24,  may  be  applied,  giving  as  rule : 

Multiply  every  term  of  the  polynomial  by  the  monomial  mul- 
tiplier,  observing  the  law  ofs^igns,  §  55,  p.  25. 

To  multiply  a  polynomial  by  a  polynomial,  we  apply  the 
distributive  law,  as  in  §  54,  p.  24,  and  obtain  as  rule : 

Multiply  every  term  in  the  multipliatnd  by  every  term  in  the 
multiplier,  observ^ing  the  law  of  signs,  §  55,  p.  25. 
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69.  In  multiplying  polynomials  it  is  a  convenient  arrange- 
ment to  write  the  multiplier  under  the  multiplicand;  and  place 
like  terms  of  the  })artial  products  in  columns. 

(1)  Multiply  5a -eb  by  3a-  4ft. 

6a  -   66 

3a  -   45 

16a2-18a6 

-20a&-f  246^ 
16a2-38a6  +  2462 

(2)  Multiply  a^  -i- b^  -{-  c^  —  ah  —  he  —  ac  by  a  -f-  ft  -f-  c. 

Arrange  according  to  descending  powers  of  a. 
a^-  ab-  ac+    62_      f^^   ^a 

a  +    b+    c 

a«  -  o26  -  a^c  +  a62  -    dbc-^  ac^ 

-\-a^b  -ab^-    dbc  ^  ij^ -.  ij^  ^  ic2 

+a^  -    gftc-ac'         -\- b^c  -  bc^  +  c* 

o8  -3a6c  +68  +c« 

Observe  that,  with  a  view  to  bringing  like  terms  of  the  partial  products 
into  columns,  the  terms  of  the  multiplicand  and  of  the  multiplier  are 
arranged  in  the  same  order, 

60.  Detached  Coefficients.  In  multiplying  two  polynomials 
that  involve  but  one  letter,  or  are  homogeneous  (§  23,  p.  10) 
and  involve  but  two  letters,  we  shall  save  much  labor  if  we 
write  only  the  coefficients. 

(1)  Multiply  2a;»  4-  4aj  +  7  by  x^-3x-{-4:. 

Since  the  x^  term  in  the  first  expression  is  missing,  we  supply  a  zero 
coefficient.    The  work  is  as  follows : 

2  +  0+    4+    7 
1-3+    4 
2  +  0+    4+    7 
-6-    0-12-21 

+    8  +    0  +  16  +  28 
2-6  +  12-    6-    6  +  28 

Writing  in  the  powers  of  x,  the  product  is 

2x6  -  6x*  +  12 x«  -  6x2  -  6x  +  28. 
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(2)  Multiply  a*  +  2ax*  -  9a;«  +  4aV;  by  ar«  -  2aa;  —  a\ 

Amnging  by  descendiiig  powera  of  z  we  hATe 

-9x>  + 203^  +  40^  +  0*  and  ±«-2ox-rt«. 

The  work  is  as  follows : 

-9+   2+4  +  1 
1-   2-1 


-9+   2  +  4  +  1 
+  18-4-8-2 

+9-2-4-1 

-9  +  20  +  9-9-6-1 

Hence,  the  product  is  -9aE^ +  20 oz« +  9 o^  -  9 a<ac>- 6 o«x  —  o^. 

61.  Special  Caaes.      The  following  products  are  of   great 
importanoey  and  should  be  carefully  remembered: 

(a-b)«  =  a«-2ab  +  b«; 

(a  +  b)«  =  a«  +  2ab  +  b«; 

(a  +  b)(a-b)=a«-b«; 

(a  +  b  +  c)«  =  a«  +  b«  +  c*  +  2ab  +  2ac  +  2bc 

The  s^are  of  any  polynomial  may  be  immediately  written 
by  the  following  rule : 

Add  together  the  squares  of  the  several  terms  and  twice  the 
product  of  each  term  into  each  of  the  terms  that  follow  it. 

Also,  (a  ±  by  =  a«  ±  3o>6  +-  3a^*±  i*. 

The  double  sign  ±  is  read  plus  or  minus,  and  signifies  the  sum 
or  the  difference  of  the  numbers  between  which  it  is  placed. 

62.  Again,  consider  the  product 

(a:  +  a)  (a:  +-  ft)  ==  a*  +-  (a  +-  ft)  X  +-  o^. 

The  coefficient  of  x  is  the  €Uffebraic  sum  of  a  and  ft ;  the 
third  term  is  the  product  of  a  and  ft. 

Thus,  (z  +  3)  (X  +  7)  =  x«  +  lOx  +  21 ; 

(X  -  3)  (X  +  7)  =  x«  +  4  X  -  21 ; 
(X  +  3)  (X  -  7)  =  ±«  -  4  X  -  21 ; 
(x  -  3)  (X  -  7)  =  ±«  -  10  X  +  21. 
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EzerciM  3 

Find  the  product  of : 

1.  3aj-f-2y  and  4aj  — 5y. 

2.  2x^-5  and  4aj4-3. 

3.  2aj*4-4:a:  — 3  and  2 aj^ -f- 3 aj  —  4. 

4.  a:*  +  2x^  +  4:  and  a;*  -  2aj*  +  4. 

6.  a:*  +  2  a;y  —  3  y*  and  x*  —  6  xy  +  4  y^ 

6.  9aj*4-3a;y +  y*  — 6aj  +  2y  +  4  and  3a:  — y  +  2. 

7.  11  a»  4-  4ft»  -  4a6 (a  -  U)  and  ^^(^  +  3a)- 4ft«(a  +  b). 

5.  (a  +  by  +  (a  -  ft)2  and  (a  +  ^)*  -(»  -  *)*• 
9.  aj  —  2y-f3«  and  a;  —  2  y  +  3  «. 

10.  aj«  4-  2aj*  —  4a;  —  1  and  aj»  ■i-2x^  —  4a;  —  1. 

11.  39(f*+''-^-54e^*-2<'+i  +  60e^*+8''  and  30(?-^+2y 

12.  24a;"'+2n-i_42a;2m-8n+2_^25a;2»+8'»-2  gjid  25a;*-«-2". 

13.  a'  — Sa'^-^  +  ^a^-*— 6a^-«4-5a''-*and2a«  — a*+a. 

14.  a**+^  —  a»+^  —  a"  +  a""^  and  a»+«  —  a^  —  a  +  1. 
16.   a'»  +  3a^-*-2a'-^  and  2aP+^  +  a'+2  _3^j,^ 

DIVISION 

63.  Division  is  the  operation  by  which,  when  a  product  and 
one  of  its  factors  are  given,  the  other  factor  is  determined, 
the  given  factor  not  being  zero.     In  symbols :  Division  is  the 

operation  symbolized  by  a  -J-  ft,  or  -,  or  aib  such  that 

(a  -5-  ft)  X  ft  =  a,  or  J-  X  ft  =  a,  or  (a :  ft)  x  ft  =  a  5 
and,  as  a  consequence  of  law  II,  p.  23,  such  that 

ft  X  (a  -*-  ft)  =  a,  or  ft  X  -  =  a,  or  ft  X  (a  :  ft)  =  a ; 
in  which  a  may  have  any  value,  and  ft  any  value  except  zero. 


/ 

/ 
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In  this  operation  the  product  is  called  the  dividend;  the 
given  factor  the  divisor ;  and  the  required  factor  the  quotient. 

64.  The  laws  of  division  are  not  fundamental  but  are 
derived  from  this  definition  combined  with  the  laws  of  mul- 
tiplication.    They  are : 

i.    If  equals  are  divided  hy  equals^  the  quotients  are  equal, 

ii.    Dividing  a  factor  hy  any  number  divides  the  ^product 
hy  that  numher. 

iii.    Multiplying  the  dividend  hy  any  numher  multiplies  the 
quotient  hy  that  number, 

iv.   Dividing  the  dividend  hy  any  number  divides  the  quotient 
hy  that  number. 

I  V.    Multiplying  the  divisor  hy  any  number  divides  the  quo- 

\       tient  hy  that  numher. 

\  vi.    Dividing  the  divisor  hy  any  number  multiplies  the  quo- 

tient hy  that  numher. 

vii.    If  the  quotient  is  equal  to  the  dividend,  the  divisor  is 
unity. 

viii.  Dividing  all  the  terms  of  a  polynomial  hy  any  number 
divides  the  polynomial  hy  that  number. 

65.  These  laws  expressed  in  algebraic  notation  are : 

Suppose  a,  />,  r,  m,  and  n  have  each  one  and  only  one  value, 
zero  included  as  a  possible  value  for  a,  J,  and  c  but  not  for 
m  and  n. 


If 

a  =  c  and  m  =  n, 

then 

a  -i-  m  ^c-i-n. 
(a  -i-  m)  Xc  =  (axc)-i'm, 

(i) 

and 

a  x(c  -h  7n)  =  (axc)-h-  m. 

(ii) 

(axc)-hm=z(a-i-m)xc. 

(iii) 

(a  -f-  fi)  -h  m  =  (a  -i-  m)  -i-  n. 

(iy) 
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a  -i- (m  X  n)  =  (a  -i-  m)  -5-  n,  (v) 

a  -^  (m  -5-  w)  =  (a  -^  m)  X  w.  (vi) 

If  a  -i-m  =  a,  then  m  =  1,  (vii) 

a    ,    b        c       a  -\-  b  —  c  ,  .... 

or  — I = (viu) 

7ti      m      VI  m  ^      ^ 

The  fundamental  law  VI,  p.  24,  and  law  viii  of  this  section 
are  both  included  in  the  single  proposition : 

Multiplication  is  completely  distributive  relative  to  addition. 

66.  Since     axh  ^  -{-  ah,  (—  a)x  b  =  —  ab, 

ab  __  —  ab  __ 

ax(—b)=:^ab,      (—  a)  X  (—  *)  =  4-  ab, 

—  ab  _  ,      .  .   4-  (^  __  __ 

•  •        _   —  i~  a  I  •  •        _   —      a* 

—  b  —  b 

Consequently,  the  quotient  is  positive  when  the  dividend 
and  divisor  have  like  signs.  . 

The  quotient  is  negative  when  the  dividend  and  divisor 
have  unlike  signs. 

67.  Monomials.     To  divide  one  monomial  by  another, 

Write  the  dividend  over  the  divisor  with  a  line  between  them  ; 
if  the  express-ions  have  common  factors,  remove  the  common 
factors. 

Thus, 
Again, 


26  dbz 

5a 

S6  bcx 

6x 

10  bcx 

2c' 

ZOdbc 

5a 

a' 
a^ 

aaaaa 
aa 

=  aaa 

=  «•; 

a^ 

aa 

1 

1 

a» 

aaaaa 

aaa 

a* 
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,  a*"      aaa  •  •  •  to  m  factors 

In  general,  —  = 

a"       aaa  •  •  •  to  w  factors 

=  aaa  •  •  •  to  m  —  w  factors  (if  m  >  n), 

or  = 7 7—7 —  (if  w>m). 

aaxL  •  •  •  to  n  —  m  factors  ^  ^ 

Hence,  if  a  power  of  a  number  is  divided  by  a  lower  power 
of  the  same  number^ 

The  quotient  is  that  power  of  the  number  of  which  the  expo- 
nent is  the  exponent  of  the  dividend  diminished  by  that  of  the 
divisor. 

If  any  power  of  a  number  is  divided  by  a  higher  power  of 
the  same  number^ 

The  quotient  is  expressed  by  1  divided  by  that  power  of  the 
number  of  which  the  exponent  is  the  exponent  of  the  divisor 
diminished  by  that  of  the  dividend. 

68.  Polynomials  by  Monomials.  When  the  divisor  is  a  mono- 
mial and  the  dividend  a  polynomial; 

Divide  ea>ch  term  of  the  dividend  by  the  monomial  divisor; 
the  required  quotient  is  the  sum  of  the  partial  quotients. 

For  since  (a  -{-b  —  c)xm  =  ma  -\-7nb  —  mc, 

/.  (ma  -i-mb  —  mc)  -j-m  =  a-fft  —  c. 

The  signs  are  determined  by  §  66,  p.  31. 

69.  Division  of  Polynomials  by  Polynomials. 

If  the  divisor  (one  factor)  is  a  -f-  ft  +  c, 

and  the  quotient  (other  factor)  is         n+p  -{-q, 

an  •\'bn  -\-  en 
then  the  dividend  (product)  is  <  -}-  ap  -{- bp -{- cp 

^  4-  fl^  4-  ftg'  4-  cy. 

The  first  term  of  the  dividend  is  an,  the  product  of  a,  the 
first  term  of  the  divisor,  by  n,  the  first  term  of  the  quotient. 
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« 

The  first  term  n  of  the  quotient  is  therefore  found  by  dividing 
an,  the  first  term  of  the  dividend,  by  a,  the  first  term  of  the 
divisor. 

If  the  partial  product  formed  by  multiplying  the  entire 
divisor  by  n  is  subtracted  from  the  dividend,  ap,  the  first 
term  of  the  remainder,  is  the  product  of  a,  the  first  term  of 
the  divisor,  by  p,  the  ^second  term  of  the  quotient.  Hence, 
the  second  term  of  the  quotient  is  obtained  by  dividing  the 
first  term  of  the  remainder  by  the  first  term  of  the  divisor  5 
and  so  on. 

Therefore,  to  divide  one  pol3rnomial  by  another. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor. 

Write  the  result  as  the  first  term  of  the  quotient 

Multiply  all  the  terms  of  the  divisor  by  the  first  term  of  the 
quotient. 

Subtract  the  product  from  the  dividend. 

If  there  is  a  remainder ,  consider  it  as  a  new  dividend  and 
proceed  as  before. 

It  is  of  great  importance  to  arrange  both  dividend  aad  ^ 
divisor  according  to  the  ascending  or  the  descending  powers  . 
of  some  common  letter,  and  to  keep  this  order  throughout  the 
operation. 

(1)  Divide 

22a2ft«  +  15ft*  +  3a*-10a»*--22ai«  by  a^-^Zb^-^ab. 

Arrange  the  dividend  and  divisor  according  to  the  descending  powers 
of  a  and  divide. 

3  a*  -  10  a86  +  22  a262  -  22  068  +  15  &*  La^j^^a6jf3^ 

-  4a86  +  13a262-22a6» 

-  4a«6+    8a262_  12068    


5a262_i0a68+16&* 
5a262-l0o68+156* 


/ 
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4.  a5*  —  6  ax^  —  a^x  -f- 14  a*  by  aj*  —  3  aa;  —  7  a\ 

5.  81  a;*  +  36 ajy -f  16 y*  by  9x^ -6xy -\- ^y\ 

6.  aj*  -f  ^*  -  a^aj*  +  2  ft^*  by  aj^  +  ^"  +  ax, 

7.  a*  — 2^^  — 3c24-a^-f-2ac-l-76c  by  a  — ft  +  3o. 

8.  4aj*-6ajy-8a;»-4y^  +  4  +  y* 
by  y"  +  2a;^-2-3a;y. 

9.  2a"»+^  — 2a»+^  — a"*+''4-a*''  by  a"  — 2<z. 

10.  625x^  -  81  y*  by,  5a;- 3y. 

11.  a;*"  4-  y^"  by  aj"  4-  y». 

125       64  ^    5        4* 
hz,   (a  +  26)»  +  (&-3c)»  by  a  +  3(ft-c> 

14.  a«  — a«+^  4-37  a"»+»  — 55  «"»+*  + 50  a"»+* 
by  l-3a4-10a^. 

15.  4A»'+i-30A^4-19A*-^4-6^»'-2^9A*-'* 
by  A*-«  -  7  A*-*  4-  2  A"'-*  -  3  A^-«. 

16.  ea;"'-"^^  ^  a.m-n+1  _  22 aj"*""  4-  19a;"*-*~^  _  4aj"»-"-2 
by  3a;«-»  —  4ar2-»  4-  x^-\ 

72.  Summary.  The  four  elementary  operations  of  Algebra 
are  performed  subject  to  I,  The  Law  of  Uniformity ;  II,  The 
Associative  Law;  III,  The  Commutative  Law;  and  IV,  The 
Distributive  Law.  The  meanings  of  these  laws  have  been 
explained  as  occasion  arose ;  we  here  sum  up  the  whole  in 
brief  review. 

1.  From  the  number  a  and  the  number  b  there  is  deter- 
mined by  addition  a  definite  number  c  which  is  expressed  thus : 

a-\-b  =  c,        or         c  =  a -i- b. 

2.  There  is  a  determinate  number  which  we  name  zero  and 
denote  by  0,  such  that  for  every  number  a  we  have  simulta- 
neously 

a  4-  0  =  a,      and      0  4-  a  =  a. 
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3.  There  is  a  number  which  we  name  infinity  and  denote 
by  00 ,  such  that  for  every  number  a  we  have  simultaneously 

a  -f-  00  =  00;         and         oo  -f-  a  =  oo . 

4.  If  a  and  h  denote  given  numbers,  a  not  being  infinity, 
there  always  exists  one  and  only  one  number  x  and  also  one 
and  only  one  number  y,  such  that  we^have  respectively 

a  +  aJ  =  &,  and         y  -\-  a=  b. 

6.  From  the  number  a  and  the  number  h  there  is  determined 
by  multiplication  a  definite  number  c  which  is  expressed  thus : 

ab  =  c,  or  c  =  ab, 

6.  There  is  a  determinate  number  which  we  name  tmity  and 
denote  by  1,  such  that  for  every  number  a  we  have  simul- 
taneously 

a  X  1  =  a,  and         1  x  a  =  a. 

7.  For  every  finite  number  a  we  have  simultaneously 

a  X  0  =  0,  and         0  x  a  =  Q. 

8.  If  a  and  b  denote  given  numbers,  a  not  being  zero  and 
b  not  being  infinity,  there  always  exists  one  and  only  one 
number  x  and  also  one  and  only  one  number  y,  such  that  we 
have  respectively 

ax  =  b,  and         ya  =  b. 

If  a,  by  and  c  denote  any  numbers  whatever,  the  following 
laws  of  calculation  always  hold  true : 

9.  a+(b-i'C)  =  (a-hb)-\-c. 

10.  a  +  6  =  6  +  a. 

11.  a  (be)  =  (ab)  c. 

12.  ab  =  ba,, 

13.  a  (h  -\-  c)  =  ab  •\'  ac. 


CHAPTER  III 

FACTORS 

73.  Rational  Integral  Expressions.  An  expression  is  rational 
if  none  of  its  terms  contains  indicated  roots. 

An  expression  is  integral  if  none  of  its  terms  contains  other 
than  positive  integral  powers. 

74.  Factors  of  Rational  and  Integral  Expressions.  By  factors 
of  a  rational  and  integral  expression  we  mean  rational  and 
integral  expressions  that  will  exactly  divide  the  given  expres- 
sion. 

75.  Factors  of  Monomials.  The  factors  of  a  monomial  may 
be  found  by  inspection. 

76.  Factors  of  Polynomials.  The  form  of  a  polynomial  that 
can  be  resolved  into  factors  often  suggests  the  process  of 
finding  the  factors. 

77.  When  the  terms  have  a  common  monomial  factor. 

Resolve  into  factors  6  a'  +  4  a^  +  8  a. 

Since  2  and  a  are  factors  of  each  term,  we  have 

6a»-f  4a2-f  8a  =  2a(3a2-f  2a  +  4). 
Hence,  the  required  factors  are  2,  a,  and  3  a^  +  2  a  +  4. 

78.  When  the  terms  can  be  grouped  so  as  to  show  a  common 
compound  factor. 

Resolve  into  factors  ac  —  ad  —  he  ■{-  bd, 

ac-ad^bc-\-bd  =  {ac  —  ad)  —  {bc  —  bd) 

=  a(c  —  d)  —  b{c  —  d) 

=  (a  —  b)(c  —  d), 

U/Btora  are  a  —  &  and  c  —  d. 
88 
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79.  Square  Roots.  If  an  expression  can  be  resolved  into 
two  equal  factors,  one  of  the  equal  factors  is  called  the  square 
root  of  the  expression  (§  19,  p.  7). 

Thus,  16  X V  =  4  a;3y  X  4  x^y. 

Hence,  4  x^  is  the  square  root  of  16  ofiy^. 

The  square  root  of  a  positive  number  may  be  either  positive 
or  negative ;  for 

a^  =z  ax  (I,     and     a^  =  (—  a)  x  (—  a). 

Throughout  this  chapter  the  positive  square  root  only  will 
be  considered. 

80.  When  a  Trinomial  is  a  Perfect  Square.  A  trinomial  is  a 
perfect  square  if  the  first  and  last  terms  are  perfect  squares 
and  positive,  and  the  middle  term  is  twice  the  product  of  the 
square  roots  of  the  first  and  last  terms  (§  61,  p.  28). 

Thus,  16  a*  —  24  a6  -f  9  6^  is  a  perfect  square. 

To  extract  the  square  root  of  a  trinomial  that  is  a  perfect  square, 

Extract  the  square  root  of  the  first  term  and  of  the  last  term 
and  connect  these  square  roots  hy  the  sign  of  the  middle  term. 

Resolve  into  factors  aj^  —  18  aj  -}-  81. 

x2  _  I8x  -f  81  =  (X  -  9)  (X  -  9)  =  (X  -  9)2. 
Hence,  the  required  factors  are  x  —  9  and  x  —  9. 

81.  When  a  Binomial  is  the  Difference  of  Two  Squares.     The 

difference  of  two  squares  is  the  product  of  two  factors  which 
may  be  determined  as  follows  ; 

Extract  the  square  root  of  the  first  number  and  the  square 
root  of  the  second  number. 

The  sum,  of  these  roots  will  form  the  first  factor. 

The  difference  of  these  roots  will  form  the  second  factor. 

Thus,  (1)  a^  -  62  =  (a  -f  6)  (a  -  6); 

(2)  (a  -  6)2  -  (c  -  d)2  =  {(a  -  6)  -f  (c  -  d)}  {(a  -  6)  -  (c  -  d)} 

=  {a  -  6  +  c  —  d}  {a  —  6  —  c  +  d}. 
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The  terms  of  an  expression  may  often  be  arranged  so  as  to 
form  the  difference  of  two  squares,  and  the  expression  can 
then  be  resolved  into  factors. 

Thus,  a2  +  62_c2-(PH-2a6  +  2cd 

=  a2-f2a6-f62_c2H-2cd-(P 

=  (a2  H-  2a6  H-  b^)  -  (c2  -2cd'\-cP) 

=  {a'\-  6)2  -  (c  -  d)2 

=  {(a  +  b)  +  (c-d)}  {{a  +  6)  -  (c  -  d)} 

=  {a  +  b  +  c  —  d]  {a  '\-  b  —  c  +  d}, 

A  trinomial  in  the  form  a*  +  a^b^  +  b^  can  be  written  as  the 

difference  of  two  squares  and  resolved  into  factors. 

Thus,        X*  H-  x2y2  ^_  y4  =  (x*  +  2x2y2  +  j/*)  -  z^^ 

=  (x2  H-  y2)2  _  (a.y)2 
=  (x2  H-  y2  ^.  a;y)  (aj2  +  2/2  «.a;y) 
=  (x2  H-  xy  H-  y2)  (x2  -  xy  +  y^ . 

A  binomial  in  the  form  a*  +  4  y*  can  be  written  as  the  dif- 
ference of  two  squares  and  resolved  into  two  factors. 

Thus,    1  +  4y*  =  (1+  4y2  ^_  4y4)  _  4y2 

=  (1+ 2  y2)2  _  (2  y)2 
=  (1  +  2y  H-  2y2)  (1  _  2y  H-  2y2). 

Many  expressions  may  be  resolved  into  three  or  more  factors. 
Thus,  x"  -  yM  =  (x8  +  y8)  (a;8  -  y8) 

=  (aj8  H-  y8)  (x*  +  yi)  (x2  +  y2)  (x2  -  y2) 

=  (aj8  H-  y8)  (x4  +  y4)  (x2  +  y2)  (x  +  y)  (x  -  y). 

82.  A  Trinomial  of  the  Form  jr>  +  ajr  +  b,  where  a  is  the  alge- 
braic  sum  of  two  numbers  and  is  either  positive  or  negative, 
and  b  is  the  product  of  these  two  numbers  and  is  either  posi- 
tiTe  or  negative,  can  be  resolved  into  factors. 

Binoe  (x  +  6)(x  +  3)  =  x^ +  Sx -]- 15, 

tbe  &otoir8  of  x*  +  Sx  -\- 15  are  x  -^  5  and  x  +  3. 

Binoe  (aj  +  5)  (a;  -  3)  =  aj^  +  2  X  -  15, 

lilA..fMfeQn  of  a?'  +  2a;  —  15  are  a;  +  5  and  a;  —  3. 
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Hence,  if  a  trinomial  of  the  form  x^  ■\-  ax  -^-h  is  such  an 
expression  that  it  can  be  resolved  into  two  binomial  factors, 
the  first  term  of  each  factor  will  be  x ;  the  second  terms  of  the 
factors  will  be  two  numbers  whose  product  is  b,  the  last  term 
of  the  trinomial,  and  whose  algebraic  sum  is  a,  the  coefficient 
of  X  in  the  middle  term  of  the  trinomial. 

(1)  Resolve  into  factors  aj^  -f  11  aj  -f  30. 

We  are  required  to  find  two  numbers  whose  product  is  30  and  whose 
sum  is  11. 

Two  numbers  whose  product  is  80  are  1  and  30,  2  and  15,  3  and  10, 
5  and  6 ;  and  the  sum  of  the  last  two  numbers  is  11. 

Hence,  x^  +  llx  -{-  SO  -  (x  +  6)  (x  -i-  6). 

(2)  Resolve  into  factors  x^  ■—  7  x  -{- 12, 

We  are  required  to  find  two  numbers  whose  product  is  12  and  whose 
algebraic  sum  is  —  7. 

Since  the  product  is  H- 12,  the  two  numbers  are  both  positive  or  both 
negative;  and  since  their  sum  is  —  7,  they  must  both  be  negative. 

Two  negative  numbers  whose  product  is  12  are  —  12  and  —1,-6  and 
—  2,-4  and  —  3 ;  and  the  sum  of  the  last  two  numbers  is  —  7. 

Hence,  x^  -  7aj  +  12  =  (x  -  4)(x  -  3). 

(3)  Resolve  into  factors  a*  +  2  a;  —  24. 

We  are  required  to  find  two  numbers  whose  product  is  —24  and 
whose  algebraic  sum  is  2. 

Since  the  product  is  —  24,  one  of  the  numbers  is  positive  and  the 
other  negative  ;  and  since  their  sum  is  +  2,  the  larger  number  is  positive. 

Two  numbers  whose  product  is  —  24,  and  the  larger  number  positive, 
are  24  and  —  1,  12  and  —  2,  8  and  —  3,  6  and  —  4  ;  and  the  sum  of  the 
last  two  numbers  is  +  2. 

Hence,  x^  -f  2x  -  24  =  (x  +  6)  (x  -  4). 

(4)  Resolve  into  factors  x^  —  Sx  —  18. 

We  are  required  to  find  two  numbers  whose  product  is  —  18  and 
whose  algebraic  sum  is  —  3. 

Since  the  product  is  —  18,  one  of  the  numbers  is  positive  and  the  other 
negative  ;  and  since  their  sum  is  —  3,  the  larger  number  is  negative. 
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Two  numbers  whose  product  is  —  18,  and  the  larger  number  negative, 
are  — 18  and  1,-9  and  2,-6  and  8 ;  and  the  sum  of  the  last  two 
numbers  is  —  3. 

Hence,  x^ -3x  -  18  =  (x  -  6)(x -f  3). 

Therefore,  in  general, 

aj^  -f  (a  -f  ft)aj  +  aft  =  (cc  -f  a)  (a;  -f  b) 
whatever  the  values  of  a  and  b. 

83.  When  a  Trinomial  has  the  Form  ax*  -\-  bx-{-  c, 

(1)  Eesolve  into  factors  S  x^  —  22  x  —  21. 

Multiply  by  8,  the  coefficient  of  x^,  and  write  the  result  in  the  follow, 
ing  form : 

(8x)2-22  X  8X-168. 

Put  z  for  8x,  z*  -  22z  -  168. 

Resolve  this  expression  into  two  binomial  factors, 

(z  -  28)  (z  +  6).  (§  82,  p.  40) 

Since  we  have  multiplied  by  8,  and  put  z  for  8  x,  we  must  reverse  thia 
process.     Hence,  put  8  x  for  2  and  divide  by  8,  and  we  have 

(8x-28)(8x  +  C) 
8 

As  4  is  a  factor  of  (8x  —  28),  and  2  is  a  factor  of  (8x  +  6),  we  divide 
by  8  by  dividing  the  first  factor  by  4  and  the  second  factor  by  2. 

^^^^  (8x-28)(8x  +  6)^^^^  _  ^j^^^._^  3j_ 

(2)  Resolve  into  factors  24  x^  —  lOxy  —  15  y\ 

Multiply  by  24,  (24  x)^  -  70  2/  x  24  x  -  1800  y^. 

Put  z  for  24  X,  «2  _  70  yg  -  1800  yK     • 

Resolve  into  factors,  (z  -  90  2/)  (2  +  20  y).  (§  82,  p.  40) 

Put  24x  for  z,  (24x  -90y)  (24x  +  2O2/). 

Divide  by  6  x  4,         (4  x  —  16  y)  (6  x  +  6  2/). 

84.  When  a  Binomial  is  the  Sum  or  the  Difference  of  Two  Cubes. 

From  §  71,  p.  34,    ^""^f  =  a^  -  ah -\- h^ -, 
'  ^        '     a-\-b  ' 

a*  —  Z>* 

and  ^ =  a^-\-ab-\-  b'\ 

a  —  0 
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.-.«•  +  *•  =  (« -r*)(«*-ai  +  ^; 
and  a«  -  *»  =  (a  -  i)(a*-i-  a*  -f  6*). 

In  like  manner  we  can  resolTe  into  factors  any  expression 
which  can  be  written  as  the  sum  or  the  difference  of  two  cubes. 

(1)  BesolTe  into  factors  8  a*  +  27  b\ 

8a»  +  276*  =  (2a)»  +  (36«)» 

=  [2a  +  36>][(2a)s  -  (2a)(3e^  +  (SftV] 
=  (2a -h  3ft*){4a«  -  6o&«  +  9&*). 

85.   When  a  Poiynoiiiial  IB  the  Prodoct  of  Two  Trinoniiala.    The 

following  method  is  conTcnient  for  resolving  a  polynomial  into 
its  trinomial  factors : 

Find  the  factors  of  2x*  — 5ary  + 2y*  + 7«  —  5ya:  +  3«*. 

1.  Reject  the  terms  Hal  contain  z. 

2.  Reject  the  terms  that  contain  y. 

3.  Reject  the  terms  that  contain  z. 

Factor  the  expression  that  remains  in  each  case. 

1.  2aJ*-52y +2y»  =  (x-2y)(2z-y). 

2.  2x«+ 7x2  +  32«  =  (x  +  3z)(2x  +  z). 

3.  2j^-5yz  +  3««  =  (2y-32)(y-z). 

Arrange  these  three  pairs  of  factors  in  two  rows  of  three  &ctors  each, 
so  that  any  two  factors  of  each  row  may  have  a  common  term  including 
the  sign. 

Thus,  1.   x-2y,  x  +  Sz,  -2y  +  32; 

2.   2  X  —  y,'  2  X  +  2,   —  y  +  2. 

From  the  first  row,  select  the  terms  common  to  two  Juctors  for  one  tri- 
nomial factor : 

x-2y  +  3z. 

From  the  second  row,  select  the  terms  common  to  tu>o  f odors  for  the 

other  trinomial  factor : 

2  X  —  y  +  2. 

Then, 
2a^  -  6xy  +  2y2  +  7xz-6y2  +  3z«  =  (x-2y  +  32)(2x-y  +  «). 

When  a  factor  obtained  from  the  first  three  terms  is  also  a 
factor  of  the  remaining  terms,  the  expression  is  easily  factored. 

Thus,  x2  -  3xy  +  2y2  -  3x  +  6y  =  (x  -  2y)(x  -  y)  -  3(x  -  2y) 

=  (x-2y)(x-y-3). 
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19.  121  a;*  -  286  xhj  +  169  y». 

20.  a'-2ah  +  h'-x\ 

21.  49  a*  -  15  a^ft^  +  121  **. 

22.  a^x^  +  14  ahx  +  33  h\ 

23.  X V  +  23  a:y«  4- 90  «2. 

24.  a*  -f  a  -  132. 

25.  %a^-\-14tah-  15  ^•^. 

26.  6a;^  +  19icy- 7y2. 

27.  lla^-23ab  +  2b^ 

28.  a* +  64  6*. 

29.  2  cc*  —  5  ary  +  2  y^  —  aj^sf  —  y«  —  ;s-. 

30.  6a;»-13ary+ 6^2-1- 12ar«- 13 y;s  +  6«' 

31.  2x^  +  5xi/-3y^-4:Xz-\-2f/z, 

32.  4a;«-12a;2  +  9a;- 1. 

33.  a;»  +  9  a;2  +  16  a:  +  4. 

34.  a;»  +  5a;*  +  7aj  +  2. 

35.  2 a;^  —  3 a*?/  +  4  aa;  —  6  a*/. 

36.  a;»;c2  -  8  i/x"^  -  4  ar'/i^  ^  32  yi^2 

37.  ar«  -  //  -  (x^  -  y2)  _  (^  _  ,^)2^ 

38.  a;*4-2a-'- 13a-2-38a'-24. 

39.  X*  -  2(0'  -  c2)x2  4-  ^J''  -  2^V  +  c\ 

40.  15a;2-  7a;- 2. 

41.  11x^-54  a;  4- 63. 

42.  21  a:2  4.  26  a;  -  15. 

43.  70a;2-27a;- 9. 

44.  ar*  -  2  abx^  -  a*  -  a^b^  -  b\ 

45.  5a:*  4- 4a;8- 20a;- 125. 

46.  2a;*-  5a-*- ar^- 2. 

47.  6x^-ax*-2a'^x^-\-3a''X'-2a\ 
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HIGHEST   COMMON  FACTOR 

88.  A  common  factor  of  two  or  more  integral  and  rational 
expressions  is  an  expression  that  divides  each  of  them  without 
a  remainder. 

Two  expressions  that  have  no  common  factor  except  1  are 
said  to  be  prime  to  each  other. 

The  highest  common  factor  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression 
of  highest  degree  that  will  divide  each  of  them  without 
remainder. 

For  brevity,  H.C.F.  will  be  used  for  highest  common  factor. 

Find  the  H.C.F.  of 
8  a^x^  —  24  aha  +  16  a^  and  12  ax^y  —  12  axy  —  24  ay, 

8a2x2  -  24a2a;  +  IQa^  =zSa^{x^  -  3x  +  2) 

=  28a2(x-l)(x-2); 
12 ax^  -  12 axy  -  24 ay  =  12 ay (x^-x-  2) 

=  22x  3ay(x  +  l)(x-2). 
.-.  the  H.C.F.  =  22  a  (X  -  2)  =  4  a (X  -  2). 

Hence,  to  find  the  H.C.F.  of  two  or  more  expressions, 

Resolve  each  expression  into  its  prime  factors. 

The  product  of  all  the  common  factors ,  each  factor  being  taken 

the  least  number  of  times  it  occurs  in  any  of  the  given  expressions, 

is  the  highest  common  factor  required, 

89.  When  it  is  required  to  find  the  H.C.F.  of  two  or  more 
expressions  that  cannot  readily  be  resolved  into  their  factors, 
the  method  to  be  employed  is  similar  to  that  of  the  corre- 
sponding case  in  Arithmetic.  And  as  that  method  consists  in 
obtaining  pairs  of  continually  decreasing  numbers  which  con- 
tain as  a  factor  the  H.C.F.  required,  so  in  Algebra,  pairs  of 
expressions  of  continually  decreasing  degrees  are  obtained^ 
which  contain  as  a  factor  the  H.C.F.  required. 
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The  terms  of  an  expression  may  often  be  arranged  so  as  to 
form  the  difference  of  two  squares,  and  the  expression  can 
then  be  resolved  into  factors. 

Thus,  a^  +  b^-c^-cP  +  2db  +  2cd 

=  (a2  H-  2a6  +  h^)  -  (c^  -2cd  +  dP) 
=  {a  +  6)2  -  (c  -  (i)2 
=  {(a  H-  6)  +  (c  -  d)}  {(a  +  6)  -  (c  -  d)} 
=  {a  -{-  b  +  c  -  d]  {a  -{-  b  -  c  -\-  d], 

A  trinomial  in  the  form  a*  +  a^^  -f  ^*  can  be  written  as  the 
difference  of  two  squares  and  resolved  into  factors. 

Thus,        X*  +  xV  +  2^  =  (x4  H-  2x2y2  +  y^)  -  x^^ 

=  (X*  +  y2)2  -  (a;y)2 
=  (x2  H-  y2  +  xy)  (x2  ^^^xy) 
=  (x2  H-  xy  +  y2)  (x^^xy  +  y^. 

A  binomial  in  the  form  a*  +  4  y*  can  be  written  as  the  dif- 
ference of  two  squares  and  resolved  into  two  factors. 
Thus,    1  +4y*  =  (l  H-4y2  +  4y4)__4y2 

=  (1+ 2  y2)2  _  (2  y)3 

=  (1  +  2y  H-  2y2)  (1  __  2y  H-  2y2). 

Many  expressions  may  be  resolved  into  three  or  more  factors. 

Thus,  x"  -  yw  =  (x8  +  yS)  (x^  -  yS) 

=  (x8  +  y8)  (x*  H-  y4)  (X*  -  y*) 

=  (x8  +  y«)  (aj*  +  y*)  (x2  +  y2)  (x2  -  y2) 

=  (X*  +  y«)  (X*  +  y*)  (a;2  +  y^)  («  +  y)  (x  -  y). 

82.  A  Trinomial  of  the  Form  jc*  +  ax  +  b,  where  a  is  the  alr/e- 
hraic  sum  of  two  numbers  and  is  either  positive  or  negative, 
and  h  is  the  product  of  these  two  numbers  and  is  either  posi- 
tive or  negative,  can  be  resolved  into  factors. 

Since  (a;  +  5)  (aj  +  3)  =  a;«  +  8  a;  +  15, 

the  factors  of  x^  +  8  x  +  16  are  x  ■{-  b  and  aj  -f-  3. 

Since  (aj  +  5) (aj  -  3)  =  a;^  -f  2a;  -  15, 

the  factors  of  aj*  +  2  a5  —  16  are  a:  +  5  and  a;  —  3. 
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Hence,  if  a  trinomial  of  the  form  cc*  +  aaj  -f  ft  is  such  an 
expression  that  it  can  be  resolved  into  two  binomial  factors, 
the  first  term  of  each  factor  will  be  x ;  the  second  terms  of  the 
factors  will  be  two  numbers  whose  product  is  b,  the  last  term 
of  the  trinomial,  and  whose  algebraic  sum  is  a,  the  coefficient 
of  aj  in  the  middle  term  of  the  trinomial. 

(1)  Resolve  into  factors  a^  -f  11  aj  -f  30. 

We  are  required  to  fiiid  two  numbers  whose  product  is  30  and  whose 
sum  is  11. 

Two  numbers  whose  product  is  80  are  1  and  80,  2  and  15,  3  and  10, 
5  and  6 ;  and  the  sum  of  the  last  two  numbers  is  11. 

Hence,  x^  +  llx  +  SO  =  (x  +  6)  (x  +  6). 

(2)  Resolve  into  factors  x^  —  1  x  -\- 12, 

We  are  required  to  find  two  numbers  whose  product  is  12  and  whose 
algebraic  sum  is  —  7. 

Since  the  product  is  -f  12,  the  two  numbers  are  both  positive  or  both 
negative;  and  since  their  sum  is  —  7,  they  must  both  be  negative. 

Two  negative  numbers  whose  product  is  12  are  — 12  and  —1,-6  and 
—  2,-4  and  —  3 ;  and  the  sum  of  the  last  two  numbers  is  —  7. 

Hence,  x^  -  7aj  +  12  =  (x  -  4)(x  -  3). 

(3)  Resolve  into  factors  cc*  -f  2  a;  —  24. 

We  are  required  to  find  two  numbers  whose  product  is  —24  and 
whose  algebraic  sum  is  2. 

Since  the  product  is  —  24,  one  of  the  numbers  is  positive  and  the 
other  negative  ;  and  since  their  sum  is  +  2,  the  larger  number  is  positive. 

Two  numbers  whose  product  is  —  24,  and  the  larger  number  x)ositive, 
are  24  and  —  1,  12  and  —  2,  8  and  —  3,  6  and  —  4 ;  and  the  sum  of  the 
last  two  numbers  is  +  2. 

Hence,  x^  +  2a;  -  24  =  (x  +  6)  (x  -  4). 

(4)  Resolve  into  factors  x^  —  ^x  —  18. 

We  are  required  to  find  two  numbers  whose  product  is  — 18  and 
whose  algebraic  sum  is  —  3. 

Since  the  product  is  —  18,  one  of  the  numbers  is  positive  and  the  other 
negative  ;  and  since  their  sum  is  —  3,  the  larger  number  is  negative. 
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19.  121  x^  -  286  xhj  +  169  y\ 

20.  a^-^ah^h^  -  x\ 

21.  49  a*  -  15  a^Z^^  _^  121  **. 

22.  a^x'^  4-  14  ahx  +  33  h\ 

23.  aj V  +  23  a;y«  +  90  z\ 

24.  a24-a-132. 

25.  8  a^  +  14  a^  -  15  U". 

26.  6a;2  4-  19x^-7^^. 

27.  11  a^  __  23  a^  4- 2  «>^. 

28.  a* +  64^*. 

29.  2x^  —  hxy  -\-2y^  —  xz  —  yz  —  z\ 

30.  6aj2-13icy4-6y2  +  12a:«-137/;5J  +  6«2. 

31.  2x^-{-bxy  —  ^y^  —  4^xZ'\-2yz, 

32.  4a;»-12cc2  +  9a;-l. 

33.  ic*  +  9  ic^  +  16  ic  4-  4. 

34.  a;»+5a;2  +  7a;  +  2. 

35.  2  aj^  —  3  a;?/  +  4  aa;  —  6  ay. 

36.  aj V  -  8  ?/«t'2  -  4  a; V  4.  32  7/^7i2. 

37.  x^  —  y^  —  (x^  —  y^  —  (x  --  yy. 

38.  x*  4-  2a:8  -  13  a!^  _  38a;  -  24. 

39.  x*-2  (b'^  -  c2)  x^-{-b'-2  b^c^  +  c\ 

40.  15a;2-  7a; -2. 

41.  llx2-54aj4-63. 

42.  21  a;2  +  26  a;  -  15. 

43.  70a;2_27a;- 9. 

44.  x^-2  abx^  -  a*  -  a^b""  -  b\ 

45.  5a;*  4- 4a;»- 20a; -125. 

46.  2a;*-  5a;«-a;2- 2. 

47.  6a;*  -  aa;8  -  2  a^x^  4  3  a^x  -2a\ 
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HIGHEST   COMMON   FACTOR 

88.  A  common  factor  of  two  or  more  integral  and  rational 
expressions  is  an  expression  that  divides  each  of  them  without 
a  remainder. 

Two  expressions  that  have  no  common  factor  except  1  are 
said  to  be  prime  to  each  other. 

The  highest  common  factor  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression 
of  highest  degree  that  will  divide  each  of  them  without 
remainder. 

For  brevity,  H.C.F.  will  be  used  for  highest  common  factor. 

Find  the  H.C.F.  of 
8  a^x^  -  24  a^a;  4- 16  a^  and  12  ax^y  -  12  axy  -  24  ay. 

8a2x2  _  24a2a;  +  16a2  =  8a2(a;2  -  3x  +  2) 

=  28a2(x-l)(x-2); 
12  ax2y  -  12  axy  -'24ay  =  12  ay  {pfi-x-  2) 

=  22  X  3ay(x-f  l)(x-2). 
.-.  the  H.C.F.  =  22  a (X  -  2)  =  4  a (X  -  2). 

Hence,  to  find  the  H.C.F.  of  two  or  more  expressions, 

Resolve  each  expression  into  its  prime  factors. 

The  product  of  all  the  common  factors ,  each  factor  being  taken 

the  least  number  of  times  it  occurs  in  any  of  the  given  expressions, 

is  the  highest  common  factor  required. 

89.  When  it  is  required  to  find  the  H.C.F.  of  two  or  more 
expressions  that  cannot  readily  be  resolved  into  their  factors, 
the  method  to  be  employed  is  similar  to  that  of  the  corre- 
sponding case  in  Arithmetic.  And  as  that  method  consists  in 
obtaining  pairs  of  continually  decreasing  numbers  which  con- 
tain as  a  factor  the  H.C.F.  required,  so  in  Algebra,  pairs  of 
expressions  of  continually  decreasing  degrees  are  obtained, 
which  contain  as  a  factor  the  H.C.F.  required. 
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90.  This  method  is  needed  only  to  determine  the  compound 
factor  of  the  H.C.F.  Simple  factors  of  the  given  expressions 
should  be  taken  out,  and  the  highest  common  factor  of  these 
factors  reserved  to  be  multiplied  into  the  cbmpound  factor 
obtained. 

Modifications  of  this  method  are  sometimes  needed. 

(1)  Find  the  H.C.F.  of  4  aj»  -  8  a;  -  5  and  12  a^  -  4  aj  -  65. 

4x2-8x-5)12aj2_   4x-66(3 

12g2-24x-16 
20X-50 

The  first  division  ends  here,  for  20  x  is  of  lower  degree  than  4  x^.  But 
if  20  X  —  50  is  made  the  divisor,  4x^  will  not  contain  20x  an  integral 
number  of  times. 

Now,  it  is  to  be  remembered  that  the  H.C.F.  sought  is  contained  in  the 
remainder  20  x  —  60,  and  that  it  is  a  compound  factor.  Hence,  if  the 
simple  factor  10  is  removed,  the  H.C.F.  must  still  be  contained  in 
2  X  —  5,  and  therefore  the  process  may  be  continued  with  2  x  —  6  for 
a  divisor. 

2x-6)4x2-    8x-5(2xH-l 
4xg-10x 

2x-6 
.-.  the  H.C.F.  is  2  X  -  5.  2x-6 

(2)  Find  the  H.C.F.  of 
21a;8-4a;2-15ic-2  and  21  a;»  -  32 ««  -  64 aj  -  7. 

Writing  only  the  coefficients  (§  70,  p.  34),  the  work  is  as  follows  : 

21  -  4  -  15  -  2)21  -  32  -  64  ~  7  (1 

21  -    4-16-2 
_  28  -  39  -  6 

The  difficulty  here  cannot  be  obviated  by  removing  a  simple  factor 
from  the  remainder,  for  —28x2  — 39  x  — 5  has  no  simple  factor.  In 
this  case,  the  expression  21x8  —  4x2  —  16x  —  2  must  be  multiplied  by 
the  simple  factor  4  to  make  its  first  term  divisible  by  —  28  x^. 

The  irdrodudion  o^  such  a  factor  can  in  no  way  affect  the  H.C.F. 
sought;  for  the  H.C.F.  contains  only  factors  common  to  the  remainder 
and  the  last  diioiior^  and  4  is  not  a  factor  of  the  remainder. 
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The  signs  of  all  the  terms  of  the  remamder  may  be  changed ;  for  if  an 
expression  A  is  divisible  by  —  JF*,  it  is  divisible  by  +  F. 

The  process  then  is  continued  by  changing  the  signs  of  the  remainder 
and  multiplying  the  divisor  by  4. 

28  +  39  +  6)84-    16-    60-    8(3 
84  +  117  +    15 


Multiply  by  —  4, 


Divide  by  -  63, 


-133-    76-   8 

-  4 

632  +300  +  32  (19 
632  +  741  +  96 

-  63)  -  441  -  63 

7+    1 

7  +  1)28  +  39  +  6(4  +  6 
28+4 


.-.  theH.C.F.  is7x  +  l.' 


36  +  6 
36  +  5 


In  practice  the  work  is  most  conveniently  arranged  as  follows  : 

oi  A  t  e.  c%  at  on         nA         *r        i 


21-32-64-7 

21  -    4-15-2 

-1)- 28 -39 -5 

28  +  39  +  6 

28+    4 

35  +  6 
35  +  5 


3  +  19 


4  +  5 


21-     4_    15_    2 

J 

84-16-60-8 
84  +  117+    15 
-133-    75-    8 

-     4 

632  +  300  +  32 

632  +  741  +  96 

-63) -441^^^ 

7+    1 

.-.theH.C.F.  is  7x  +  1. 


91.  In  the  examples  worked  out  we  have  assumed  that  the 
divisor  which  is  contained  in  the  corresponding  dividend 
without  a  remainder  is  the  H.C.F.  required. 

The  proof  ms^j  be  given  as  follows : 

Let  A  and  B  stand  for  two  expressions  which  have  no 
monomial  factors,  and  which  are  arranged  according  to  the 
descending  powers  of  a  common  letter,  the  degree  of  B  being 
not  higher  than  that  of  A  in  the  common  letter. 
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Let  A  be  divided  by  5,  and  let  Q  stand  for  the  quotient, 

and  R  for  the  remainder.     Then,  since  the  dividend  is  equal 

to  the  product  of  the  divisor  and  quotient  plus  the  remainder, 

we  have 

^  =  j?Q  4-  i2.  [1] 

Since  the  remainder  is  equal  to  the  dividend  minus  the 
product  of  the  divisor  and  quotient,  we  have 

i2  =  ^  -  J?Q.  [2] 

Now,  a  factor  of  each  of  the  terms  of  an  expression  is  a 
factor  of  the  expression.  Hence,  any  common  factor  of  B 
and  /2  is  a  factor  of  BQ,  +  /?,  and  by  [1]  a  factor  of  A.  That 
is,  a  common  factor  of  B  and  R  is  also  a  common  factor  of 
A  and  B, 

Also,  any  common  factor  of  A  and  5  is  a  factor  oi  A  —  BQ,^ 
and  by  [2]  a  factor  of  R,  That  is,  a  common  factor  of  A  and 
B  is  also  a  common  factor  of  B  and  R, 

Therefore,  the  common  factors  of  A  and  B  are  the  same  as 
the  common  factors  of  B  and  R ;  and  consequently  the  H.C.F. 
of  A  and  B  is  the  same  as  the  H.C.F.  of  B  and  R, 

The  proof  for  each  succeeding  step  in  the  process  is  pre- 
cisely the  same;  so  that  the  H.C.F.  of  any  divisor  and  the 
corresponding  dividend  is  the  H.C.F.  required. 

If  at  any  step  there  is  no  remainder,  the  divisor  is  a  factor 
of  the  corresponding  dividend,  and  is  therefore  the  H.C.F.  of 
itself  and  the  corresponding  dividend.  Hence,  this  divisor  is 
the  H.C.F.  required. 

92.  The  methods  of  resolving  expressions  into  factors, 
given  in  this  chapter,  often  enable  us  to  shorten  the  work  of 
finding  the  H.C.F.  required. 

(1)  Find  the  H.C.F.  of 

ic*  -f  Zx^  +  12 ic  -- 16  and  a;'  -  13a;  -f  12. 

Both  of  these  expressions  vanish  when  1  is  put  for  x.  Therefore,  both 
are  divisible  by  x  -  1  (§  87). 
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The  first  quotient  is  x»  +  4x2  +  4x  +  16  =  (x^  +  4){x  +  4). 
The  second  quotient  is  x^  +  x  —  12  =  (x  —  3)  (x  +  4). 
Therefore,  the  H.C.F.  is  (x  -  1)  (x  +  4). 

(2)  Find  the  H.C.F.  of 

2a;*-h9a;«4-14:a;4-3  and  3 a*  4- 14 «»  4- 9 a; -f  2. 


2x*  +  9x8  +  14x  +  3 


3x*  +  14x8+    9x  +  2 
2 


6x*  +  28x»  +  18x  +  4 
6x*  +  27x8  +  42x  +  9 


x*-24x-5 

The  remainder,  x'  —  24  x  —  5,  vanishes  when  5  is  put  for  x. 

The  quotient  of  x*  —  24  x  —  5  divided  by  x  —  5  is  x^  +  5  x  +  1. 

Since  5  is  not  an  exact  divisor  of  3,  x  —  5  is  not  a  factor  of 
2x«  +  9x3  +  14x  +  3  ;  but  x^  +  5x  +  1  is  found  by  trial  to  be  a  factor, 
and  is,  therefore,  the  H.C.F.  required. 

(3)  Find  the  H.C.F.  of 

2Sx^  +  39x  +  5  and  84a;«  —  16a;^  —  60a;  -  8. 

By  §  83,  p.  42,  the  factors  of  28x2  +  39x  +  5  are  7x  +  1  and  4x  +  6. 
The  factor  7x  +  1  is  the  H.C.F.  required. 

(4)  Find  the  H.C.F.  of 

2aj*  -  6x»  —  a;^  +  15aj  —  10;  4aj*  +  6aJ«  —  4a;»  —  15a;  —  15. 


2x*-6x«-x2  +  ISx-lO 


4x*+    6x8-4x2-15x- 15 
4x*  -  12x»  -  2x2  +  30x  -  20 


18x»-2x2-45x+    5 

The  remainder  =  2  xa(9x  -  1)  -  5  (9x  -  1)  =  (2 x^  -  5)  {9x  -  1). 
The  factor  2x2  —  5  is  the  H.C.F.  required. 


LOWEST   COMMON  MULTIPLE 

93.  A  common  multiple  of  two  or  more  integral  and  rational 
expressions  is  an  integral  and  rational  expression  that  is 
exactly  divisible  by  each  of  the  expressions. 

The  lowest  common  multiple  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression  of 
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THEORY  OF  DIVISORS 

86.  Theorem.  The  expression  x  —j  is  an  exact  divisor  of 
X™  —  ya  when  n  is  any  positive  integer. 

Since  -- x»-iy  +  x"~^y  =  0,  (§28,  p.  9) 

Taking  out  x**-^  from  the  first  two  terms  of  the  right  side,  and  y  from 
the  last  two  terms,  we  have 

x»  — y»  =  a?»~i(x  —  y)  +  y(x»-i  ~y*~^). 

Now  X  —  y  is  an  exact  divisor  of  the  right  side,  if  it  is  an  exact  divisor 
of  x»-i  —  y"~^ ;  and  if  x  —  y  is  an  exact  divisor  of  the  right  side,  it  is 
an  exact  divisor  of  the  left  side ;  that  is,  x  —  y  is  an  exact  divisor  of 
xn  _  y»  ^  it  is  an  exact  divisor  of  x»--i  —  y»— i. 

Therefore,  if  x  —  j  U  an  etact  divisor  of  the  difference  of  any  tvH)  like 
powers  of  x  — J,  it  is  an  exact  divisor  of  the  difference  of  the  next  higher 
powers  of  x  —  y. 

But  X  —  y  is  an  exact  divisor  of  x*  —  y'  (§  71),  therefore  it  is  an  exact 
divisor  of  x*  —  y* ;  and  since  it  is  an  exact  divisor  of  x^  —  y^,  it  is  an 
exact  divisor  of  x^  —  y* ;  and  so  on,  indefinitely. 

The  method  employed  in  proving  this  Theorem  is  called 
Proof  by  Mathematical  Induction. 

87.  The  Factor  Theorem.  If  a  rational  and  integral  expression 
in  X  vanishes,  that  is,  becomes  equal  to  0,  when  r  is  put  for  x, 
then  X  —  T  is  an  exact  divisor  of  the  expression. 

Given  ax»  +  6x»-iH \-7ix-\-k,  [1] 

By  supposition,        ar^  +  6r»— ^  H \-  hr  -{-k  =  0,  [2] 

By  subtracting  [2]  from  [1],  the  given  expression  assumes  the  form 
a(x»--r»)  +  &(x'»-i  -r»-i)  H \-h(x  —  r). 

But  X  —  r  is  an  exact  divisor  of  x»  —  r»,  x"— ^  —  r"-^,  and  so  on.  (§  86) 
Therefore,  x  —  r  is  an  exact  divisor  of  the  given  expression. 

Note.  If  x  —  r  is  an  exact  divisor  of  the  given  expression,  r  is  an 
exact  divisor  of  k ;  for  k,  the  last  term  of  the  dividend,  is  equal  to  r,  the 
last  term  of  the  divisor,  multiplied  by  the  last  term  of  the  quotient 
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Therefore,  in  searching  for  numerical  values  of  x  that  will  make  the  given 
expression  vanish,  only  exact  divisors  of  the  last  term  of  the  expression 
need  be  tried. 

(1)  Eesolve  into  factors  a;*  4-  3  rc^  —  13  a;  —  15. 

The  exact  divisors  of  —  15  are  1,  —  1,  3,  —  3,  5,  —  5,  15,  —  15. 
If  we  put  1  for  X  in  x'*  +  3  x^  —  13  x  —  15,  the  expression  does  not 
vanish.     If  we  put  —  1  for  x,  the  expression  vanishes. 
Therefore,  x  —  (—  1),  that  is,  x  +  1,  is  a  factor. 
Divide  the  expression  by  x  +  1,  and  we  have 

x8  +  3x2  _  13a.  _  15  =  (X  +  l)(x2  +  2x  -  15) 

=  (X  +  1)  (x  -  3)  (X  +  6). 

(2)  Resolve  into  factors  x^  —  26z  —  5, 

By  trial  we  find  that  the  only  exact  divisor  of  —  5  that  makes  the 
expression  vanish  is  —  5. 

Therefore,  divide  by  x  +  5,  and  we  have 

x8  -  26x  -  5  =  (x  +  6)  (xa  -  5x  -  1). 

As  neither  +  1  nor  —  1,  the  exact  divisors  of  —  1,  will  make  x^  —  6  x  —  1 
vanish,  this  expression  cannot  be  resolved  into  factors. 

Ezerciae  5 
Kesolve  into  factors : 

1.  9x*-h6x«-f  3x2+2a;. 

2.  2a* --3a»6-- 14^2  +  21  aft. 

3.  5  x»  4- 15  a^V  -  4  xy2  _  12  7/8. 

4.  a^x^  —  b^y^  —  a^cx^  +  b^cy\ 

5.  x^  +  Sx-^7.  12.  x^  -14:x  —  176. 

6.  a;2-17a;  +  60.  13.  81cc*-196xV. 

7.  x^-^-Tx-lS.  14.  729a«-x«. 

8.  a*  — 2  a; -24.  15.  64:x'^-\-xy\ 

9.  9  ««  4- 30  a; -h  25.  '    16.  (x^  -  y^  -  y\ 

10.  16  a;2  -  56  a;  4- 49.  17.   (a^  +  2by-a^b\ 

11.  aj«-faJ-72.  18,   (2x-Syy-(x-2yy. 


\ 
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19.  121  x^  -  286  x^i/  +  169  y\ 

20.  a^-'2ab-\-b^ -x\ 

21.  4:9  a*  -  15  a^b^ -\- 121  b\ 

22.  a^x^  +  14  abx  +  33  6^ 

23.  xy  +  23  xy«  4-  90  z\ 

24.  a«4-a-132. 

25.  8  a»  +  14  a^>  -  15  ^J*^. 

26.  6x^-[-19xy-  7 y\ 

27.  11  a2__  23 a^  +  2^>^. 

28.  a*  4- 64  6*. 

29.  2  X*  —  6  ay  4-  2  ?/2  —  a;5J  —  y;5J  —  a;^. 

30.  6x^-13xi/-\-6i/^-\-12xz-13yz  +  6z^ 

31.  2x2  +  5icy  —  3y^-4x;s;4-22/;s;. 

32.  4x«-12a2  4.9x~l. 

33.  ic»4-9x2  +  16a;  +  4. 

34.  a;«4-5x2  +  7x4-2. 

35.  2  a*  --  3  a; 7/  4-  4  aa;  —  6  a//. 

36.  ir»;5;2  _  8  ^8.2  _  4  ^8,^2  _|_  32  ,y8^2 

37.  aj«  -  /  -  (a:'^  -  //^  -  (^  --  y)^. 

38.  ic*4-2a-»-13;r2-38a;-24. 

39.  ic*  -  2  (^2  _  c2)  ir^  +  i!;*  _  2  ^J^^^a  +  c*. 

40.  lbx^-7x-2. 

41.  11x2-54x4-63. 

42.  21  x2  H-  26  X  -  15. 

43.  70x2 -27x- 9. 

44.  X*  -  2  aftx"  -  a*  -  a%^  -  b\ 

45.  5x*4-4x8-20x-125. 

46.  2x*-  5x«-x2-2. 

47.  6  X*  -  ax»  -  2  a^x^  4-  3  a»x  -  2  a\ 
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HIGHEST   COMMON   FACTOR 

88.  A  common  factor  of  two  or  more  integral  and  rational 
expressions  is  an  expression  that  divides  each  of  them  without 
a  remainder. 

Two  expressions  that  have  no  common  factor  except  1  are 
said  to  be  prime  to  each  other. 

The  highest  common  factor  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression 
of  highest  degree  that  will  divide  each  of  them  without 
remainder. 

For  brevity,  H.C.F.  will  be  used  for  highest  common  factor. 

Find  the  H.C.F.  of 

8  aV  —  24  a^  +  16  a^  and  12  ax^y  —  12  axy  —  24  ay, 

Sa^x^  -  24a2z  +  16a^  =zSa^(x^  -  3x  +  2) 

=  28a2(x-l)(x-2); 
12  ax^  -12  axy-  24  ay  =  12  ay  (x^-x-  2) 

=  22x  3ay(x  +  l)(x-2). 
.-.  the  H.C.r.  =  22  a  (x  -  2)  =  4  a (X  -  2). 

Hence,  to  find  the  H.C.F.  of  two  or  more  expressions, 

Resolve  each  expression  into  its  prime  factors. 

The  product  of  all  the  coinmon  factors,  each  factor  being  taken 
the  least  number  of  times  it  occurs  in  any  of  the  given  expressions, 
is  the  highest  common  factor  required, 

89.  When  it  is  required  to  find  the  H.C.F.  of  two  or  more 
expressions  that  cannot  readily  be  resolved  into  their  factors, 
the  method  to  be  employed  is  similar  to  that  of  the  corre- 
sponding case  in  Arithmetic.  And  as  that  method  consists  in 
obtaining  pairs  of  continually  decreasing  numbers  which  con- 
tain as  a  factor  the  H.C.F.  required,  so  in  Algebra,  pairs  of 
expressions  of  continually  decreasing  degrees  are  obtained, 
which  contain  as  a  factor  the  H.C.F.  required. 
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CHAPTER   IV 
SYMMETRY 

99.  S3nninetrical  Expressions.  An  algebraic  expression  that 
involves  two  or  more  letters  is  symmetrical  with  respect  to  any 
two  of  them  if  these  letters  can  be  interchanged  without  alter- 
ing the  expression  in  value  or  in  form. 

Hius,  x^  +  a^  +  a6  +  ft^x  is  symmetrical  with  respect  to  a  and  6 ;  for 
if  a  is  substituted  for  h  and  h  for  a,  the  expression  becomes 

which  differs  from  x^  +  a^x  +  a6  +  &^x  only  in  the  order  of  its  terms  and 
the  order  of  their  factors. 

Again,  x^  +  a^aj  +  a6  +  ft^x  is  not  symmetrical  with  respect  to  a  and  x ; 
for  if  a  is  substituted  for  x  and  x  for  a,  the  expression  becomes 

which  differs  in  form  from  x*  +  a^  +  a5  +  ft^x. 

In  like  manner  it  may  be  shown  that  x^  +  a?x  +  a5  +  ft^gj  is  not  sym- 
metrical with  respect  to  x  and  6. 

An  expression  is  symmetrical  with  respect  to  three  or  more 
of  its  letters  if  it  is  symmetrical  with  respect  to  each  and 
every  pair  of  these  letters  that  can  be  selected. 

Thus,  x*  +  y"  +  «•  —  8  xyz  +  a6  is  symmetrical  with  respect  to  x,  y, 
and  z ;  for  it  remains  the  same  if  x  and  y  are  interchanged,  or  if  y  and  z 
or  X  and  z  are  interchanged. 

An  expression  is  completely  symmetrical  if  it  is  symmetrical 
with  respect  to  each  and  every  pair  of  its  letters  that  can  be 
selected. 

Thus,  x*  +  y«  +  ««  +  3  xyz  is  completely  symmetrical ;  for  it  remains 
the  same  if  x  is  interchanged  with  y,  y  with  z,  or  z  with  x ;  and  these  three 
pairs  are  all  the  pairs  that  can  be  selected  from  x,  y,  aud  s. 

66 
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100.  Cydo-Symmetrical  Expressions.  An  algebraic  expression 
is  cyclo-symmetrical  with  respect  to  certain  letters  in  a  given 
order  when  the  value  and  form  of  the  expression  is  not  altered 
by  substituting  the  second  letter  for  the  first,  the  third  for  the 
second,  and  so  on,  and  the  first  for  the  last. 

Thus,  the  expression  a6  +  6c  +  c(i  +  da  is  cyclo-symmetrical  with 
respect  to  the  cycle  (aJbcd)  but  is  not  completely  symmetrical  with  respect 
to  a,  5,  c,  and  d. 

Every  expression  that  is  symmetrical  with  respect  to  a  set  of 
letters  is  also  cyclo-symmetrical  with  respect  to  these  letters ; 
but  as  is  seen  by  the  last  illustration  an  expression  may  be 
cycloHsymmetrical  with  respect  to  a  set  of  letters  without 
being  symmetrical  with  respect  to  the  letters. 

101.  Principle  of  S3rnimetry.  An  expression  which  in  any 
one  form  is  symmetrical  or  cyclo-symmetrical  with  respect  to 
any  set  of  letters  will  in  every  other  form  be  symmetrical  or 
cyclo-symmetrical,  as  the  case  may  be,  with  respect  to  these 
letters. 

Thus,  a^  +  6*  +  c*  —  3  aJbc  is  symmetrical  with  respect  to  a,  6,  and  c. 
Hence,  it  is  symmetrical  with  respect  to  a,  6,  and  c  when  written  in  any 
other  form,  as  i(a  +  6  +  c)  [(6  -  c)2  +  (c  -  a)^  +  (a  -  6)2]. 

Again,  (a  —  6)*  +  (6  —  c)^  +  (c  —  a)'  is  cyclo-symmetrical  with  respect 
to  (a,  6,  c),  but  not  completely  symmetrical.  Hence,  it  remains  cyclo- 
symmetrical  with  respect  to  (a,  6,  c),  but  not  completely  symmetrical 
when  written  in  any  other  form,  as  3  (a  —  6)  (6  —  c)  (c  —  a). 

102.  2  Notation.  A  symmetrical  expression  is  often  written 
by  writing  each  type-term  once,  preceded  by  the  Greek  letter  S, 
where  2  stands  for  the  words  the  sum  of  all  the  terms  of  the 
same  type  a^s. 

Thus,  Sa  =  a-f-6-f-c-f<f-f-'" 

Sa6  :=  db -\- be  +  cd -{ 4-6c4-Wh \-cd  +  "» 

If  the  three  letters,  a,  5,  c,  are  involved, 

Sa26  =  a26  +  a62  +  aH  -\- ac^ -{- b^c -{-  bc^ 
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Ezercise  7 

1.  For  a,  h,  c,  write  the  following  in  full : 

S  (a  -  by ;         2a  (6  -  c) ;  l,a*b^c ; 

a[(a  -h  c)«  "  &»];      2a(&  +  c)^     2(a  -f.  ^)  (c  -  a)  (<?  -  6). 

2.  For  a,  ft,  c,  d,  write  the  following  in  full : 

2aftc;         2a"ft;         2a*ftc;  2  (a  — ft); 

Sa»(a  -  ft) ;  2a"ft»c ;  2  (a  +  ft  -  c). 

Show  that  the  following  expressions  are  symmetrical : 

3.  (x  +  a)(a  +  ft)  (ft  4-  aj)  4-  abx,  with  respect  to  a  and  ft. 

4.  (a  +  ft)*  4-  (a  —  ft)*,  with  respect  to  a .  and  ft,  and  also 
with  respect  to  a  and  —  ft. 

6.   a*  (ft  —  c)*  4-  ft'  (c  —  a)*  4-  c*  (a  —  ft)*,  with  respect  to  a,  ft,  c. 

6.  (ac  4-  ft^'  +  (be  —  oc^*,  with  respect  to  a*  and  ft*,  and 
also  with  respect  to  c*  and  c?*. 

Select  the  letters  with  respect  to  which  the  following 
expressions  are  symmetrical : 

7.  (a*  -  c*)*  4-  4  ft*(a  4-  c)*  4-  (2  ac  -  2  ft*)*. 

8.  ic«  -  y«  4-  «•  -  3  (x*  -  y*)  (y*  -  «*)  (;«*  4-  x^. 

9.  a*ft*  4-  ft'c'  +  c*a*  -  2  aftc  (a  4-  ft  -  c). 

10.  (a  4-  ft)*  +  (a  —  c)*  4-  (ft  +  c)*  4-  (a  +  c)*. 

11.  Show  that  (a  -  ft)*(ft  -  c)  (c  -  e£)(a  -  c)(ft  -  6?)*(a -  6^)* 
is  not  symmetrical  with  respect  to  a,  ft,  c,  and  rf.  With  respect 
to  which  of  its  letters  is  the  expression  symmetrical  ? 

103.  Rule  of  S3nnmetry.  The  applications  of  symmetry  and 
of  cyclo-symmetry  are  numerous.  From  the  definitions  given 
in  §§  99  and  100,  we  have  the  following  : 

ITie  suri%  the  difference,  the  prodiccty  or  the  quotient  of  two 
tymmetrical  or  cydo-symmetrieal  expressions  is  also  a  symmet- 
rieal  or  a  cyclo-symmetrical  expression. 
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104.  In  reducing  a  symmetrical  expression  from  one  form  to 
another,  advantage  may  be  taken  of  the  principles  of  sym- 
metry; for  it  is  necessary  to  calculate  mly  the  type-terms. 
The  other  terms  may  be  written  at  once  xrom  these. 

(1)  Simplify  (a4-^  +  c  +  ^4-e  +  -- O^ 

The  expression  is  symmetrical  with  respect  to  a,  6,  c,  •  •  • ;  hence,  the 
expansion  also  is  symmetrical,  and  as  it  is  a  product  of  two  factors,  it  can 
contain  only  the  squares  a^,  62^  ^.2^  . . .  ^  and  the  products  a6,  ac^  ad,  •  •  • ,  6c, 
6d,  •  •  • ;  so  that  the  type-terms  are  a^  and  ab. 

Now  (a  +  6)2  =  a2  +  2  a6  +  62  J  and  the  addition  of  terms  involving 
c,  d,  c,  •  •  •  does  not  alter  the  terms  a^  +  2  a6,  but  merely  gives  additional 
terms  of  the  same  type.     Hence,  from  symmetry, 

(o  +  6  +  c  +  d  +  e-|--.-)^=a2  +  2a6  +  2ac  +  2ad  +  2ae  + 

+     62  +  2  6c  +  26d+2  6e  + 

+     c2  +  2  cd  +  2  ce  + 

+     d2  +  2  d€  + 

+     e2  + 
This  equation  may  be  compactly  written, 

(2a)2  =  Sa2  +  2  2a6. 

(2)  Simplify  (a  +  by. 

The  expression  is  of  three  dimensions,  and  is  symmetrical  with  respect 
to  a  and  6. 

The  type-terms  are  a\  aV). 

.'.  (a  +  6)^*  =  o^  +  6^  +  n(a26  +  62a),  where  n  is  numerical. 

To  find  the  value  of  n,  substitute  for  a  and  6  any  convenient  values 
that  will  not  reduce  either  side  of  the  equation  to  0,  as  foi  instance 
put  a  =  6  =  1. 

Then,  (1  +  !)»  =  18  +  13  +  n(12  x  1  +  12  x  1). 

Whence,  n  =  3. 

.-.  (a  +  6)8  =  Sa8  +  3  2a26. 

(3)  Simplify  (x  +  y  +  «)•• 

The  expression  is  of  three  dimensions  and  is  symmetrical  with  respect 
to  X,  y,  and  z.     We  have 

(X  +  y  +  «)«  =  [(X  +  y)  +  2]8  =  (X  +  y)8  +  . . .  =  a;8  +  3a.2y  +  . . . 

The  type-terms  are  x8  and  3  x^,  and  the  only  other  possible  type-term 
is  zyz. 
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Now,  since  the  expression  contains  3  x^y^  it  most  also  contain  3  xH ; 
that  is,  it  must  contain  3  x^  (j/  +  z). 

Hence,  {x  +  y  +  z)*  =  x^  +  3  x^  (y  +  z) 

+  y8  +  3y2(-j  +  x) 

+  «»  +3z2(x  +  y) 
+  n(xyz), 

where  n  is  numerical,  and  is  found  to  be  equal  to  6  by  putting  x  =  ^  =  z  =  1 
in  the  last  equation. 

.*.  (x  +  y  +  z)3  =  Sx8  +  3Sx2y  +  6xyz. 

(4)  Simplify  (a  +  *  +  c  +  •  •  •)'• 
The  type-terms  are  a',  a^ft,  abc. 

Simplifying  (a  +  6  +  cfi  we  obtain  a*  +  3  a^d  +  6  a6c  H 

Hence,  by  symmetry,  we  have 

(Sa)8  =  Sa8  +  3  2a26  +  6  Sa6c. 

(6)  Simplify 

(a;  +  y  +  «)'  +  (aJ  —  2/  -  «)'  +  (2/  -  «  -  a;)»  +(«  -  a  —  vY- 

The  expression  is  symmetrical  with  respect  to  x,  y,  and  z. 

The  type-terms  are  x^,  3  x^y,  6  xyz. 

x8  occurs  in  each  of  the  first  two  cubes,  and  —  x^  in  each  of  the  second 
two  cubes.     Therefore,  in  the  result  there  are  no  terms  of  the  type  x*. 

3  x^y  occurs  in  the  first  and  third  cubes,  and  —  3  x^y  in  the  second  and 
fourth.     Therefore,  in  the  result  there  are  no  terms  of  the  type  3x2y. 

6  xyz  occurs  in  each  of  the  four  cubes. 

Therefore,  the  given  expression  simplifies  to  24  xyz. 

Ezercise  8 

Simplify : 

1.  (a  -f  6  +  c)2  -f  (a  4-  ft  -  c)2  4-  (^  +  c  -  a)2  4-  (c  +  a  --  h)\ 

2.  (a  4-  ^  4-  c)2  —  a(^  4-  c  —  a)  —  ft  (a  +  c  —  ft)  —  c(a  4-ft  —  c). 

3.  (x^-y-^z  +  ny  +  (x-y-z-\^ny 

4.  (x-2y-'Zzy-\-{y-2z-  Zxy-{-{z  -  2x  -Sy^. 

5.  a(ft  4-  c)  (ft^  -{.c^-.a^)^b(c-^  a)  (c^  4-  a^  -  ft^) 
4-c(a4-ft)(a*4-ft^-c2). 

6.  (aft  4-  ftc  4-  cay  —  2  abc  (a  -|-  ft  -f-  c). 
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Prove  that : 

7.  (a  4-  ^  +  c)*  +  (ft  4-  c  -  a)*  -f  (c  4-  a  -  J)*  -f  (a  -f  ^  -  r?)* 
=  4  (a*  4-  ft*  4-  <^)  +  24:(a%^  +  h^^  +  c^a?). 

8.  (a  4-  ft  4-  cf  =  Sa*  4-  4  Sa«ft  4-  6  2a«ft^  4- 12  Sa^ftc. 

9.  (2a)*  =  Sa*  4-  4  Sa'ft  4-  6  Sa^ft^  4- 12  Sa^ftc  +  24  Saftcd 

10.  (a  -  ft)2(ft  -  c)2  4-  (ft  -  cY{c  -  ay  +(c-  ay  (a  -  by 
=  (a^  4-  ja  4-  c^  -  aft  -  ac  -  bey. 

11.  (ar^  4-  2  ft?-*  4-  cs^  (ax^  ^2bxy  -{-  cy^ 

—  \arx  4-  ft  (ry  4-  src)  4-  csy]*  =  (ac  —  ft^)  (ry  —  sxy, 

12.  (a«  4-  aft  4-  ft^(c*4-  cd -\- d^  -  (ac  +  ad -^  bd)^ 
4-  (oc  4-  o^  4-  bd)  (be  —  ad)  4-  (be  —  ady, 

105.  Factoring.  The  principles  of  symmetry  can  be  used  in 
resolving  expressions  into  factors. 

(1)  Find  the  factors  of 

(a  4-  ft  4-  c)  (aft  4-  ft<J  4-  ca)  --  (a  4-  ft)  (ft  +  c)  (c  4-  a).  * 

The  expression  is  symmetrical  with  respect  to  a,  6,  and  c. 

If  there  is  a  monomial  factor,  a  must  be  one.  If  we  put  0  for  a,  the 
expression  vanishes.  Hence,  a  is  a  factor,  §  87,  p.  44,  and  by  symmetry 
b  and  c  are  also  factors.    Therefore,  dbc  is  a  factor. 

There  can  be  no  other  literal  factor,  for  the  given  expression  is  of 
only  three  dimensions  and  dbc  is  of  three  dimensions. 

There  may  be  a  numerical  factor,  however.  Let  m  be  a  numerical 
factor  of  the  given  expression. 

Then  (a  4  ft  4  c)  (a5  4  &c  4  ca)  —  (a  4  6)  (ft  4  c)  (c  +  a)  =  mabc. 

To  find  m,  put  a  =  &  =  c  =  lin  this  equation,  and  m  =  1. 

Therefore,  the  given  expression  is  equal  to  abc. 

(2)  Find  the  factors  of 

a«(ft  —  c)  H-  ft'*  (c  -  a)  -f  c«(a  -  ft). 

If  we  put  a  =  0,  the  expression  does  not  vanish.  Hence,  a  is  not  a 
factor,  and  by  symmetry  neither  6  nor  c  is  a  factor. 

If  we  put  a  =  6  in  the  expression,  the  expression  vanishes.  Hence, 
a  —  5  is  a  factor,  §  87,  p.  44,  and  by  symmetry  h  —  c  and  c  —  a  are  factors. 
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Now,  since  the  expression  contains  3  x^y ,  it  most  also  contain  8  x^z ; 
that  is,  it  must  contain  Sx^(y  +  z). 

Hence,  {x  +  y  +  «)*  =  a?'  +  3x2(y  +  z) 

+  y*  +  3y2(2  +  x) 
+  2*  +3z2(x  +  y) 
-^n(zyz)j 

where  n  is  numerical,  and  is  found  to  be  equal  to  6  by  putting  x  =  y  =  z  =  \ 
in  the  last  equation. 

.-.  (X  +  y  +  2)8  =  Sx8  +  3 Sx2y  +  Qxyz. 

(4)  Simplify  (a  +  &  +  c  4-  •  •  •)'• 

The  type-terms  are  a^,  a%  abc. 

Simplifying  (a  +  6  +  c)^,  we  obtain  a'  +  3  a^ft  +  6  a6c  +  . .  • 

Hence,  by  symmetry,  we  have 

(Sa)8  =  2a8  +  3  Sa^d  +  6  Sodc. 

(5)  Simplify 

(aJ  +  y  +  «)•  +  (aJ  —  2/  —  «)'  +  (2/  —  «  —  i«)'  +  («  -  ic  —  y)'. 

The  expression  is  symmetrical  with  respect  to  x,  y,  and  z. 

The  type-terms  are  x^,  3  x^y,  6  xy«. 

x8  occurs  in  each  of  the  first  two  cubes,  and  —  x^  in  each  of  the  second 
two  cubes.     Therefore,  in  the  result  there  are  no  terms  of  the  type  x*. 

3  x^y  occurs  in  the  first  and  third  cubes,  and  —  3  x^  in  the  second  and 
fourth.     Therefore,  in  the  result  there  are  no  teims  of  the  type  3  x^y. 

6  xyz  occurs  in  each  of  the  four  cubes. 

Therefore,  the  given  expression  simplifies  to  24  xyz. 

Ezerciae  8 

Simplify : 

1.  (a  4-  ^  +  c)2  4-  (a  +  ft  -  c)2  4-  (ft  +  c  -  a)2  -I-  (c  -I-  a  -  by, 

2.  (a  +  b  -{-  cy  —  a(b  +  c  —  a)  —  b  (a  -{-  c  —  b)—  c(a-{-b'-cy 

3.  (x-^y-^-z-^-ny-Jfix-y-z-^-ny 

+  (x--y  -^z  —  ny  -\-(x  -\-y  —  z  —  ny, 

4.  (x-2y-'3zy-{-{y-2z-Sxy-[-(z-2x'-Syy. 

5.  a(ft  4-  c)  (b^  ^c^-a^)^b(c-\-  a)  (c^  +  a^  -  b^ 

4- c  (a  4- ft)  (a^  4- ft^  -  O- 

6.  (aft  4-  ftc  4-  cay  —  2  aftc  (a  -f-  ft  4-  c). 


SYMMETRY  61 

Prove  that : 

7.  (a  H-  ^  4-  c)*  +  (ft  +  c  -  a)*  +  (c  -f  a  -  ft)*  -f  (a  -f  ft  -  (^Y 
=  4 (a*  4-  ft*  +  <^)  +  24(a»ft2  +  ftV  +  c^a^. 

8.  (a  +  ft  +  cy  =  5a*  +  4  Sa'ft  +  6  Sa^ft^  +  12  Sa'ftc 

9.  (2a)*  =  5a*  +  4  Sa'ft  +  6  Sa^ft^  +  12  Sa^ftc  +  24  %abcd, 

10.  (a  -  hy(h  -  cy + (ft  -  cy(c  -  ay  +  (c  -  «)«(»  -  by 

=  (a«  +  ft'  4-  c^  --  aft  -  ac  -  ftc)». 

11.  {ar^  +  2  ft?-5  4-  cs^  (ax^  -\-2bxy  +  cy^ 

—  [arx  4-  ft  (ry  4-  sx)  4-  csy]^  =  (ac  —  b^)  (ry  —  5x)^ 

12.  (a^  4-  aft  +  ft^(c*H-  cd -^  d^  =  (ac -^  ad -{-  bd)^ 
4-  (ac  4-  a^  +  bd)  (be  —  ad)  4-  (be  —  o^)^. 

105.  Factoring.  The  principles  of  symmetry  can  be  used  in 
resolving  expressions  into  factors. 

(1)  Find  the  factors  of 

(a  4-  ft  H-  c)  (oft  4-  ftc  4-  ca)  —  (a  4-  ft)  (ft  +  c)  (c  +  a).  » 

The  expression  is  symmetrical  with  respect  to  a,  6,  and  c. 

If  there  is  a  monomial  factor,  a  must  be  one.  If  we  put  0  for  a,  the 
expression  vanishes.  Hence,  a  is  a  factor,  §  87,  p.  44,  and  by  symmetry 
b  and  c  are  also  factors.     Therefore,  dbc  is  a  factor. 

There  can  be  no  other  literal  factor,  for  the  given  expression  is  of 
only  three  dimensions  and  dbc  is  of  three  dimensions. 

There  may  be  a  numerical  factor,  however.  Let  m  be  a  numerical 
factor  of  the  given  expression. 

Then  (a  +  6  +  c)  (oft  +  6c  +  ca)  —  (a  +  6)  (6  +  c)  {c-{-  a)  =  mabc. 

To  find  m,  put  a  =  6  =  c  =  lin  this  equation,  and  m  =  1. 

Therefore,  the  given  expression  is  equal  to  abc. 

(2)  Find  the  factors  of 

a'(ft  -  c)  4-  ft*  (c  -  a)  -f  c»(a  -  ft). 

If  we  put  a  =  0,  the  expression  does  not  vanish.  Hence,  a  is  not  a 
factor,  and  by  symmetry  neither  b  nor  c  is  a  factor. 

If  we  put  a  =  6  in  the  expression,  the  expression  vanishes.  Hence, 
a  —  6  is  a  factor,  §  87,  p.  44,  and  by  symmetry  b  —  c  and  c  —  a  are  factors. 
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Now  the  given  expression  is  of  four  dimensions.  Hence,  in  addition 
to  the  three  factors  already  found  there  must  be  one  other  factor  of  one 
dimension  ;  and  as  this  factor  must  be  symmetrical  with  respect  to  a,  5, 
and  c,  it  must  be  a  +  &  +  c. 

There  may  be  a  numerical  factor. 

Let  m  be  a  numerical  factor  of  the  given  expression.     Then, 

a*(b''C)  +  b^{c-a)  +  <^{a-b)  =  m{a-  b){b  -  c)(c  -  a)(a +  h +  c). 
To  find  m,  put  a  =  0,  6  =  1,  c  =  2. 

Then,  ?n  =  —  1. 

Hence,      the  given  expression  =  —  (a  —  6)  (6  —  c)  (c  —  a)  (a  +  6  +  c). 

(3)  Prove  that  a^ -^P  +  c*  +  3(a -^  b)  (b  +  c)  (c  +  a)  is 
exactly  divisible  hy  a  +  b  -{-  c,  and  find  all  the  factors. 

Let  a  +  6  +  c  =  0,  or  a  =  —  (6  +  c),  and  substitute  this  value  of  a. 

Then  the  given  expression  becomes  —  (6  +  c)'  4-  &*  +  c*  +  3  6c  (6  +  c) 
or  -  (6  +  c)8  4-  (6  +  c)8,  or  0. 

Hence,  a  4-  6  4-  c  is  a  factor. 

If  we  put  a  =  0,  the  expression  does  not  vanish.  Hence,  a  is  not  a 
factor,  and  by  symmetry  b  and  c  are  not  factors. 

Since  a  4-  6  4-  c,  the  factor  already  obtained,  is  of  one  dimension,  the 
other  factor  must  be  of  two  dimensions,  and  since  it  must  be  symmetrical 
with  respect  to  a,  6,  and  c,  it  must  be  of  the  form 

m{ofi  4-  &2  4-  c2)  4-  n{ab  +  bc  +  ca), 

in  which  m  and  n  are  independent  of  each  other,  and  of  a,  &,  and  c. 
To  determine  the  values  of  m  and  n,  put  c  =  0  in  the  equation 

a»  4-  6*  4-  c8  4-  3(a  4-  6)  (6  4-  c)  (c  4-  a) 

=  {a  4-  6  +  c)  [m  (a2  4-  62  4.  c2)  +  n(a6  4-  &c  4-  ca)]. 
Then,      a»  4-  6^  4-  3a6(a  4-  6)  =  (a  4-  6)  [m{a^  4-  62)  4-  nab]. 
But         a8  4-  6»  4-  3a6{a  4-  6)  =  (a  4-  6)8. 
Therefore,  (a  4-  6)8  =  (a  4-  6)  [m  (a^  4-  62)  4-  7106]. 

Therefore,  (a  4-  6)2  =  m  (a^  4-  62)  4-  nab. 

That  is,^  (a2  4-  62)  4-  2  06  =  m (a2  4-  62)  4-  nab. 

Now,  this  equation  is  true  for  all  values  of  a  and  6. 
Therefore,  m  =  1,  and  n  =  2. 

.-.  a»4-6«4-c«4-3(a4-6){6  4-c)(c4-a) 

=  (a  4-  6  4-  c)  [a2  4-  62  4-  c2  4-  2  (06  4-  6c  4-  ca)] 
=  (a  4-  6  4-  c)  (a  4-  6  4-  c)» 

=  (a  4-  6  4-  c)». 
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(4)  Show  that  a;~  +  1  is  a  factor  of  x^""  -j-  2  a;^"  +  3  a;"  +  2. 

Let  X"  4- 1  =  0,  or  x"  =  —  1,  and  substitute. 

Theu,  x8«  +  2x2n  4.  3a;n  +  2  =  -  1  +  2  r-  3  +  2  =  0. 

Therefore,  x*»  +  1  is  a  factor  of  the  given  expression. 

(5)  Show  that  a^  +  6^  is  a  factor  of  2  a*  +  a»6  +  2  a%^  +  ab^ 

Let  a2  +  52  =::  0,  or  a^  =  —  h^,  and  substitute. 

Then ,  2  a*  +  a^ft  +  2  a2&2  +  oft^  =  2  6*  -  ofts  -  2  &*  +  a!>8  =  0. 

Therefore,  a^  +  6^  ig  a  factor  of  the  given  expression. 


Exercise  9 

Resolve  into  factors : 

1.  (x  4- y  +  ^)«  -  (a;»  +  y'^  +  ^'). 

2.  he  (b  —  c)—  ca  (a  —  c)  —  ah  (b  —  a). 

5.    (a  +  hy  -  (6  4-  c)«  +  (c  -  a)». 

7.  (a  +  Z»  +  c)  (ah  -\-  be  -{-  cd)  —  ahe. 

8.  a»  (c  -  ^^2)  +*'(«-  c^)  +  c»  (6  -  a^)  +  abe  {ahe  -  1). 

9.  a^Qj  -\-e)-{-b'^{e-\-a)-\-  c^(a  +  ^)  +  2 a/>^. 

10.  xY  +  a;^*  +  ^^^^  +  «^'^*  +  Z/^^^  +  2/^.-5*  +  2  ic^^^^. 

11.  (a  -  ^^)«  +  («>  -  cy  +  (c  -  a)^ 

12.  aZ^(a  +  *)  +  he(b  +  c)+  ea(e  +  a)  +  (a'  +  b^  +  c»). 

13.  a*  (c  -  Z»»)  +  b*  (a  -  c^)  +  c*  («>  -  a«)  +  a^^r;  (a^Z^^^^  -  1). 

14.  x\y^  -  z^)-{-  y\z^  -  x^)+  z*(x^  -  9/^. 

15.  x*  +  y*4-«*-2icV-22/V-2A2. 

16.  (a  +  ^»)«  +  (*  +  cy  +  (c  +  ay 

+  3(a-{-2h  +  e)(b-{-2e-{-a)(c-{-2a  +  b). 

17.  a*(6  -  c)  +  **(c  -  a)  +  c*(a  —  *). 

18.  Show  that  a^  -f  a%^  -  aZ>2  _  Z>8  has  a^  -  b  for  a  factor. 


CHAPTER  V 

FRACTIONS 

106.  An  algebraic  expression  is  integral  when  it  consists  of 
a  number  of  terms  connected  by  +  and  —  signs,  and  each  term 
is  the  product  of  a  coefficient  into  positive  integral  powers  of 
the  letters  involved. 

In  an  integral  algebraic  expression  the  coefficients  may  be 
fractional. 

Thus,  x^  —  I  ax^  +  j  a  is  an  integral  algebraic  expression. 

107.  An  algebraic  fraction  is  the  indicated  quotient  of  two 
algebraic  expressions,  and  is  generally  written  in  the  form  y 

The  dividend,  a,  is  called  the  numerator ;  the  divisor,  b,  the 
denominator. 

The  numerator  and  denominator  are  called  the  terms  of  the 
fraction. 

108.  Since  the  quotient  is  unchanged  if  the  dividend  and 
divisor  are  both  multiplied  (or  divided)  by  the  same  factor,, 
the  value  of  a  fraction  is  unchanged  if  the  numerator  and 
denominator  are  multiplied  (or  divided)  by  the  same  factor. 

109.  To  reduce  a  fraction  to  lower  terms. 

Divide  the  numerator  and  the  denominator  by  any  common 
factor, 

A  fraction  is  expressed  in  its  lowest  terms  when  both  numer- 
ator and  denominator  are  divided  by  their  H.C.F. 

6  a;^  —  5  a;  —  6 


(1)  Reduce  to  lowest  terms 


8:r2-2ar-15 


By  §  83  p  42    ^^'-^^-^>  ^  (2x  -  .3)  (3x  +  2)  ^  3x  +  2 
'^'      '8x2-2x-15      (2x-3)(4x  +  5)      4x  +  6 

64 
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(2)  Reduce  to  lowest  terms     Sa'^-Ua^  +  Wa  ' 

Since  no  common  factor  can  be  determined  by  inspection,  it  is  neces- 
sary to  find  the  H.C.F.  of  the  numerator  and  denominator  by  the  method 
of  division. 

We  find  the  H.C.F.  to  be  a  -  2. 

Now,  if  a*— 7a2+16a— 12  is  divided  by  a— 2,  the  result  is  a*— 6a+6 ; 
and  if  3  a*  —  14  a2  4-  16  a  is  divided  by  a  —  2,  the  result  is  3  a^  —  8  a. 

gg- 70^4- 16a-  12  _a^  -6a  +  6 
3a8-14a2  4-16a    ~    3a2-8a 

110.  Mixed  Expressions.  If  the  degree  of  the  numerator 
of  a  fraction  equals  or  exceeds  that  of  the  denominator,  the 
fraction  may  be  changed  to  the  form  of  an  integral  or  a  mixed 
expression  by  dividing  the  numerator  by  the  denominator. 

The  quotient  is  the  integral  expression;  the  remainder  (if 
any)  is  the  numerator,  and  the  divisor  the  denominator,  of  the 
fractional  expression. 

To  reduce  a  mixed  expression  to  a  fractional  form, 

Multiply  the  integral  expression  by  the  denominator ^  to  the 
product  add  the  numerator,  and  under  the  result  write  the 
denominator. 

The  dividing  line  has  the  force  of  a  vinculum  or  parenthesis 
afPecting  the  numerator;  therefore,  if  a  minus  sign  precedes 
the  dividing  line,  and  this  line  is  removed,  the  sign  of  every 
term  of  the  numerator  must  be  changed, 

^^  a  —  b     en  —  (a  —  h)      en  —  a  +  b 

Thus,  n = ^ = — 

c  c  c 

111.  To  reduce  fractions  to  equivalent  fractions  having  the 
lowest  common  denominator, 

Find  the  L,  CM,  of  the  denominators. 
Divide  the  L,C,M,  by  the  denominator  of  each  fraction. 
Multiply  the  first  numerator  by  the  first  quotient,  the  second 
numerator  by  the  second  quotient,  and  so  on. 


/ 

/ 


/ 


/ 
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The  products  are  the  numerators  of  the^equivalent  fra/itions. 
The  L,  CM.  of  the  given  denominators  is  the  denomina^tor^of 
ea^h  of  the  equivalent  fractions. 

.    Thus,  ——,  -^,  -_  are  equal  to  -,  ^,  ;; — ->  respectively. 

4aa    3a    6a8  12a^    12a?    12a» 

The  multipliers  3  a,  4  a^,  and  2  are  obtained  by  dividing  12  a',  the 
L.C.M.  of  the  denominators,  by  the  respective  denominators  of  the  given 
fractions. 

112.    To  add  fractions. 

Reduce  the  fractions  to  equivalent  fractions  having  the  lowest 
common  denominator. 

Add  the  numerators  of  the  equivalent  fra/itions. 
Write  the  result  over  the  lowest  common  denominator. 

To  subtract  one  fraction  from  another  we  proceed  as  in 
addition,  except  that  we  subtract  the  numerator  of  the  subtra- 
hend from  that  of  the  minuend. 

x-iv   o-      1-1.     3a  — 4^      2a  —  h  -\-  c  ,  13a  — 4c 

(1)  Simplify + — 

The  L.C.D.  is  84. 

The  multipliers  are  12,  28,  and  7  respectively. 

36  a  —  48  6  =  1st  numerator, 

-  66  a  +  28  6  -  28  c  =  2d  numerator, 
91  a  —  28  c  =  3d  numerator. 

71a  —  20  6  —  66c  =  sum  of  numerators. 

3a-46      2a- 6  +  c  .  13a-4c      71a-206-66c 

.V ^- = . 

7  3  12  84 

Since  the  minus  sign  precedes  the  second  fraction,  the  signs  of  all 
the  terms  of  the  numerator  of  this  fraction  are  changed  after  being 
multiplied  by  28. 

(2)  Simplify  -^  -  ^  +  4^,  +  1. 

^    x^  —  y^      X  -\-y      x^  -\-y^ 

The  L.C.D.  is  (x  +  y)  («  -  y)  (x^  +  y^). 
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The  multipliers  are 

aj'  +  y^    (»  -  y)  (x^  +  y2),    (x  +  y)(x-y),  {x  +  y)(x-y)(x^  +  y^) 
respectively. 

3.2^2  +y*  =  Ist  numerator, 

-  X*  4-  2x8y  -  2x2y2  +  2xy3  _  ^4  _  2d  numerator, 

2  a;8y         ^       -  2  xy'  =  3d  numerator, 

g* —  y*  =  4th  numerator. 

4  a;8y  —     x^^a  —  2^  =  sum  of  numerators. 

.*.  sum  of  fractions  =  — ^  —  x^  —  y* 

113.    Since  —  =  a.  and  —  =  a,  it  is  evident  that  if  the 

0  —  0 

signs  of  both  numerator  and  denominator  are  changed,  the 
value  of  the  fraction  is  not  altered. 

Since  changing  the  sign  before  the  fraction  is  equivalent 
to  changing  the  sign  before  every  term  of  the  numerator  or 
denominator,  therefore  the  sign  before  every  term  of  the  numer- 
ator or  denominator  may  he  changed,  provided  the  sign  before 
the  fraction  is  changed. 

Since,  also,  the  product  of  +  «  multiplied  by  4-  ^  is  ab,  and 
the  product  of  —  a  multiplied  by  —  ^  is  o^,  the  signs  of  two 
factors,  or  of  any  even  number  of  factors,  of  the  numerator  or 
denominator  of  a  fraction  may  be  changed  without  altering 
the  value  of  the  fraction. 

By  the  application  of  these  principles,  fractions  may  often 
be  changed  to  a  form  more  convenient  for  addition  or  sub- 
traction. 

Simplify-- 27=1 -^r^T^^- 

Change  the  signs  before  the  terms  of  the  denominator  of  the  third 

fraction,  and  change  the  sign  before  the  fraction. 

2  3  2x 3 

The  result  is »  in  which  the  several  denomina- 

X      2x-l      4x2-1 

tors  are  written  in  similar  form. 
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TheL.C.D.  i«x(2x  -  l)(2x  +  1). 

8a^  —  2  =  Ist  Dumeimtor, 

—  Oa^  —  3x        =  2d  nmnenlor, 

—  2z^4"3x        =  3d  numentor. 

~  2  =  sum  of  nomeniton. 
-2 


.'.  sum  of  the  fractions  = 


x(2x-l)(2x  +  l) 


114.  Mttltiplicfttion  of  Fractions.     Let  it  be  required  to  find 

CL  C 

the  product  of  the  two  fractions  —  and  -• 

o  a 

If  we  multiply  the  dividend  a  by  c,  we  multiply  the  quotient 
-  by  c;  if  we  multiply  the  divisor  h  by  dy  we  divide  the 

quotient  -  by  d.     Hence,  the  product  of  —  and  "t  is  t^' 

Therefore,  to  find  the  product  of  two  fractions, 

Find  the  product  of  the  numerators  for  the  numerator  of  the 
product,  and  the  product  of  the  denominators  for  the  denomi- 
nator of  the  product 

115.  Division  of  Fractions.  Multiplying  by  the  reciprocal  of 
a  number  is  equivalent  to  dividing  by  the  number. 

The  reciprocal  of  a  fraction  is  the  fraction  with  its  terms 
interchanged.     Therefore,  to  divide  by  a  fraction. 

Interchange  the  terms  of  the  fraction  and  multiply  hy  the 
resulting  fraction. 

If  the  divisor  is  an  integral  expression,  it  may  be  changed 
to  the  fractional  form. 

116.  A  complex  fraction  is  a  fraction  which  has  a  fraction  in 
the  numerator,  or  in  the  denominator,  or  in  both  terms. 

To  simplify  a  complex  fraction. 

Divide  the  numemtor  hy  the  denominator. 

Or  we  may  multiply  both  terms  of  the  fraction  by  the  L.C.D. 
of  the  fractious  contained  in  the  numerator  and  denominator. 
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c 


\  \  Ezercise  10 

Reduce  to  lowest  terms : 


42  a»  -  30  g^  6g^c^  -  2g^  +  ISc^  -  6a^ 

^'   S5ax^-25x*'  ^'   4a*  +  2aV  +  12a2  +  Gc^' 

•  7x^  +  25x^-12x'        ^'    a;*-f2aa;»4-aV-^>*' 

J       6g^  -  9g*  +  11  a;'  +  6g'  -  lOx 

*  4a;«  +  10a;«  +  10a;*  +  4a«  +  60a;2* 


Simplify : 

3x-2y      4y4-2a;      22y-9a; 
3  5         ^         16        ' 

^ 1        2a  +  3         1        Sa-2b 

Sa      2b         Qa^     ^  2x^^      6ab 

3       ,        4a  5a2 

8. h 


\ 


X  —  a      (x  —  a)^      (a;  —  a) 


8 


a  +  ^  ,  b  +  c  a  —  c 


9.    ^ h 

(i  —  c)  (c  —  a)       (c  —  a)(a  —  b)       (a  —  b)(b  —  c) 


a{a  —  b){a  —  c)      b(b  —  c)  (b  —  a)      c(c  —  a){c  —  b) 

^x^-^17x  +  12      27a;^  +  18a;-24      25a;^-25a;  +  6 
12aj2-26a;  +  12       12a;2  +  7a;-12  "*"  20a;2-23a;  +  6 

_     2aV      5a^b^      15  6  V       25a*a; 
12.    -TTTT-  X  T—r-:  X 


3^8        4cV       4a»a;    *  18  a* V 

13    /^^^  —  /  ^  a^  +  y  \  ^  /a;^  +  y'  _^  g  +  y  \ 

\a:^  "~  y*      a:*  —  xyj     •  \  aj  —  y    '  xy  —  y^J 

»•  (^-»)(^:)-a-0- 
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j^-7x-itl2       x^^x-2       2j^^5jr-3 

0ag_<^.,2        8g*-10a  +  3      12a»-hl7a  +  6 
8a*-2a-3^    12a«  +  a-6    ^      6a*-ha-2 

a;  X  -{-  y  '  ah 

X  -\-  y  X  a  -\-h      a  —  h 

1  4-ag  1  4-a;*  64  a^  -  96  a^  +  36  oa;' 

.          i  4-  g'^  1  +  a;»  36  a^  -  729  a;» 

^®'    1-f^g  l-fa^''  48a^-27^^ 

l-fa;»  l-far*  Sa^ -72ax  +  162x^ 

g'^-a^V-f  ^V  — ^y +  a?Z/^  — ?/  .  x'  — 23-^/  +  ^^ 
a;* -f  a;*// +  a^y -f  ic  V  +  ^y*  +  y^  '  a:*  +  2a;y  +  3^ 


2 

+  1 


/ 

^83 


84 


as. 


^a. 


2(1 +a:)      1^1 +»\ 

\u;  +  a/        \x  —  aj 

.       2       ^       2      ^      2      ^  (a.-^yy4-(y-.)^  +  (.-a:)« 

ic-y    y-«    «  — a         (»  —  y)(y  — «)(«  —  «) 
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CHAPTER   VI 
SIMPLE  EQUATIONS 

117.  Two  different  expressions  that  involve  the  same  sym- 
bols will  generally  have  different  values  for  different  assumed 
values  of  the  several  symbols ;  for  certain  values  of  the  symbols 
involved  the  two  expressions  may  have  the  same  value. 

118.  An  equation  is  a  statement  that  two  expressions  have 
the  same  value;  that  is,  a  statement  that  two  expriessions 
represent  the  same  number. 

Every  equation  consists  of  two  expressions  connected  by 
the  sign  of  equality ;  the  two  expressions  are  called  the  sides 
or  members  of  the  equation. 

An  equation  will,  in  general,  not  hold  true  for  all  values  of 
the  symbols  involved ;  it  will  hold  true  for  only  those  values 
that  give  to  the  two  members  the  same  value. 

Thus,  the  equation 

4x2  _  3x  4-  6  =  3x2  +  4x  -  6 

holds  true  when  for  x  we  put  2,  since  each  member  then  has  the  value 
16  ;  also  when  for  x  we  put  6,  since  each  member  then  has  the  value  90. 
If  we  give  to  x  any  other  value,  the  two  members  will  be  found  to  have 
different  values,  and  the  equation  will  not  hold  true. 

119.  An  equation  of  condition  is  an  equation  that  holds  true 
for  only  certain  particular  values  of  the  symbols  involved. 

An  identical  equation,  or  an  identity,  is  an  equation  that 
holds  true  for  all  values  of  the  symbols  involved. 

The  two  members  of  an  identical  equation  are  identical 
expressions. 

In  identical  equations  it  is  customary  to  use  the  sign  =, 
called  the  sign  of  identity,  instead  of  the  sign  of  equality. 
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Thus,  the  two  expressions  (x  +  y)^  and  x'^  +  2xy  +  y^  have  the  same 
value  for  all  values  of  x  and  y,  and  we  accordingly  write  the  identity, 

This  is  read      (x  +  y)^  is  identically  equal  to  x^  •\-2xy  +  ^; 
or  (x  +  y)2  is  identical  with  x^  -r  2xy  -^  y^. 

Wherever  the  term  equation  is  used,  it  is  to  be  understood 
that  an  equation  of  condition  is  meant,  unless  the  contrary  is 
expressly  stated. 

In  any  particular  problem  we  have  two  kinds  of  numbers. 

1.  Numbers  that  are  either  given,  or  supposed  to  be  given, 
in  the  problem  under  consideration.  Such  numbers  are  called 
known  numbers;  if  given,  they  are  generally  represented  by 
figures;  if. only  supposed  to  be  given,  by  the  first  letters  of 
the  alphabet. 

2.  Numbers  that  are  not  given  in  the  problem  under 
consideration,  but  are  to  be  found  from  certain  given  rela- 
tions to  the  given  numbers.  Such  numbers  are  called  unknown 
numbers,  and  are  generally  represented  by  the  last  letters  of 
the  alphabet. 

The  relations  between  the  known  and  unknown  numbers 
are  generally  expressed  by  means  of  equations. 

120.  Simultaneous  equations  are  equations  in  which  the  cor- 
responding unknowns  have  the  same  values. 

In  order  to  find  all  the  unknown  numbers  in  a  system  of 
simultaneous  equations,  we  must  have  as  many  equations  as 
there  are  unknown  numbers. 

121.  To  solve  an  equation,  or  a  system  of  simultaneous 
equations,  is  to  find  the  unknown  numbers  involved. 

122.  The  degree  of  an  equation  is  the  sum  of  the  exponents 
of  the  several  unknown  numbers  in  that  term  in  which  the 
sum  of  the  exponents  is  greatest. 

If  the  equation  involves  but  one  unknown  number,  the 
degree  is  the  same  as  the  exponent  of  the  highest  power  of 
the  unknown  number  involved  in  the  equation. 
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Equations  of  the  first,  second,  third,  and  fourth  degrees  are 
called  respectively  simple  equations,  quadratic  equations,  cubic 
equations,  and  biquadratic  equations, 

123.  Literal  equations  are  equations  in  which  some  Or  all  of 
the  given  numbers  are  represented  by  letters. 

124.  An  equation  that  involves  but  one  unknown  number, 
represented  for  example  by  x,  will  hold  true  for  those  values 
of  X  which  give  to  the  two  members  the  same  value  (§  118), 
and  for  no  other  values  of  x.  The  values  of  x  for  which  the 
equation  holds  true  are  called  the  roots  of  the  equation. 

Thus,  the  roots  of  the  equation  4x^  —  3x  +  5  =  3a;2  +  4x  —  5  are  2 
and  6. 

To  solve  an  equation  that  involves  one  unknown  number  is, 
therefore,  to  find  the  roots  of  the  equation. 

125.  The  various  methods  of  solving  equations  are  based 
mainly  upon  the  following  general  principle : 

If  similar  operations  are  performed  upon  equal  numhers,  the 
results  are  equal  numbers. 

Thus,  the  two  members  of  a  given  equation  ar#  equal  numbers.  If 
the  two  members  are  increased  by,  diminished  by,  multiplied  by,  or 
divided  by  equal  numbers,  the  results  are  equal  numbers.  Similarly,  if 
the  two  members  are  raised  to  like  powers,  or  if  like  roots  of  the  two 
members  are  taken,  the  results  are  equal  numbers. 

126.  Any  term  may  be  transposed  from  one  side  of  an  equa- 
tion to  the  other,  provided  its  sign  is  changed. 

Suppose     X  -{-  a=^b.  Suppose    aj  —  a  =  5. 

Now,  a=^  a.  Now,  a  =i  a. 

Subtract,  x         =  b  —  a.         Add,  x         =  a  -\-  b. 

To  transpose  a  negative  number  we  add  that  number  to  both 
sides  of  the  equation ;  to  transpose  a  positive  number  we  sub- 
tract that  number  from  both  sides. 

127.  The  signs  of  all  the  terms  on  each  side  of  an  equation 
may  be  changed ;  for  this  is  in  effect  transposing  every  term. 
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4x4-3      3a;-4       7 


18. 


3x-\-4:      4a:-3       12 


19.  «^±i ^=2.+i. 

3  a; +2  ^2 

a  +  1         a 

ax  —  b      hx  -{-  c 

21. =  abc. 

c  a 

oo        ^  +  fl^  x-^-b  5 


3(aj  +  ^)       2(a;  +  a)       6 
a;-2a      13a^-2a;^ 

a      a      g  (x  —  g)      a;  (x  +  fl^)  _      oa;  ^ 

*   aj      a      a;  (aj  +  fit)       a(x  —  a)      a^  —  x^ 

130.  Problems.  In  the  statement  of  problems  it  is  to  be 
remembered  that  the  unit  of  the  quantity  sought  is  always 
given,  and  it  is  only  the  number  of  such  units  that  is  to  be 
found.  We  have  nothing  to  do  with  the  quantities  them- 
selves ;  it  is  only  numbers  with  which  we  have  to  deal. 

Thus,  X  must  never  be  put  for  a  distance,  time,  weight,  etc.,  but  for  a 
number  of  miles,  days,  pounds,  etc. 

(1)  A  and  B  had  equal  sums  of  money ;  B  gave  A  $5,  and 
then  3  times  A's  money  was  equal  to  11  times  B's  money. 
What  had  each  at  first  ? 

Let  X  =  the  number  of  dollars  each  had. 

Then  x  +  5  =  the  number  of  dollars  A  had  after  receiving  95, 

and  X  —  6  =  the  number  of  dollars  B  had  after  giving  A  ^5. 

.-.  3(x  +  5)  =  ll(x-5), 
3x4-15  =  llx-65, 
-8x  =  -70, 
x  =  8J. 

Therefore,  each  had  at  first  $8.75. 
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(2)  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do  it 
in  4  days.  How  long  will  it  take  A  and  B  to  do  the  work 
together  ? 

Let  X  =  the  number  of  days  it  will  take  A  and  B  together. 

Then  -  =  the  part  they  can  do  together  in  one  day. 

X 

Now,  J  =  the  part  A  can  do  in  one  day, 

and  i  =  the  part  B  can  do  in  one  day. 

.*.  J  +  ^  =  the  part  A  and  B  can  do  together  in  one  day. 

•  •  — I —  —  ~i 
5      4      X 

4*  +  5x  =  20,  • 

9x  =  20, 

x  =  2i. 

Therefore,  they  can  do  the  work  together  in  2}  days. 

Ezercise  12 

1.  The  difference  between  two  nmnbers  is  3  5.  and  three 
times  the  greater  number  exceeds  twice  the  less  by  18,     Find  " 
the  numbers. 

2.  If  a  certain  number  is  increased  by  16,  the  result  is 
seven-thirds  of  the  number.     Find  the  given-  number. 

3.  A  boy  was  asked  how  many  marbles  he  had.  He 
replied,  "  If  you  take  away  8  from  twice  the  number  I  have, 
and  divide  the  remainder  by  3,  the  result  is  just  one-half  the 
iMxmber."     How  many  marbles  had  he  ? 

4.  The  sum  of  the  denominator  and  twice  the  numerator  of 
a  certain  fraction  is  26.  If  3  is  added  to  both  numerator  and 
denominator,  the  resulting  fraction  is  f .     Find  the  fraction. 

6.  A  courier  sent  away  with  a  despatch  travels  uniformly 
at  the  rate  of  12  miles  per  hour ;  2  hours  after  his  departure   /.^ 
a  second    courier    starts    to    overtake    the    first,    traveling 
uniformly  at  the  rate  of  13J  miles  per  hour.    In  how  many 
hours  will  the  second  courier  overtake  the  first  ? 
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'  '  6.  Solve  Example  5  when  the  respective  rates  of  the  first 
and  second  couriers  are  a  and  h  miles  per  hour,  and  the  inter- 
val between  their  departures  is  c  hours. 

7.  A  certain  railroad  train  travels  at  a  uniform  rate.  If 
the  rate  were  6  miles  per  hour  faster,  the  distance  traveled  in 
8  hours  would  exceed  by  50  miles  the  distance  traveled  in 
11  hours  at  a  rate  7  miles  per  hour  less  than  the  actual  rate. 
Find  the  actual  rate  of  the  train. 

8.  A  can  do  a  piece  of  work  in  10  days  ;  A  and  B  together 
can  do  it  in  7  days.    In. how  many  days  can  B  do  it  alone  ? 

9.  A  can  do  a  piece  of  work  in  a  days ;  A  and  B  together, 
can  do  it  in  6  days.     In  how  many  days  can  B  do  it  alone  ?   - 

10.  If  A  can  do  a  piece  of  work  in  2  m  days,  B  and  A 

together  in  n  days,  and  A  and  C  in  m  -f  o  ^^^ys,  how  long  will 
it  take  them  to  do  the  work  together  ? 

11.  A  boatman  moves  5  miles  in  f  of  an  hour,  rowing  with 
the  tide ;  to  return  it  takes  him  1^  hours,  rowing  against  a  tide 
one-half  as  strong.    What  is  the  velocity  of  the  stronger  tide  ? 

12.  A  boatman,  rowing  with  the  tide,  moves  a  miles  in 
h  hours.  Returning,  it  takes  him  c  hours  to  accomplish  the 
same  distance,  rowing  against  a  tide  vi  times  as  strong  as  the 
first.     What  is  the  velocity  of  the  stronger  tide  ? 

13.  If  A,  who  is  traveling,  makes  ^  of  a  mile  more  per 
hour,  he  will  be  on  the  road  only  J  of  the  time  ;  but  if  he 

'  makes  ^  of  a  mile  less  per  hour,  he  will  be  on  the  road  2J 

hours  more.     Find  the  distance  and  the  rate. 

~.  14.   The  circumference  of  a  fore  wheel  of  a  carriage  is 

/  a  feet ;   that  of  a  hind  wheel,  h  feet.     What  distance  will 

1  the  carriage  have  passed  over  when  a  fore  wheel  has  made 

n  more  revolutions  than  a  hind  wheel  ? 

15.  A  is  72  years  old,  and  B  is  two-thirds  as  old  as  A. 
How  many  years  ago  was  A  five  times  as  old  as  B  ? 
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16.  If  three  pipes  can  fill  a  cistern  in  a,  h,  and  c  minutes 
respectively,  in  how  many  minutes  will  the  cistern  be  filled 
by  the  three  pipes  together  ? 

/-'It.   Find  the  time  between  2  and  3  o'clock  when  the  hands 
of  a  clock  are  together. 

18.  Find  the  time  between  3  and  4  o'clock  when  the  hands 
of  a  clock  make  a  right  angle. 

19.  A  merchant  maintained  himself  for  three  years  at  an 
expense  of  $1500  a  year,  and  each  year  increased  that  part 
of  his  stock  that  was  not  so  expended  by  one-third  of  it.  At 
the  end  of  the  third  year  his  original  stock  was  doubled. 
What  was  his  original  stock  ? 

20.  When  a  body  of  troops  was  formed  into  a  solid  square 
there  were  60  men  over ;  but  when  formed  in  a  column  with 
5  men  more  in  front  than  before  and  3  men  less  in  depth, 
1  man  more  was  needed  to  complete  the  column.  Find  the 
number  of  troops. 

21.  A  man  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  h  cents,  and  for 
each  day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end 
of  a  days  he  received  d  cents.     How  many  days  was  he  idle  ? 

22.  A  banker  has  two  kinds  of  coins.  It  takes  a  pieces  of  the 
first  kind  to  make  a  dollar,  and  b  pieces  of  the  second  to  make 
a  dollar.  A  person  wishes  to  obtain  c  pieces  for  a  dollar. 
How  many  pieces  of  each  kind  must  the  banker  give  him  ? 

23.  A  wine  merchant  has  two  kinds  of  wine  which  cost  him, 
one  a  dollars,  and  the  other  h  dollars,  per  gallon.  He  wishes 
to  make  a  mixture  of  I  gallons,  which  shall  cost  him  on  the 
average  m  dollars  a  gallon.  How  many  gallons  must  he  take 
of  each? 

Discuss  the  question  (i)  when  a  =  b  ;  (ii)  when  a  or  J  =  m ; 
(iii)  when  a  =  ^  =  ?/i ;  (iv)  when  a>b  and  <  m  ;  (y)  when 
a>  b  and  b  >  7n, 
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6.  Solve  Example  5  when  the  respective  rates  of  the  first 
and  second  couriers  are  a  and  h  miles  per  hour,  and  the  inter- 
val between  their  departures  is  c  hours. 

7.  A  certain  railroad  train  travels  at  a  uniform  rate.  If 
the  rate  were  6  miles  per  hour  faster,  the  distance  traveled  in 
8  hours  would  exceed  by  50  miles  the  distance  traveled  in 
11  hours  at  a  rate  7  miles  per  hour  less  than  the  actual  rate. 
Find  the  actual  rate  of  the  train. 

8.  A  can  do  a  piece  of  work  in  10  days  ;  A  and  B  together 
can  do  it  in  7  days.    In.  how  many  days  can  B  do  it  alone  ? 

9.  A  can  do  a  piece  of  work  in  a  days ;  A.  and  B  together 
can  do  it  in  h  days.     In  how  many  days  can  B  do  it  alone  ?   - 

10.  If  A  can  do  a  piece  of  work  in  2  m  days,  B  and  A 

together  in  7i  days,  and  A  and  C  in  m  4-  ^  ^^J^>  ^^^w  long  will 
it  take  them  to  do  the  work  together  ? 

11.  A  boatman  moves  5  miles  in  f  of  an  hour,  rowing  with 
the  tide ;  to  return  it  takes  him  1^  hours,  rowing  against  a  tide 
one-half  as  strong.    What  is  the  velocity  of  the  stronger  tide  ? 

12.  A  boatman,  rowing  with  the  tide,  moves  a  miles  in 
h  hours.  Returning,  it  takes  him  c  liours  to  accomplish  the 
same  distance,  rowing  against  a  tide  m  times  as  strong  as  the 
first.     What  is  the  velocity  of  the  stronger  tide  ? 

13.  If  A,  who  is  traveling,  makes  ^  of  a  mile  more  per 
hour,  he  will  lie  on  the  road  only  J  of  the  time;  but  if  he 
makes  ^  of  a  mile  less  j^er  hour,  he  will  be  on  the  road  2\ 
hours  more.     Find  the  distance  and  tlie  rate. 

14.  The  circumference  of  a  fore  wheel  of  a  carriage  is 
a  feet ;  that  of  a  hind  wheel,  h  feet.  What  distance  will 
the  carriage  have  passed  over  when  a  fore  wheel  has  made 
n  more  revolutions  than  a  hind  wheel  ? 

15.  A  is  72  years  old,  and  B  is  two-thirds  as  old  as  A. 
How  many  years  ago  was  A  five  times  as  old  as  B  ? 
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16.  If  three  pipes  can  fill  a  cistern  in  a,  h,  and  c  minutes 
respectively,  in  how  many  minutes  will  the  cistern  be  filled 
by  the  three  pipes  together  ? 

/^^.    Find  the  time  between  2  and  3  o'clock  when  the  hands 
of  a  clock  are  together. 

18.  Find  the  time  between  3  and  4  o'clock  when  the  hands 
of  a  clock  make  a  right  angle. 

19.  A  merchant  maintained  himself  for  three  years  at  an 
expense  of  $1500  a  year,  and  each  year  increased  that  part 
of  his  stock  that  was  not  so  expended  by  one-third  of  it.  At 
the  end  of  the  third  year  his  original  stock  was  doubled. 
What  was  his  original  stock  ? 

20.  When  a  body  of  ti-oops  was  formed  into  a  solid  square 
there  were  60  men  over ;  but  when  formed  in  a  column  with 
5  men  more  in  front  than  before  and  3  men  less  in  depth, 
1  man  more  was  needed  to  complete  the  column.  Find  the 
number  of  troops. 

21.  A  man  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  cents,  and  for 
each  day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end 
of  a  days  he  received  d  cents.     How  many  days  was  he  idle  ? 

22.  A  banker  has  two  kinds  of  coins.  It  takes  a  pieces  of  the 
first  kind  to  make  a  dollar,  and  h  pieces  of  the  second  to  make 
a  dollar.  A  person  wishes  to  obtain  c  pieces  for  a  dollar. 
How  many  pieces  of  each  kind  must  the  banker  give  him  ? 

23.  A  wine  merchant  has  two  kinds  of  wine  which  cost  him, 
one  a  dollars,  and  the  other  h  dollars,  per  gallon.  He  wishes 
to  make  a  mixture  of  I  gallons,  which  shall  cost  him  on  the 
average  m  dollars  a  gallon.  How  many  gallons  must  he  take 
of  each? 

Discuss  the  question  (i)  when  a  =  ft  ;  (ii)  when  a  or  J  =  m; 
(iii)  when  a  =  6  =  ?/i ;  (iv)  when  a>b  and  <  m  ;  (v)  when 
a'>  b  and  b'>  m. 


CHAPTEE  VII 

SIMULTANEOUS  SIMPLE  EQUATIONS 

131.  Equations  that  express  different  relations  between  the 
unknown  nmnbers  are  called  independent  equations. 

Thus,  x  +  y  =  10  and  x  —  y  =  2  are  independent  equations ;  they 
express  different  relations  between  x  and  y.  But  x  +  2^  =  10  and 
8x  + 8^  =  80  are  not  independent  equations;  both  express  the  same 
relation  between  the  unknown  numbers. 

132.  An  equation  is  said  to  be  satisfied  by  a  number  if  we 
can  substitute  that  number  for  one  of  the  unknowns  in  the 
equation  without  destroying  the  equality. 

133.  Simultaneous  equations  are  solved  by  combining  the 
equations  so  as  to  obtain  a  single  equation  with  one  unknown 
number ;  this  process  is  called  elimination. 

There  are  three  methods  of  elimination  in  general  use : 

I.    By  Addition  or  Subtraction. 
II.    By  Substitution. 
III.    By  Comparison. 

We  shall  give  one  example  of  each  method. 


(1)   Solve 

2.r-3y=    4 
3a;-|-2y  =  32J 

[1] 

[2] 

MulUply  [1]  by  2, 

4x-6y=     8 

[3] 

Multiply  [2]  by  3, 

9x+6y=    96 

[4] 

Add  [3]  and  [4], 

13x            =  104 
.*.  X  =  8. 

Substitute  the  value  of 

xin  [2],  24  +  2y  =  32. 

.-.  y  =  4. 

In  this  solution  y  is 

eliminated  by  addition. 

80 
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(2)  Solve  V'^l'^lV  f.N 

^^  3a;  +  7y  =  7J  [2] 

Transpose  3 y  in  [1],  2x  =  8  — 3y. 

Q   Q-. 

Divide  by  coefficient  of  x,  x  = -*  [3] 

Substitute  the  value  of  x  in  [2], 

24-9y  .  ^         - 
r— ^  +  7y  =  7. 

24  -9y  +  14y  =  14. 

5y=-10. 
.-.  y  =  -  2. 
Substitute  the  value  of  y  in  [3],  .\x  —  7. 

In  this  solution  y  is  eliminated  by  mbstiiuticm. 


(3)  Solve 

2a;-9y=lll 
3a;  — 4y=    7J 

[1] 
[2] 

Transpose  0  y  in  [1], 

2x=  11  +9y. 

[3] 

Transpose  4  y  in  [2], 

3x  =  7  +  4y. 

[4] 

Divide  [3]  by  2, 

^11  +9y 
X  —                 • 
2 

[5] 

Divide  [4]  by  3, 

7  +  4y 

z  = • 

3 

[6] 

Equate  the  values  of  x, 

ll  +  9y      7  +  4?/ 
2                3 

[7] 

Reduce  [7], 

38  +  27y  =  14  +  8». 

19y  =  -19. 
.-.  y  =  —  1. 
Substitute  the  value  of  y  in  [5],  .*.  x  =  1. 

In  this  solution  x  is  eliminated  by  comparison. 

Each  equation  must  be  simplified,  if  necessary,  before  the 
elimination  Is  performed. 
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(x-l)(y  +  2)  =  (x-3)Q,-l)  +  S 
(4)  Solve      2a; -1      3(y-2) 

5  4        ~ 


[1] 
[2] 


Simplify  [1],  xy  -{■2x  -  y  -2  =  xy  -x -Sy -\- S  ^  S, 

Transpose  and  combine,  3  x  +  2  y  =  13.  [3] 

Simplify  [2],  8  x  -  4  -  16  y  +  30  =  20. 


Transpose  and  combine,            8x--16y=  —  6. 

[4] 

Multiply  [3]  by  8,                    24  x  +  16  y  =  104. 

[6] 

Multiply  [4]  by  3,                    24  x  -  46  y  =  -  18. 

[6] 

Subtract  [6]  from  [6],                        61  y  =  122. 

.*.  y  =  2.  * 
Substitute  the  value  of  y  in  [3],    3x  +  4  =  13. 

.*.  X  =  3. 

k 


Fractional  simultaneous  equations,  with  denominators  which 
are  simple  expressions  containing  the  unknown  numbers,  may 
be  solved  as  follows  : 


(5)  Solve 


A  +  A 

3x      5y 

_7 !_ 

6x      10  y 


=  7 


=  3 


Multiply  [2]  by  4, 


14       2 

-^  -  —  =  12. 

3x      6y 


Add  [1]  and  [3], 

3x 

Divide  by  19, 

'  =1. 

3  a; 
.■.x  =  \. 

Substitute  the  value  of 

X  in 

[1]. 
5y 

Transpose, 

2   =2. 
6y 

BlTidB  \rj  2, 

6y 
.-.  y  =  i. 

[1] 

[2] 


[3] 
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134.  Literal  Simultaneous  Equations.  The  method  of  solv- 
ing literal  simultaneous  equations  is  as  follows : 

Solve  ax  +  by  =  my  [1] 

Multiply  [1]  by  c,  acx  +  bey  =  cm.  [3] 

Multiply  [2]  by  a,         acx  -f  ody  =  an, [4] 

Subtract  [4]  from  [3],  {be  —  ad)y  =  cm  —  an. 

Divide  by  coefiBcient  of  y,  y  = • 

be  —  ad 

Multiply  [1]  by  d,         adx  +  bdy  =  dm.  [6] 

Multiply  [2]  by  6,  bcx  +  bdy  =  bn.  [6] 

Subtract  [6]  from  [6],  {ad  —  be)x  =  dm  —  bn. 

Divide  by  coefficient  of  x,  x  =  — ; — ---   . 

ad  —be      * 

135.  If  three  simultaneous  equations  are  given,  involving 
three  unknown  numbers,  one  of  the  unknown  numbers  must 
be  eliminated  between  two  pairs  of  the  equations;  then  a 
second  between  the  resulting  equations. 

2x  —  3y-\'4:Z=:    4 
Solve  3aj  +  5y-7«  =  12 

5x  —     y  —  Sz  =    6 

Eliminate  z  between  two  pairs  of  these  equations. 

Multiply  [1]  by  2,  4x-6y  +  82J=   8. 

[3]  is  5x-    y-Sz=    5. 

Add,  9x-7y  =13.  [4] 

Multiply  [1]  by  7, 

Multiply  [2]  by  4, 

Add,  26  X-      y  =76.  [6] 

Multiply  [5]  by  7,  182  x  -  7  y  =  582.  [6] 

[4]  is 

Subtract  [4]  from  [6],*  173 x  =  619. 

.•.  X  =  3. 
Substitute  the  value  of  x  in  [5],  78  —  y  =  76. 

.*.  1/  =  2. 
Substitute  the  values  of  x  and  y  in  [1],  6  —  6  +  4  «  =  4. 

/. «  =  1. 


> . 


[1] 

[2] 
[3] 


9x-7y 

= 

=  13. 

14 

x-21y +  282  = 

=  28. 

12 

x  +  20y- 

■282  = 

=  48. 

26 

X  —      y 

= 

=  76. 

182  X  ■ 

-7y  = 

=  682. 

9x- 

-7|^  = 

=    18. 
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136.  Problems.  It  is  often  necessary  in  the  solution  of 
problems  to  employ  two  or  more  letters  to  represent  the  num- 
bers to  be  found.  In  all  cases  the  conditions  must  be  sufficient 
to  give  just  as  many  equations  as  there  are  unknown  numbers. 

If  there  are  more  equations  than  unknown  numbers,  some 
are  superfluous  or  inconsistent;  if  there  are  fewer  equations 
than  unknown  numbers,  the  problem  is  indeterminate. 

If  A  gives  B  $10,  B  will  have  three  times  as  much  money 
as  A.  If  B  gives  A  $10,  A  will  have  twice  as  much  money 
as  B.     How  much  has  each  ? 

Let  X  =  the  number  of  dollars  A  has, 

and  y  =  the  number  of  dollars  6  has. 

Then  y  +  10  =  the  number  of  dollars  B  has  after  receiving  $10, 

a;  —  10  =  the  number  of  dollars  A  has  after  giving  $10, 
a  +  10  =  the  number  of  dollars  A  has  after  receiving  $10, 
and  y  —  10  =  the  number  of  dollars  B  has  after  giving  $10. 

y+ 10  =  3(x-10), 
and  «+ 10  =  2{y  -  10). 

From  the  solution  of  these  equations,  x  =  22  and  y  =  26. 
Therefore,  A  has  $22  and  B  has  $26. 


Exercise  14 

1.  Three  times  the  greater  of  two  numbers  exceeds  twice 
the  less  by  27  ;  and  the  sum  of  twice  the  greater  and  five  times 
the  less  is  94.     Find  the  numbers. 

2,  A  fraction  is  such  that  if  3  is  added  to  each  of  its  terms, 
the  resulting  fraction  is  equal  to  | ;  and  if  3  is  subtracted 
from  each  of  its  terms,  the  result  is  equal  to  ^.  Find  the 
fraction. 

8.  Two  women  buy  velvet  and  silk.  One  buys  3J  yards  of 
Tdvet  and  12|  yards  of  silk ;  the  other  buys  4^  yards  of  vel- 
TOi  aoid  5  yazds  of  silk.  Each  woman  pays  $63.80.  Find  the 
priM  p«r  yazd  of  the  velvet  and  of  the  silk. 


. .    1^' MJ.   .liri--^^ili 
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4.  Each  of  two  persons  owes  $1200.  The  first  said  to  the 
second,  "If  you  give  me  f  of  what  you  have,  I  shall  have 
enough  to  pay  my  debt."  The  second  replied,  "  If  you  give 
me  f  of  what  your  purse  contains,  I  can  pay  my  debt."  How 
much  does  each  have  ? 

5.  Two  passengers  have  together  400  pounds  of  baggage. 
One  pays  $1.20,  the  other  $1.80,  for  excess  above  the  weight 
allowed.  If  all  the  baggage  had  belonged  to  one  person  he 
would  have  paid  $4.50.     How  much  baggage  is  allowed  free  ? 

6.  A  number  is  formed  by  two  digits.  The  sum  of  the 
digits  is  6  times  their  difference.  The  number  itself  exceeds 
6  times  the  sum  of  its  digits  by  3.     Find  the  number. 

7.  A  number  is  formed  by  two  digits  of  which  the  sum 
is  8.  If  the  digits  are  interchanged,  4  times  the  new  number 
exceeds  the  original  number  by  2  more  than  5  times  the  sum 
of  the  digits.     Find  the  original  number. 

8.  Three  brothers.  A,  B,  C,  have  together  bought  a  house 
for  $32,000.  A  could  pay  the  whole  sum  if  B  would  give  him 
f  of  what  he  has ;  B  could  pay  it  if  C  would  give  him  f  of 
what  he  has  ;  and  C  could  pay  the  whole  sum  if  he  had  ^  of 
what  A  has  together  with  -^^  of  what  B  has.  How  much 
does  each  have  ? 

9.  A  and  B  entered  into  partnership  with  a  joint  capital 
of  $3400.  A  put  in  his  money  for  12  months ;  B  put  in  his 
money  for  1 6  months.  In  closing  the  business,  B's  share  of 
the  profits  was  greater  than  A's  by  3*^  of  the  total  profit.  Find 
the  sum  put  in  by  each. 

10.  A  capitalist  makes  two  investments  ;  the  first  at  3  per 
cent,  the  second  at  3^  per  cent.  His  total  income  from  the 
two  investments  is  $427.  If  $1400  was  taken  from  the  sec- 
ond investment  and  added  to  the  first,  the  incomes  from  the 
two  investments  would  be  equal.  Find  the  amount  of  each 
investment. 
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11.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water  ;  a  second  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  taken  from  each  cask, 
so  that,  when  mixed,  there  may  be  14  gallons  consisting  half 
of  water  and  half  of  wine  ? 

12.  A  and  B  ran  a  race  to  a  post  and  back.  A  returning 
meets  B  30  yards  from  the  post  and  beats  him  by  1  minute. 
If  on  arriving  at  the  starting  place  A  had  immediately' 
returned  to  meet  B,  he  would  have  run  ^  the  distance  to  the 
post  before  meeting  him.  Find  the  distance  run,  and  the  time 
A  and  B  each  makes. 

13.  A  and  B  together  can  do  a  piece  of  work  in  15  days. 
After  working  together  for  6  days,  A  leaves  off  and  B  finishes 
the  work  in  30  days  more.  In  how  many  days  can  each  do 
the  work  ? 

14.  A  and  B  together  can  do  a  piece  of  work  in  12  days. 
After  working  together  9  days,  however,  they  call  in  C  to  aid 
them,  and  the  three  finish  the  work  in  2  days.  C  finds  that 
he  can  do  as  much  work  in  5  days  as  A  does  in  6  days.  In 
how  many  days  can  each  do  the  work  ? 

15.  A  pedestrian  has  a  certain  distance  to  walk.  After 
having  passed  over  20  miles,  he  increases  his  speed  by  1  mile 
per  hour.  If  he  had  walked  the  entire  journey  with  this 
speed,  he  would  have  accomplished  his  walk  in  40  minutes 
less  time;  but,  by  keeping  his  first  place,  he  would  have 
arrived  20  minutes  later  than  he  did.  What  distance  had  he 
to  walk? 

16.  A  person  invests  $10,000  in  three  per  cent  bonds, 
$16,500  in  three  and  one-half  per  cents,  and  has  an  income 
from  both  investments  of  $1056.25.  If  his  investments  had 
been  $2750  more  in  the  three  per  cents,  and  less  in  the  three 
and  one-half  per  cents,  his  income  would  have  been  62^  cents 
greater.     Find  the  price  of  each  kind  of  bonds. 


CHAPTER  VIII 
INVOLUTION  AND  EVOLUTION 

137.  Involtttion  is  the  operation  of  raising  an  expression  to 
any  required  power.     (See  §  16.) 

Every  case  of  involution  is  merely  an  example  of  multiplir 
cation,  in  which  the  factors  are  equal, 

138.  Index  Law.     If  m  is  a  positive  integer,  by  definition 

a"'  =  axaxa-tom  factors.  (§  16) 

Consequently,  if  m  and  n  are  both  positive  integers, 

(a")*"  =  a*  X  a"  X  a"  •  •  •  to  w  factors 

=  (a  X  a  •  •  •  to  w  factors)  (a  x  a  •  •  •  to  »  factors) 
•  •  •  taken  m  times 

=  a  X  a  X  a  •  •  •  to  mn  factors 

The  above  is  the  index  law  for  involution. 
Similarly, 

(a**)*  =  a"~  =  (a")**. 
Also,    (aby  =  alx  ab'-'to  n  factors 

=  (a  X  a •  •  •  to  n  factors) (bxh^-ton factors) 
=  a"J». 

139.  If  the  exponent  of  the  required  power  is  a  composite 
number,  the  exponent  may  be  resolved  into  prime  factors,  the 
power  denoted  by  one  of  these  factors  found,  and  the  result 
raised  to  a  power  denoted  by  another  factor ;  and  so  on. 

Thus,  the  fourth  power  may  be  obtained  by  taking  the  second  power 
of  the  second  power ;  the  sixth  by  taking  the  second  power  of  the  third 
power ;  and  so  on. 

80 
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140.  From  the  Law  of  Signs  in  multiplication  it  is  evident 
that  all  even  powers  of  a  scalar  number  are  positive  ;  all  odd 
powers  of  a  scalar  number  have  the  same  sign  as  the  number 
itself.  (§  55) 

The  even  powers  of  two  compound  expressions  which  have 
the  same  terms  with  opposite  signs  are  identical. 

Thus,  (6  -  a)2  =  {  -  (a  -  6)}2  =  (a  -  6)2. 

141.  Binomials.     By  actual  multiplication  we  obtain 

(a  +  ^)*  =  a*  +  2a5   -fJ^; 

(a  4-  J)8  =  a*  +  3  a%  +  3  aZ»2  -f  ^>8 ; 

(a  +  hy  =  a*  +  4a»J  4-  6  a%^  +  4aJ«  +  h\ 

In  these  results  it  will  be  observed  that : 

1.  The  number  of  terms  is  greater  by  one  than  the  expo- 
nent of  the  power  to  which  the  binomial  is  raised. 

2.  In  the  first  term  the  exponent  of  a  is  the  same  as  the 
exponent  of  the  power  to  which  the  binomial  is  raised,  and 
it  decreases  by  one  in  each  succeeding  term. 

3.  h  appears  in  the  second  term  with  1  for  an  exponent, 
and  its  exponent  increases  by  1  in  each  succeeding  term. 

4.  The  coefficient  of  the  first  term  is  1. 

5.  The  coefficient  of  the  second  term  is  the  same  as  the 
exponent  of  the  power  to  which  the  binomial  is  raised. 

6.  The  coefficient  of  each  succeeding  term  is  found  from 
the  next  preceding  term  by  multiplying  the  coefficient  of 
that  term  by  the  exponent  of  a,  and  dividing  the  product  by 
a  number  greater  by  1  than  the  exponent  of  h. 

If  &  is  negative,  the  terms  in  which  the  odd  powers  of  b 
occur  are  negative. 

ThuB,  (a-6)*  =  a*-4a86  +  6a262-4a68  +  &*. 

By  the  above  rules  any  power  of  a  binomial  of  the  form 
a-\-h  or  a  —  b  may  be  written  at  once. 
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142.  The  same  method  may  be  employed  when  the  terms 
of  a  binomial  have  coefficients  or  exponents, 

(1)  (a  -  6)8  =  a8  -  3a26  +  Sofia  _  fts. 

(2)  (5  x2  -  2  y8)8  =  (5  x^f  -  3  (5  x^)^(2  y«)  +  3  (5  x^)  (2  y«)2  -  (2  y«)8 

=  125 a^  -  150aj*y®  +  60a;V  -  8i/». 

In  like  manner,  a  polynomial  of  three  or  more  terms  may  be 
raised  to  any  power  by  enclosing  its  terms  in  parentheses,  so 
as  to  give  the  expression  the  form  of  a  binomial. 

(3)  (x8-2x2  +  3x  +  4)2 

=  {(x«-2x2)  +  (3x  +  4)}2 

=  (X8  -  2X2)2  +  2{X8  -  2X2)  (33.  +  4)  +  (3  g;  4.  4)2 

=  x«  -  4x6  4-  4x*  +  6x*  -  4x8  -  i6x2  4.  9^2  4.  24x  +  16 
=  x«-4x6  4-  lOx*- 4x8-7x2  +  24x4-16. 


Ezercise  15 

Perform  the  indicated  operations  : 

1.  (2a«)*.  4.    (-4^»2c)8.  7.   (- 5  a»ft»a;*)». 

2.  (3aV)».  5.    (-a2^»8c)^  8.    (Ga^ftV)*. 


(3  a*Z>^^  (-  3  g^g;^)^ 


/2a^2Y 

(3a^»)^(4^^a^)^  (4xV)«   .  (xYY 

(eb^xy(a%y  '  {9xYy  *   (2yy' 

12.  (aj  +  3)».  15.    (l-4x/.  18.    (2^--3-)- 

13.  (l-2«)*.  16.    Tl-^y  19.    (H-3a;y. 

».(3-^'.  ".(i+^y-  -(!-t)" 
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21.    (2a«^»- —]'  23.    (l+Sx-^xy, 

143.  Evolution  is  the  operation  of  resolving  a  number  into 
factors  all  equal  to  one  another*  If  a  number  is  resolved  into 
two  equal  factors,  either  factor  is  called  a  square  root  of  the 
number ;  if  into  three  equal  factors,  each  factor  is  called  a  cube 
root ;  if  into  four  equal  factors,  each  factor  is  called  a  fourth 
root ;  and  generally  if  a  number  is  resolved  into  n  equal 
factors,  n  being  any  positive  integer,  each  of  these  factors 
is  called  an  nth  root  of  the  number. 

• 

Under  the  term  number  is  included  any  algebraic  expression 
(§  7),  whether  monomial  or  polynomial,  integral  or  fractional. 

The  symbol  which  denotes  that  a  square  root  is  to  be 
extracted  is  V  >  ^^^  ^ or  other  roots  the  same  symbol  is  used, 
but  with  a  figure  written  above  to  indicate  the  root;  thus, 
V>   Vj  6tc.,  signify  the  third  root,  fourth  root,  etc. 

144.  If  k,  m,  and  n  are  positive  integers,  we  have 

(«"»)»  =  a"".  (§  138) 

Therefore,  a*"  is  an  nth  root  of  a"~. 
That  is,  a"*  =  one  value  of  Va^. 

Also,  §  138,  (a*Z>"»)»  =  a*»^^"«. 

Consequently,  a*ft"*  =  one  value  of  Va*^^"*". 

Hence,  a  root  of  a  monomial  is  found  by  dividing  the  expo- 
nent of  each  factor  by  the  index  of  the  root  and  taking  the 
product  of  the  resulting  factors,  first  expressing  the  numerical 
coeflBicient,  if  other  than  1,  as  a  product  of  its  prime  factors. 
The  root  thus  obtained  is  called  the  principal  root  of  the  mono- 
mial for  the  given  index. 

Thus,  3  a8  is  the  principal  fourth  root  of  Sld^  {=  3*  a^^). 
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By  the  Law  of  Signs  for  Multiplication,  §  55, 

(4-a)x(+a)  =  +a^ 
and  (—  a)  X  (—  a)  =  +  a\ 

Therefore,      V-j-  a^  may  be  either  -f  a  or  —  a, 
but  V—  a^  can  be  neither  4-  a  nor  —  a. 

Hence, 

I.  Every  positive  number  has  two  square  roots,  equal  in 
absolute  value  but  opposite  in  sign,  one  being  positive,  the 
other  negative.  This  is  indicated  by  writing  the  double  sign 
±  before  the  root,  which  sign  is  read  pltis  or  mimes. 

Hence,  also,  any  even-indexed  root  of  a  positive  number  will 
have  the  double  sign  ±. 

II.   No  scalar  number  can  be  the  square  root  of  a  negative 
number. 

III.   An  odd-indexed  root  of  a  scalar  number  has  the  same 
sign  as  the  number  itself. 

145.  The  indicated  even  root  of  a  negative  number  is  called 
an  imaginary  or  orthotomic  nvunber. 

146.  Square  Roots  of  Compound  Expressions.    Since  the  square 
of  a  -\-b  is  a^  -\-2ab  -\-  b%  the  square  root  of  a^  -\-2ab  -{■  b^ 

is  a  4-  ^. 

It  is  required  to  devise  a  method  for  extracting  the  square 

root  a  +  b  when  a^  -\- 2  ab  -\- b^  is  given. 

The  first  term  a  of  the  root  is  obviously  the  square  root  of  the  first 

term  a^  of  the  expression. 
a2  4-2a6  +  62(a4-6        Ifa^is  subtracted  from  the  given  expres- 
n^  sion,  the  remainder  is  2  a6  -f-  6^.     There- 


2a  +  5      2a6  +  62  fore,   the   second  term  6  of  the  root  is 

2a6  +  6^  obtained  by  dividing  the  first  term  of  this 

remainder  by  2  a,  that  is,  by  double  the 
part  of  the  root  already  found.  Also,  since  2  a6  +  6^  =  (2  a  -f-  6)  6,  the 
divisor  is  completed  by  adding  to  the  trial-divisor  the  new  term  of  the  root 

The  same  method  applies  to  longer  expressions,  if  care  is 
taken  to  obtain  the  trial-divisor  at  each  stage  of  the  process 
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by  doubling  the  part  of  the  root  already  found,  and  to  obtain 
the  complete  divisor  by  annexing  the  new  term  of  the  root  to  the 
trialrdivisor. 

Find  the  square  root  of 

H_  10aj«  +  25a;*  +  16a;«  -  24a;«  -  20 x*  -  4a;. 

Arrange  according  to  ascending  or  descending  powers  of  x.    Thus, 

16x«  -  24x6  +  26 X*  -  20x8  +  i0x2  -  4x  +  1  (4x8  -  Sx^  +  2x  -  1 
16  x« 


8x8-3x3 


-24x6  +  26x* 
-24x6+   9x* 


8x8-6xa  +  2x 


16x* -20x8  4-10x3 
16x*-12x8+   4x3 


8x8-6xa  +  4x-l 


-  8x8+   6x2-4x+l 

-  8x8+   6x2-4x  +  l* 


It  will  be  noticed  that  each  successive  trial-divisor  may  be  obtained 
by  taking  the  preceding  complete  divisor  with  its  last  term  dUmbled. 

147.  Square  Roots  of  Arithmetical  Numbers.  In  extracting 
the  square  root  of  a  number  expressed  by  figures,  the  first  step 
is  to  separate  the  figures  into  groups. 

Since  1  =  12,  100  =  lO^,  10,000  =  lOO^,  and  so  on,  it  is  evident  that  the 
square  root  of  any  integral  square  number  between  1  and  100  lies  between 
1  and  10  ;  the  square  root  of  any  integral  square  number  between  100  and 
10,000  lies  between  10  and  100  ;  and  so  on.  In  other  words,  the  square 
root  of  any  integral  square  number  expressed  by  one  or  two  figures  is  a 
number  of  one  figure ;  the  square  root  of  any  integral  square  number 
expressed  by  three  or  four  figures  is  a  number  of  two  figures ;  and  so  on. 

If,  therefore,  an  integral  square  number  is  divided  into  groups  of  two 
figures  each,  from  the  right  to  the  left,  the  number  of  figures  in  the  root 
is  equal  to  the  number  of  groups  of  figures.  The  last  group  to  the  left 
may  consist  of  only  one  figure. 

Find  the  square  root  of  3249. 

32  49  ( 57      In  this  case,  a  in  the  typical  form  a^  +  2ab  +  b^  represents 
25  5  tens,  that  is,  50,  and  h  represents  7.    The  25  subtracted  is 

107)  7  49       really  2500,  that  is,  a^,  and  the  complete  divisor  2  a  +  &  ia 
7  49       2  X  50  +  7  =  107. 
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The  same  method  applies  to  numbers  of  more  than  two 
groups  by  considering  that  a  in  the  typical  form  represents 
at  each  step  the  part  of  the  root  already  found,  and  that  a  rep- 
resents teiis  with  reference  to  the  next  figure  of  the  root. 

148.  If  the  square  root  of  a  number  has  decimal  places,  the 
number  itself  has  tiuice  as  many. 

Thus,  if  0.21  is  the  square  root  of  some  number,  this  number  is 

(0.21)2  :=  0.21  X  0.21  =  0.0441. 

Hence,  if  the  given  square  number  contains  a  decimal,  we  divide  it 
into  groups  of  two  figures  each,  by  beginning  at  the  decimal  point  and 
proceeding  toward  the  left  for  the  integral  number  and  toward  the  right 
for  the  decimal.  We  must  be  careful  to  have  the  last  group  on  the  right 
of  the  decimal  point  contain  two  figures,  annexing  a  cipher  when  neces- 
sary. 

Find  the  square  root  of  41.2164,  and  of  965.9664. 

41.21  64  (6.42  9  66.96  64  (31.08 

36  9 

I24752T  6l765 

496  61 

1282  )26  64  6208  )  496  64 
25  64  496  64 

149.  If  a  number  contains  an  odd  number  of  decimal  places, 
or  gives  a  remainder  when  as  many  figures  in  the  root  have 
been  obtained  as  the  given  number  has  groups,  then  its  exact 
square  root  cannot  be  f o\md.  We  may,  however,  approximate 
to  the  root  as  near  as  we  please  by  annexing  ciphers  and  con- 
tinuing the  operation. 

Find  the  square  root  of  3,  and  of  357.357. 

3(1.732 . .  •  3  67.35  70(18.903-  •  • 

1 1 

27)2  00  28)2  67 

189  2  24 

348)1100  369)  33  35 

10  29  33  21 

3462)7100  37803)14  70  00 

69  24  11  34  09 
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Exercise  16 
Simplify  : 

1.   Vl6  a^b\  3.   -v^Sl  a^h^\  5.   ^^1024  a}^h\ 

m 

p    -y/WM^  •v^625a8  •v^216aV 

VSla*  '     -4^64  aj«  •v^32a^^^ 

Extract  the  square  root  of : 

7.  l+4a;4.10a;2  +  12a;»  +  9a;*. 

8.  9  -  24 a;  -  68  a;2  +  112  a;«  +  196a;*. 

9.  4-12a;  +  5a;2  +  26a;«-29a;*-10a;*  +  25a:«. 

10.  36  x^  -  120  a^x  -  12  a^x  +  100  a*  +  20  a«  +  a^ 

11.  4  4-9y2_20a;  +  25a:2  +  30a;y-12y. 

12.  4a;*  +  9y«-12a;V  +  16a;2  +  16-24?/«. 

aj*      y®      a;^      a;^y*       1       y^ 
^^'    4"^'9"^T"""3~'^16"6" 

Extract  to  four  places  of  decimals  the  square  root  of  : 

14.   326.  15.   1020.  16.   3.666.  17.   1.31213. 

150.   Cube  Roots  of  Compound  Expressions.    Since  the  cube  of 
a  +  ^  is  a*  +  3  a*^  +  3  a^*  -f-  b^,  the  cube  root  of 

a^  +  Sa^b  +  S  aP  +  b^isa  +  b. 

It  is  required  to  devise  a  method  for  extracting  the  cube 
root  a  -{-b  when  a'  +  3  a^^  +  3  ab^  ^-  b^  is  given. 

Find  the  cube  root  of  a'  +  3  a^b  +  3  ab^  +  b^ 

a*  +  3  a26  +  3  062  +  68  ( a  +  6 
3a2  a8 


+  3  a6  4-  62 


3a2  +  3a6  4-62 


3026  +  3062  +  68 
3o26  +  3o62  +  68 


The  first  term  of  the  root  is  o  the  cube  root  of  o*. 
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If  a*  is  subtracted,  the  remainder  is  S  aV)  +.S db^  +  h^ ;  tharefore,  the 
second  term  b  of  the  root  is  obtained  by  dividing  the  first  term  of  this 
remainder  by  three  times  the  square  of  a. 

Also,  since  Sa^b  +  Sab^  +  b^  =  (Sa^  +  Sab  +  b^bj  the  complete  divisor 
is  obtained  by  adding  3  a5  +  6^  to  the  trial-divisor  3  a^. 

The  same  method  may  be  applied  to  longer  expressions  by 
considering  a  in  the  typical  form  S  a^  -\-  S  ab  -\-  b^  to  represent 
at  each  stage  of  the  process  the  part  of  the  root  already  found. 

Find  the  cube  root  of  «•  —  3  a;*  +  5  a;'  —  3  x  —  1. 

3fi  -3x6  +  6jb8-3x--1 
3aj*  3fi 

(3x3  _  X)  (-  X)  =         -3x8+    x2 


3x*-3x8  4-    x2 


-3x«  +  5x8 

-3x6       +3x*-    x» 


3(x2  -  x)2  =  3x*  -  6x8  4-  3x2 
(3x2  _  3x  -  1)  (-  1)  = -3xg  +  3x  +  l 


3x*-6x8  +3x4-1 


-3x*  +  6x8-3x-l 


-3x*  +  6x8-3x-l 


The   first  trial-divisor  is   3x^,    and   the  first   complete    divisor   is 
3x*  -  3x«  +  x2.     The  second  trial-divisor  is  3(x2-x)2,  or  3x*-6x8+3x2. 
The  second  term  of  the  root  is  found  by  dividing  —  3  x®,  the  first  term 
of  the  remainder,  by  3x*,  the  first  term  of  the  first  trial-divisor.     The 
second  complete  divisor  is3x*  —  6x8  +  3x  +  l. 

151.  Cube  Roots  of  Arithmetical  Numbers.  In  extracting  the 
cube  root  of  a  number  expressed  by  figures,  the  first  step  is  to 
separate  the  figures  into  groups. 

• 

Shice  1  =  18, 1000  =  108,  1,000,000  =  1008,  and  so  on,  it  follows  that 
the  cube  root  of  any  integral  cube  number  between  1  and  1000,  that  is, 
of  any  integral  cube  number  that  has  one,  two,  or  three  figures,  is  a  num- 
ber of  0716  figure ;  and  that  the  cube  root  of  any  integral  cube  number 
between  1000  and  1,000,000,  that  is,  of  any  integral  cube  number  that 
has  four,  Jive,  or  six  figures,  is  a  number  of  two  figures ;  and  so  on. 

If,  therefore,  an  integral  cube  number  is  divided  into  groups  of  three 
figures  each,  from  right  to  left,  the  number  of  figures  in  the  root  is  equal 
to  the  number  of  groups.  The  last  group  to  the  left  may  consist  of  one, 
two,  or  three  figures. 
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23.    (1  +  3  ic  —  xy. 


21.    (2a«i-.-^')'. 

143.  Eyolution  is  the  operation  of  resolving  a  number  into 
factors  all  equal  to  one  another*  If  a  number  is  resolved  into 
two  equal  factors,  either  factor  is  called  a  square  root  of  the 
number ;  if  into  three  equal  factors,  each  factor  is  called  a  cube 
root ;  if  into  four  equal  factors,  each  factor  is  called  a  fourth 
root ;  and  generally  if  a  number  is  resolved  into  n  equal 
factors,  n  being  any  positive  integer,  each  of  these  factors 
is  called  an  nth  root  of  the  number. 

• 

Under  the  term  number  is  included  any  algebraic  expression 
(§  7),  whether  monomial  or  polynom^ialy  integral  or  fractional. 

The  symbol  which  denotes  that  a  square  root  is  to  be 
extracted  is  V  5  ^nd  for  other  roots  the  same  symbol  is  used, 
but  with  a  figure  written  above  to  indicate  the  root;  thus, 
■y/y   V>  Gtc,  signify  the  third  root,  fourth  root,  etc. 

144.  If  k,  m,  and  n  are  positive  integers,  we  have 

(a"*)"  =  «"»».  (§  138) 

Therefore,  a^  is  an  nth  root  of  a^. 
That  is,  a"*  =  one  value  of  -s/a/^. 

Also,  §  138,  (a^b'^y  =  a'^b"^. 

Consequently,  a*Z»"*  =  one  value  of  -y/a^b^. 

Hence,  a  root  of  a  monomial  is  found  by  dividing  the  expo- 
nent of  each  factor  by  the  index  of  the  root  and  taking  the 
product  of  the  resulting  factors,  first  expressing  the  numerical 
coefficient,  if  other  than  1,  as  a  product  of  its  prime  factors. 
The  root  thus  obtained  is  called  the  principal  root  of  the  mono- 
mial for  the  given  index. 

Thus,  8  a8  is  the  principal  fourth  root  of  %\a^  (=  3*  ai2). 
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By  the  Law  of  Signs  for  Multiplication,  §  55, 

(+a)x(+a)  =  +aS 
and  (—  a)  X  (—  a)  =  +  a^. 

Therefore,      V+  a'  may  be  either  +  a  or  —  a, 
but  V—  a^  can  be  neither  -f  a  nor  —  a. 

Hence, 

I.  Every  positive  number  has  two  square  roots,  equal  in 
absolute  value  but  opposite  in  sign,  one  being  positive,  the 
other  negative.  This  is  indicated  by  writing  the  double  sign 
±  before  the  root,  which  sign  is  read  jplus  or  minus. 

Hence,  also,  any  even-indexed  root  of  a  positive  number  will 
have  the  double  sign  ±. 

II.   No  scalar  number  can  be  the  square  root  of  a  negative 
number. 

III.  An  odd-indexed  root  of  a  scalar  nimiber  has  the  same 
sign  as  the  number  itself. 

145.  The  indicated  even  root  of  a  negative  number  is  called 
an  imaginary  or  orthotomic  number. 

146.  Square  Roots  of  Compound  Expressions.  Since  the  square 
of  a  -\'h  is  a^  -\-  2ab  -{-  b^,  the  square  root  of  a^  -\-2ab  -{■  IP' 
is  a  +  &. 

It  is  required  to  devise  a  method  for  extracting  the  square 

root  a-\-'b  when  a^  +  2  a5  +  6^  is  given. 

The  first  term  a  of  the  root  is  obviously  the  square  root  of  the  first 

term  a^  of  the  expression. 
a2  4-2a6  +  62(a4-6        Ifa^is  subtracted  from  the  given  expres- 
a^  sion,  the  remainder  is  2  a6  +  &^.     There- 


2a  +  6      2a64-62  fore,   the   second  term  6  of  the  root  is 

2a6  -f  &^  obtained  by  dividing  the  first  term  of  this 

remainder  by  2  a,  that  is,  by  ^\jihlt  the 
part  of  the  root  already  found.  Also,  since  2  a6  +  &^  =  (2  a  +  6)  6,  the 
divisor  is  completed  by  adding  to  the  trial-divisor  the  new  term  of  the  root. 

The  same  method  applies  to  longer  expressions,  if  care  is 
taken  to  obtain  the  trialrdivisor  at  each  stage  of  the  process 
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154.  Positiye  Integral  Exponents.  If  a  is  any  definite  num- 
ber or  any  algebraic  expression  having  one  and  only  one  value, 
and  m  and  n  are  positive  integers,  we  have,  by  the  definitions 
of  involution  and  evolution,  §§15  and  19, 

a*»  =  axaxa---ton  factors, 

and  ( Va)**  =  a. 

We  also  know  that  a**  =  a""^  x  a,  (§  56) 

and  a°  =  l.  (§15) 

We  now  easily  deduce  the  following  Laws  of  Calculation  : 
If  a  is  any  definite  number  or  a  single-valued  algebraic 
expression  and  m  and  n  are  positive  integers, 

I.    a™ -^a"'=a"~",   if  n<m,  or  if  n  =  m; 
II.   a"-f-a'  =  --— ->  if  n>m; 

III.  (a")*^  =  a"" ; 

IV.  (V^)»  =  a^ 

155.  To  obtain  an  interpretation  of  negative  exponents  we 
extend  law  I  to  include  the  case  n>m]  that  is,  we  assume 
that  law  I  holds  true  for  all  integral  values  oi  m  —  n,  negative 
as  well  as  positive,  and  interpret  the  result  so  that  it  shall  be 
consistent  with  law  II. 

To  obtain  an  interpretation  of  fractional  exponents  we 
extend  law  III  to  include  all  cases  in  which  mn  is  integral ; 
that  is,  we  assume  that  law  III  holds  true  for  all  integral 

100 
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The  same  method  applies  to  numbers  of  more  than  two 
groups  by  considering  that  a  in  the  typical  form  represents 
at  each  step  the  part  of  the  root  already  found,  and  that  a  rep- 
resents tens  with  reference  to  the  next  figure  of  the  root. 

148.  If  the  square  root  of  a  number  has  decimal  places,  the 
number  itself  has  tvdce  as  many. 

Thus,  if  0.21  is  the  square  root  of  some  number,  this  number  is 

(0.21)2  =  0.21  X  0.21  =  0.0441. 

Hence,  if  the  given  square  number  contains  a  decimal,  we  divide  it 
into  groups  of  two  figures  each,  by  beginning  at  the  decimal  point  and 
proceeding  toward  the  left  for  the  integral  number  and  toward  the  right 
for  the  decimal.  We  must  be  careful  to  have  the  last  group  on  the  right 
of  the  decimal  point  contain  two  figures,  annexing  a  cipher  when  neces- 
sary. 

Find  the  square  root  of  41.2164,  and  of  965.9664. 

41.21  64(6.42  9  66.96  64(31.08 

36  ^__ 

I24762T  61)65 

496  61 

1282  )25  64  6208  )  496  64 

26  64  496  64 

149.  If  a  number  contains  an  odd  number  of  decimal  places, 
or  gives  a  remainder  when  as  many  figures  in  the  root  have 
been  obtained  as  the  given  number  has  groups,  then  its  exact 
square  root  cannot  be  f o\md.  We  may,  however,  approximate 
to  the  root  as  near  as  we  please  by  annexing  ciphers  and  con- 
tinuing the  operation. 

Find  the  square  root  of  3,  and  of  357.357. 

3(1.732. . .  3  67.35  70(18.903-  •  • 

1 1 

27)2  00  28)2  67 

189  2  24 

843)1100  369)  33  35 

10  29  33  21 

3462)7100  37803)  14  70  00 

69  24  11  34  09 
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154.  Positive  Integral  Exponents.  If  a  is  any  definite  num- 
ber or  any  algebraic  expression  having  one  and  only  one  value, 
and  m  and  n  are  positive  integers,  we  have,  by  the  definitions 
of  involution  and  evolution,  §§15  and  19, 

a^  =  axciXa'"  to  n  factors, 

and  (Va)"  =  a. 

We  also  know  that  a"  =  a"-^  x  a,  (§  56) 

and  a°  =  l.  (§15) 

We  now  easily  deduce  the  following  Laws  of  Calculation : 
If  a  is  any  definite  number  or  a  single-valued  algebraic 
expression  and  m  and  n  are  positive  integers, 

I.   a™ -5-a"'=a™-'*,   if  n<m,  or  if  n  =  m; 

II.   a"-f-a»  =  -— — ->  if  n>m: 

a**-"  ' 

III.  (a»)'  =  a»« ; 

IV.  (V^)»  =  a". 

155.  To  obtain  an  interpretation  of  negative  exponents  we 
extend  law  I  to  include  the  case  7i>m;  that  is,  we  assume 
that  law  I  holds  true  for  all  integral  values  of  m  —  n,  negative 
as  well  as  positive,  and  interpret  the  result  so  that  it  shall  be 
consistent  with  law  II. 

To  obtain  an  interpretation  of  fractional  exponents  we 
extend  law  III  to  include  all  cases  in  which  mn  is  integral ; 
that  is,  we  assume  that  law  III  holds  true  for  all  integral 

100 
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values  of  n  and  mn,  negative  as  well  as  positive,  and  so  inter- 
pret the  results  that  they  shall  be  consistent  with  laws  II 
and  IV. 

156.  Negatiye  Integral  Exponents.     If  we  divide  a^  succes- 
sively by  a  in  the  ordinary  manner,  we  have  the  series 

a*,     a^,     a,     1,     ->    —>    -r-  [1] 

If  we  divide  again  by  a  by  subtracting  1  from  the  exponent 
of  the  dividend,  we  have,  since  law  II  holds  true,  the  series 

a',     a^,     a^f     a°,     a~^,     a"^,     a"^  [2] 

If  we  compare  [1]  and  [2],  we  see  that 

a^  =  1,     a~^  =  -')    a~^  =  —zy    a~'  =  — • 

a  a^  a? 

From  the  preceding  we  see  at  once  that  we  may  interpret 

a"**  as  equivalent  to  —  consistently  with  law  II. 

Hence,  a**  =  axaxa--tow  factors ; 

and  a~**  =  -  X  -  X  -  •  •  •  to  ti  factors. 

a      a      a 

157.  Positive  Fractional  Exponents.     If  ri  is  a  positive  integer, 

—  is  a  positive  fraction. 
n 

We  have,  by  the  extended  interpretation  of  law  III, 

(-\  „  -  X  n 

Taking  the  ?ith  root  of  each  side,  we  obtain 

1 
a»  =  ^;  (§144) 

that  is,  a*  may  be  taken  as  denoting  any  number  which  when 
raised  to  the  nth  power  produces  a,  and  this  is  exactly  what 

Va  denotes.     For  example,  4*  =  V4  =  ±  2. 
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Again,  if  m  and  n  are  both  positive  integers,  by  the  extended 
interpretation  of  law  III, 


m  m 

xn 


(a")"  =  a**       =  a"* ; 

m  

but  (>/a^)'»  =  a"'.     ,\a^  =  -y/a'^. 

Hence,  in  a  fractional  exponent,  the  numerator  indicates  a 
power,  and  the  denominator  a  root. 

158.   Negative  Fractional  Exponents.    If  ti  is  a  positive  integer, 

is  a  negative  fraction,  and  we  have,  by  the  extended  inter- 
pretations of  laws  I  and  III, 


1  I  1 

/ \n  xn  I  JL 

^       ^  a 


Taking  the  nth  root  of  each  side,  we  obtain 

a-^  =  -^  =  A-  (§  144) 

Again,  if  m  and  n  are  both  positive  integers,  by  the  extended 
interpretations  of  laws  I  and  III, 

/ \n  xn  _„  J. 

Taking  the  wth  root  of  each  side,  we  obtain 

n/ in 


^"^      a" 


Hence,  whether  the  exponent  is  integral  or  fractional,  we 
have  always  a~*"  = 


a"* 


It  is  worthy  of  notice  that  while  we  have  by  definition 

1 
(a**)"  =  a, 

it  does  not  necessarily  follow  that 

(»»)'•  =  a. 
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An  example  will  make  this  plain. 

(4*)2  =  (±  2)2  =  4 ; 

but  (42)*  =  16*  =  ±  4. 

Hence,  if  a*  =  ft",  it  does  not  necessarily  follow  that  a  =  ft ; 
all  we  are  entitled  to  say  is  that  if  ft  takes  in  succession  all 
possible  values,  one  of  these  values  must  be  a, 

159.  Index  Laws.  We  shall  reserve  further  discussion  of 
this  subject  and  the  full  and  complete  statement  of  the  Index 
Laws  to  Chapter  XXXIII.  Meanwhile,  if  we  take  into  consid- 
eration only  the  principal  values  of  all  roots  indicated,  we  may 
enunciate  the  Index  Laws  as  follows : 

If  a  and  ft  are  single-valued  expressions  or  numbers  and  m,  n, 
r,  s  are  any  scalar  integers,  excluding  zero  values  of  m  and  n, 

L     a»x*a"=a^»    ""K 
II.         (a"»)»  =  a»«. 

IIL        (ab)»  =  a»b". 

160.  Compound  expressions  are  multiplied  and  divided  as 
follows : 

(1)  Multiply  a*  +  Q^y^  +  y^  by  a;*  —  o^y^  +  y*. 

X*  +  ^y^  +  y^ 

.  x'  —  :^y^  +  y^ 


—  x^y^  —  x^y^  —  xhj^ 


X  +  x^y^  +  x^y^ 
—  x^y^ 

+  x^y^  +  x^y^  +  y 

X  +  xV*  +  y 

(2)  Divide  V^  +  ^  - 12  by  -J^  -  3. 

x«+    x^-12|x>-3 


x^-3x^  x*  +  4 

+  4x*-12 
+  4xi-12 
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164.  The  product  or  quotient  of  two  surds  of  the  same  order 
may  be  obtained  by  taking  the  product  or  quotient  of  the 
rational  factors  and  of  the  surd  factors  separately. 

Thus,  2  Vs  X  6  V?  =  10  V3% 

Surds  of  the  same  order  may  be  compared  by  expressing 
them  as  entire  surds. 

Compare  §  Vt  and  f  VTo. 

I  Vio  =  V^. 

V-^=  V^,  and  V^=  V^. 
As  V^  is  greater  than  V^,  |  vTo  is  greater  than  f  V?; 

165.  The  order  of  a  surd  may  be  changed  by  changing  the 
power  of  the  expression  under  the  radical  sign. 

Thus,  Vs  =  V25 ;         v3  =  V^. 

Conversely,  V25  =  V5 ;         Vc^  =  Vc. 

In  this  way,  surds  of  different  orders  may  be  reduced  to  the 
same  order  and  may  then  be  compared,  multiplied,  or  divided, 

(1)  Compare  V2  and  V3. 

V2  =  2*  =  2^  =  V^  =  -v/s ; 
\/3  =  3*  =  3'  =  V^  =  \/9. 
.'.  V3  is  greater  than  V2. 

(2)  Multiply  -^f^  by  VGx. 

y/Ia  =  (4  a)*  =  (4  a)8  =  V'(4  a)^  =  v'l6  cfi ; 
Vex  =  (6  x)*  =  (6x)*  =  v^(6x)8  =  \/216x8. 
.-.  vTa  X  Vex  =  V'le a^  x  216 x8  =  2  "v/si'^. 

(3)  Divide  "^J^  by  VEb, 

Vsa  =  (3a)*  =  (Sa)^  =  V(3  a)2  =  VOa^; 
V6^  =  (6  6)4  =  (6  6)*  =  v'(6  6)8  =  \/216  6«. 

.-.  Vs^  -4-  V66  =  x/-^^  =  —  v'1944 a26». 

\2i668     66 
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Exercise  19 


Express  as  entire  surds : 

1.  SVB;  5V32;  a^bVbc;  Sy^v^;  a'-v^o^^. 

2.  Babcy/^bT^',  f  VV^;  (^  +  1/) \ ^2  _^  2xy  +  ,/ 
ilxpress  as  mixed  surds  : 

'   3.    •v'leOajy;   •v^54 xY ;   v'ci^;   V^i372a^. 

Simplify ;  

..  (^)(^)*>  (^)(?)'.  (--)x«.. 

6.  Show  that  V20,  V45,  Vf  are  similar  surds. 

8/ 3/ 1    8^6 

7.  Show  that  2  Va*6^  V8^^  oA/t  are  similar  surds- 

8.  Arrange  in  order  of  magnitude  9  V3,  6  Vt,  5  VIo. 

9.  Arrange  in  order  of  magnitude  4  Vi,  3  Vo,  5  VS. 

10.  Multiply  3  V2  by  4V6;    Jv^  by  2v^2. 

11.  Divide  2  V5  by  3Vl5;    |  V2I  by  ^^^  V^. 

,0    Q-      v^    2Vl0^^7V48       4V15 

12.  Simplify  7=  X 7=  ^ 7=- 

3V27     5Vi4     15V21 

A.rrange  in  order  of  magnitude : 

13.  2^,  3V2,  ^y/i,  14.   3Vi9,  5v^,  3V3. 

Simplify : 

16.    Vo^x-v^o^;   3-v^4a^-^V2a»^. 
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166.  Tn  the  addition  or  the  subtraction  of  surds  each  surd 
must  be  reduced  to  its  simplest  form;  then,  if  the  resulting 
surds  are  similar, 

Add  the  rational  factors,  and  to  their  sum  annex  the  common 
surd  factor. 

If  the  resulting  surds  are  not  similar, 

Connect  them  with  their  proper  signs. 

167.  Operations  with  surds  will  be  more  easily  performed 
if  the  arithmetical  nimibers  contained  in  the  surds  are  expressed 
in  their  prime  factors,  and  if  fractional  exponents  are  used 
instead  of  radical  signs. 

(1)  Simplify  V27  +  V48  +  Viiz. 

\^  =  (38)i  =  3  X  3*  =  3  V3  ; 
Vis  =  (2*  X  8)*  =  23  X  3*  =  4  X  3*  =  4  V3; 
Vl47  =  (72  X  3)*  =  7  X  3*  =  7  Vi. 
.-.  V^  +  Vis  +  Vli7  =  (3  +  4  +  7)  Vs  =  14  VS. 

(2)  Simplify  2  -J^320  -  3  "V^. 

2\/320  =  2(2«  x5)*  =  2  x2»x5*  =  8V^; 
8->/io  =  3(28x6)*  =  3  x2  X  6i  =  6\^. 
.-.  2  "v/320  -  3  "v/io  =  S\/6-6>/6  =  2>/6. 

3 

168.  If  we  wish  to  find  the  approximate  value  of  —j=i  it 

will  save  labor  if  we  multiply  both  numerator  and  denomi- 
nator by  a  factor  that  will  render  the  denominator  rational ; 

in  this  case  by  V2. 
^  3  3V2        3V2 

Thus,  —7=  =  -7== 7=  = 

V2      V2  X  V2         2 

169.  It  is  easy  to  rationalize  the  denominator  of  a  fraction 
when  that  denominator  is  a  binomial  involving  only  quadratic 
surds.  The  factor  required  will  consist  of  the  terms  of  the 
given  denominator,  connected  by  a  different  sign. 
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Thus,  7^  will  have  its  denominator  rationalized  if  we  multiply 

both  terms  of  the  fraction  by  6  —  2  v  5.  -} 

n  -%yfl  __  (7  -  3  VS)  (6  -  2  V6)  _  72  ~  32  VS  _  9  _     ^ 
'    6  4-  2  V6  "  (6  +  2  Vs)  (6  -  2  V6)  "         16         "i 

170.  By  two  operations  the  denominator  of  a  fraction  may 
be  rationalized  when  that  denominator  consists  of  three  quad- 
ratic surds. 

Thus,  if  the  denominator  is  Ve  4-  V^  -  V^,  both  terms  of  the  frac- 
tion may  be  multiplied  by  VS  —  V3  +  'v^.  The  resulting  denominator 
will  be6  —  6  +  2V6  =  l  +  2V6;  and  if  both  terms  of  the  resulting  frac- 
tion are  moltiplied  by  1—2^6,  the  denominator  becomes  1—24  or  —23. 
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Simplify : 

1.  -v^-f  2V48-f3Vi08;   7  v^ -f  3  V^ -f  ■v^i32. 

2.  2V3-f 3Vii-V5j;   2V|  +  V60-Vi6-Vf. 

{^      Gv      f^^    0/2.0/1"     .   fl" 

4.   2 -J^ -f  3  V^i08 -f -5^500  -  v^320 -- 2 -v^iS^ 
6.   (-5^)*;  (V^)*;  (V^)«;  (V^)». 

6.  (a-v^)-«;  (a^)""*;  Cp^VF)*;  (a-^ -"s/oT^yK 

Extract  the  square  root  of  : 

7.  a:*"*-f  6  aj*"y-f  11  iB'"y'*  + 6  a; V*4-y*". 

8.  1-f  4aj""*-2aj-*-4a;-i-f  25aj"*-24a;"*  +  16a;-». 

9.  9 a;-*  -  18 aj-«y*  4- 15 ar-«y- 6  a;-iy'  + 2/2 

10.   Extract  the  cube  root  of 

8a;»  -f  12a^  _  30a;  -  35  -f  45ar-i  -f  27a;-«  -  27a;-» 


J  Mi  r-f'LLl'jL   AU.hhJlA 


H;a-j...'5v  : 


Fiiid  i*i[\i\\'*4i\iiui  fr4/^iouH  with  rational  denominators  for 
th<ii$  foUowiup^f  an/1  find  their  approximate  values: 


7  ,^,  7_2V34-3V2 

19     • — ♦  v25  ! 

'   2  \/n-V(i  '3-f3V3-2v'2 

4  -^  V2  3  VS  -  4  ^^ 

W.    V-'  26.  p: 7=- 

1-  -f'  V2  2  V5  -f  3  V2 

21.    =•  27. 


r>    2  \/f;  '  2  V5  -  V6 

2  "^ 

22.    -^-  '28. 


Va  '  V64-V3  +  V7 

Vn  -V2  V5-3V24.V7 

30.    Kxtmct.  ili«  mibo  root  of 


CHAPTEE  X 

QUADRATIC  EQUATIONS 

We  now  resume  the  subject  of  equations  where  we  left  it 
at  the  end  of  Chapter  VII.  Having  considered  equations  of 
the  first  degree  with  one  or  more  unknowns,  we  come  next  to 
the  consideration  of  quadratic  equations. 

171.  A  quadratic  equation  that  involves  but  one  unknown 
number  can  contain  only  ; 

1.  Terms  involving  the  square  of  the  unknown  number. 

2.  Terms  involving  the  first  power  of  the  unknown  number. 

3.  Terms  which  do  not  involve  the  unknown  number. 

If  the  similar  terms  are  combined,  every  quadratic  equation 
can  be  made  to  assume  the  form 

ax^  -f  ^ic  4-  c  =  0, 

where  a,  i,  and  c  are  known  numbers,  and  x  the  imknown 
number. 

If  a,  i,  c  are  given  numbers,  the  equation  is  a  numerical 
quadratic.  If  a,  ^,  c  are  numbers  represented  wholly  or  in 
part  by  letters,  the  equation  is  a  literal  quadratic. 

Thus,  a;2_gx  +  6  =  0i8a  numerical  quadratic, 

and  ax2  +  2  6x  +  3c  —  a5  =  0isa  literal  quadratic. 

172.  In  the  equation  ax*^  -f  5a;  -|-  c  =  0,  the  numbers  a,  5, 
and  c  are  called  the  coefficients  of  the  equation.  The  third 
term  c  is  called  the  constant  term. 

If  the  first  power  of  x  is  wanting,  the  equation  is  a  pure 
quadratic ;  in  this  case,  5  =  0. 

If  the  first  power  of  x  is  present,  the  equation  is  an  affected 
or  complete  quadratic. 

Ill 
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14.    ;r-4- 


X  —  5a      X  -\-3a      (x  —  5a)(x  +  3a) 

2(a  +  2b)      a-2x^  h^ 

^  '      a-\-2x     '^   a^-h    ""  (a  +  J)(a  +  2x)' 

175.   Solution  of  Affected  Quadratic  Equations. 

Since  (x-khy  is  identical  with  x^  ±  2  ^x  -f-  5^,  it  is  evident 
that  the  expression  x^-k2hx  lacks  only  the  third  term  11^  of 
being  a  perfect  square. 

This  third  term  is  the  square  of  half  the  coefficient  of  x: 

Every  affected  quadratic  may  be  made  to  assume  the  form 
x^  ■k2hx  =  c  by  dividing  the  equation  through  by  the  coeffi- 
cient of  x^  (§  171). 

To  solve  such  an  Equation  : 

The  first  step  is  to  add  to  both  members  the'square  of  half 
the  coefficient  of  x.     This  is  called  completing  the  square. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  solve  the  two  resulting  simple  equa- 
tions. 

(1)  Solve  the  equation  x^  —  8  cc  =  20. 

We  have  x2_8x  =  20. 

Complete  the  square,  a^  __  3  ^  +  16  =  36. 
Extract  the  root,  x  —  4  =  ±  6. 

Solve,  X  =  4  +  6  =  10, 

or  x  =  4-6  =  -2. 

The  roots  are  10  and  —  2. 

We  write  the  ±  sign  on  only  one  side  of  the  equation,  for  the  reason 
given  after  the  first  example  of  §  173. 

Verify  by  putting  these  numbers  for  x  in  the  given  equation : 


x  =  10. 

102  _  8  (10)  =  20, 

100  -  80  =  20. 


x  =  — 2. 
(_2)2-8(-2)  =  20, 
4  +  16  =  20. 
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(2)  Solve  the  equation  r-  =  — T"^* 

Free  from  fractions,        (x  +  1)  («  +  9)  =  (x  -  1) (4«  -  3). 

Simplify,  3x«-17x  =  6. 

Divide  by  3,  x2  -  i^  x  =  2. 

Complete  the  square,  x^  -  ^^x-^  {^)^  =  ^^. 

Extract  the  root,  x  —  Y  =  ±  V* 

Solve,  X  =  V  +  V-  =  ¥-  =  «» 

or  x=y-y  =-!  =  -}. 

The  roots  are  6  and  —  \. 

Verify  by  putting  these  numbers  for  x  in  the  original  equation : 
x  =  6. 
6  +  1      24-3 


6-1       6+9 


x  =  -i. 


-i+l^-J-J 
-J-1      -i+9 

-I      ¥' 


176.  When  the  coefl&cient  of  x^  is  not  unity,  we  may  pro- 
ceed as  in  the  preceding  section,  or  we  may  complete  the 
square  by  another  method. 

Since  (ax  ±  by  is  identical  with  a^^  ±  2  abx  -|-  ^^  it  is 
evident  that  the  expression  ahy^  ±  2  a Jx  lacks  only  the  third 
term  b^  of  being  a  perfect  square. 

This  third  term  is  the  square  of  the  quotient  obtained  by 
dividing  the  second  term  by  twice  the  square  root  of  the  first 
term. 

Every  affected  quadratic  may  be  macje  to  assume  the  form 
aV  ±2abx  =  c(^  171). 

To  solve  such  an  equation : 

The  first  step  is  to  complete  the  square  ;  to  do  this,  we  divide 
the  second  term  by  twice  the  square  root  of  the  first  term,  square 
the  quotient,  and  add  the  result  to  each  member  of  the  equation. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  reduce  the  two  resulting  simple  equations. 
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3  1 

(4)  Solve  the  equation  -z 7: z  =  2. 

^  ^  0  —  X      2x  —  0 

SimpUfy ,  4  x2  _  28  x  =  -  30. 

Multiply  by  four  times  the  coefficient  of  x^,  and  add  to  each  side  the 
square  of  the  coefficient  of  x, 

64x2  -  (  )  +  (23)2  =  629  -  480  =  49. 
Extract  the  root,  8  x  —  23  =  ±  7. 

Solve,  8x  =  23±7. 

.-.  8x  =  30  or  16. 
/.  X  =  3f  or  2. 

If  a  trinomial  is  a  perfect  square,  its  root  is  found  by  taking  the  roots 
of  the  first  and  third  terms  and  connecting  them  by  the  sign  of  the  middle 
term.  It  is  not  necessary,  therefore,  in  completing  the  square,  to  write 
the  middle  term,  but  its  place  may  be  indicated  as  in  this  example. 

(5)  Solve  the  equation  72'aj2  -  30  «  =  -  7. 

Since  72  =  2^  x  32,  if  the  equation  is  multiplied  by  2,  the  coefficient  of 
x*  in  the  resulting  equation,  144  x2  —  60  x  =  -  14,  is  a  square  number, 
and  the  term  required  to  complete  the  square  is  (f  J)2  =  (|)2  =  ^. 

Hence,  if  the  original  equation  is  multiplied  by  4  x  2,  the  coefficient 
of  x2  in  the  resuli  is  a  square  number,  and  fractions  are  avoided  in  the 
work. 

Multiply  the  given  equation  by  8, 

676x2 -240x  =  - 66. 

Complete  the  square,   676  x2  —  ( )  4-  26  =  —  3L 

Extract  the  root,  24x -- 6  =  j:  V--31. 

Solve,  24 X  =  5  ±  V-31. 

.•.x  =  3^(5±V33i). 

Note.  In  solving  the  following  equations  care  must  be  taken  to  select 
the  method  best  adapted  to  the  example  under  consideration. 

Exercise  22 

Solve : 

1.  x^-2x  =  lb.  5.  a;2- 13a; +  42  =  0. 

2.  a;2_14a;  =  -48.  6.  aj*  -  21  x -f  108  =  0. 

3.  a;2-a;  =  12.  7.  2  ic^ -f  a;  =  6. 

4.  aJ2-3x  =  28.  8.  4 x^  4- 7 aj  =  16. 
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9.   3x2 -19aj-f  28  =  0.        n    ex^-x  =  12. 
10.    4a;2  4-17aj- 15  =  0.        12.    Sa;^  -  ^x  +  4  =  0. 

13.  6  a;2  —  7  ic  4-  5  =  0. 

14.  2^^4-(a;  +  l)(x  +  2)=0. 

-  15.    (a:-5)'^  +  aj2-5  =  16(a;  +  3). 
a;2      3  a; -19  _  11  4- x        ^  6  a;      _  8 

20^2-11      aj  +  1  x-^2      4  — x-T 

17  = . .  22     — =  —  . 

2x4-3  2  aj-l         2a;         3 

^aj4-l      X       11                      ««a;  —  6,a;4-5        . 
18.    — -^— 4-7;  =  ;r--  23.    ;r  4-  »       .   .  =  1» 


19. 


X  6      2x  x-2      2x4-1 

x^  — 4  .  2x  .1  — 2x     ..     X  — 3.      X  — 4         1 

3x 


"^  6  ""^"^      5      *   ^^'   x4-4"^2(x-l)""2' 
20.    .+|±|  =  2(.-2).         .5.  §±1+1^  =  ^, 

^      x-5,x-8         80      ,1 

26 = 4 —  • 

x4-3x-3      x2-9^2 

1.7  14         x-4 

27. = . 

x-3      x4-3      x2-9      X4-3 

3x4-5      X4-3  _  X  — 1 
x4-3        ic-3""x2-9' 

^      x4-l,«4-2      2x4-13 

29.   7  4 t:  = :; —  • 

X  — 1      X  — 2         x4-l 

^^    2x-l   .  3x-l  .  7-x      , 

30.  — —J- 4 -^4 7  =  4. 

x4-l         x4-2        X  —  1 

"•   l-5a!  +  l+6a;+     26a!»-l     +^-«- 


I 


120  COLLEGE   ALGEBRA 

x+7         1— X 


32. 


9-4x2      2x4-3      2x-3 


33    2x  +  l      2(x  +  l) 

^^'     x  +  3   +     x  +  2     -^^- 


178.   Literal  quadratics  are  solved  as  follows  : 
(1)  Solve  the  equation  ox^  +  ix  -f  c  =  0. 

Transpose,  ox^  +  &ic  =  —  c. 

Multiply  the  equation  by  4  a  and  add  the  square  of  &, 

4a2x2  +  ( )  +  6^  =  &2  -4ac. 
Extract  the  root,  2az  +  b  =  ±  V6^  —  4 oc. 


Solve,         '  2  ax  =  -  6  ±  V&^-4ac. 


.-.  X  = 


2a 


(2)  Solve  the  equation  adx  —  acx^  =  icx  —  bd. 

Transpose  bcz  and  change  the  signs, 

acx'^  +  hex  —  adx  =  M . 

Express  the  left  member  in  two  terms, 

acs^  +  (he  —  ad)  X  =  hd. 
Multiply  by  4  ac, 

4  a^c^^  +  4  oc  {&c  —  ad)  x  =  4  oftcd. 

Complete  tlie  square, 

4a2c2x3  +  ( )  +  (6c  -  (wQ2  =  If^c^  +  2abcd  +  a^. 

Extract  the  root,     2  acx  +  (6c  —  ad)  =  ±  (6c  +  ad). 

Solve,  2  acx  =  —  (6c  —  a(i)  ±  (6c  +  ad). 

.-.  2  acx  =  2  ad  or  —  2  6c. 

d  6 

.*.  X  =  -  or . 

c  a 

..I 

(3)  Solve  the  equation  px^  —px-i-  qx^  -\-  qx  =  -^-^ — 

Express  the  left  member  in  two  terms, 

(p  +  g)x2-(p-g)x  =  ^-. 

Multiply  by  4  times  the  coefficient  of  x^, 

4  (p  +  g)2aj2  _  4  (p2  _  g2)  ^  -  4pg, 
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Complete  the  square, 

4(p  4-  g)2x2  -  ( )  +  (p  -  g)2  =  p2  +  2pgf  +  gS. 

Extract  the  root,  2  (p  +g)  x—  (p  —  g)  =  i  (p  +  g). 
Solve,  '  2(p  +  g)a  =  (p~g)±(p  +  gf). 

.-.  2(p  +  g)x  =  2p  or  —2q, 

P  Q 

.-.  X  =  — - —  or  —     ^ 


P+Q  P+g 

Oftserrc  that  the  left  member  of  the  simplified  equation  must  he  expressed 
in  two  terms^  simple  or  compound^  the  first  term  involving  x^,  the  second 
involving  x. 

Exercise  23 

Solve : 

11.    2Qi^^-  —  =  (a-\-h)x. 


2.    x^-\'la^  =  Sax. 


2 


3.  4a;(a;-a)  +  a2  =  i2.  12.  {x-^rrif-\-{x-mf  =  bmx. 

4.  — --3-  =  2a(a!  +  2a).  13.  aa? +  5a?x  +  ~  =  0. 

5.  a^  =  ax-+b.  j4  6(a -a;)'  =  (J  -  l)ar«. 
(x  +  ay      (x  -  aV 

®-    ^^==       i^"  15.  _^+±±*=_2_. 

a  —  x  X  a  —  x 

7.   0^-2=   3 


16.  J-  =  — 

8.    or  —  (a -{- 0)  X  =  ■— ab. 

mn  x  —  La  a  a 

2x(a  —  x)      a  ^^  ax  ,  a-\-x      ba-\-x 

^  •     Za-2x       4  i^  ^     a;  2i 

aft  ,  _  ,        _.        ' 

19.    r-  =  a  -\-  0  —  (a  —  o)x. 


20. 


ax  —  fta; 

Bab  —  3'b^  —  ax  ^  2 a-\-x 
2a  — X         "■       3 
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3a    X  +  4:a        7  a^  -\-2ax  —  a^ 
14.  zr--^- 


X  —  5a      X  -^  3a      (x  —  5a)(x  +  Sa) 

2(a  +  2b)      a-2x                   b^ 
15.   ^  \,  M -^ 


a  -\-2x  a  •\-b        (a  -^  b)  (a  -\- 2  x) 

175.   Solution  of  Affected  Quadratic  Equations. 

Since  (x±by  is  identical  with  x^  ±2bx  +  b^,  it  is  evident 
that  the  expression  x^  d:2bx  lacks  only  the  third  term  b^  of 
being  a  perfect  square. 

This  third  term  is  the  square  of  half  the  coefficient  of  x. 

Every  affected  quadratic  may  be  made  to  assume  the  form 
x^  d:2bx  =  c  by  dividing  the  equation  through  by  the  coeffi- 
cient of  x^  (§  171). 

To  solve  such  an  Equation : 

The  first  step  is  to  add  to  both  members  the'square  of  half 
the  coefficient  of  x.     This  is  called  completing  the  square. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  solve  the  two  resulting  simple  equa- 
tions. 

(1)  Solve  the  equation  aj^  —  8  a;  =  20. 

We  have  x2_8x  =  20. 

Complete  the  square,  x^  _  3  ^  +  16  =  36. 
Extract  the  root,  x  —  4  =  i  6. 

Solve,  X  =  4  -f-  6  =  10, 

or  x  =  4-6  =  -2. 

The  roots  are  10  and  —  2. 

We  write  the  ±  sign  on  only  one  side  of  the  equation,  for  the  reason 
given  after  the  first  example  of  §  173. 

Verify  by  putting  these  numbers  for  x  in  the  given  equation  : 


x  =  10. 

102  __  8  (10)  =  20, 

100  -  80  =  20. 


x  =  -2. 
(-2)2-8(-2)  =  20, 
4  4- 16  =  20. 
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(2)  Solve  the  equation =  — T"^* 

Free  from  fractions,        (x  +  1)  («  +  9)  =  («  -  1)  (4  x  —  3). 

Simplify,  3x2-17x  =  6. 

Divide  by  3,  x^  -  V  x  =  ^• 

Complete  the  square,  x^  -  Y*  +  (V)^  =  ¥V^- 

Extract  the  root,  x  —  V-  =  ±  J^. 

Solve,  X  =  V  +  V-  =  V-  =  «, 

or  x  =  V--Y=~i  =  -i. 

The  roots  are  6  and  —  J. 

Verify  by  putting  these  numbers  for  x  in  the  original  equation  : 
x  =  6. 
6  +  1      24-3 


6-1       6+9 


X  —  —  y. 


-i-1      -i+9 


-I      ¥ 

176.  When  the  coefl&cient  of  x^  is  not  unity,  we  may  pro- 
ceed as  in  the  preceding  section,  or  we  may  complete  the 
square  by  another  method. 

Since  (ax  ±  by  is  identical  with  a^^  ±  2  ahx  +  b^^  it  is 
evident  that  the  expression  a^x^  ±  2  abx  lacks  only  the  third 
term  b^  of  being  a  perfect  square. 

This  third  term  is  the  square  of  the  quotient  obtained  by 
dividing  the  second  term  by  twice  the  square  root  of  the  first 
term. 

Every  affected  quadratic  may  be  ma(|.e  to  assume  the  form 
a'x^  ±2abx=zc{%  171). 

To  solve  such  an  equation : 

The  first  step  is  to  complete  the  square  ;  to  do  this,  we  divide 
the  second  term  by  twice  the  square  root  of  the  first  terrnj  square 
the  quotient,  and  add  the  result  to  each  member  of  the  equation. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  reduce  the  two  resulting  simple  equations. 
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177.   Numerical  quadratics  are  solved  as  follows  : 

(1)  Solve  the  equation  16x^  +  5x  —  S  =  7 x^  —  x +  ^5. 

Simplify,  9  x^  _|.  e  a  =  48. 

Complete  the  square,  Ox^  +  6  x  +  1  =  49. 
Extract  the  root,  8  x  +  1  =  i  7. 

Solve,  3x  =  -H-7or~l-7. 

.-.  3x  =  6  or  -8. 
.-.  X  =  2  or  —  2f . 

Verify  by  substituting  2  for  x  in  the  equation 

16x2  +  5x  -  3  =  7x2  -  X  +  46. 

16  (2)3  +  6  (2)  -  8  =  7  (2)2  -  (2)  +  45, 
64  +  10  -  3  =  28  -  2  +  45, 
71  =  71. 

Verify  by  substituting  —  2|^  for  x  in  the  equation 

16x2  -|-5x-3  =  7x2-x  +  45. 

16(-f)2  +  6(-|)-3  =  7(-|)2-(-f)+45, 
iP^  -  A^  -  3  =  1^  +  f  +  45, 
1024  -  120  -  27  =  448  +  24  +  405, 
877  =  877. 

(2)  Solve  the  equation  3  a;*  —  4  a;  =  32. 

Since  the  exact  root  of  3,  the  coefficient  of  x2,  cannot  be  found,  it  is 
necessary  to  multiply  or  divide  each  term  of  the  equation  by  3  to  make 
the  coefficient  of  x2  a  aqvare  number. 

Multiply  by  8,  9  x2  -  12  x  =  96. 

Complete  the  square,  9x2  —  12x  +  4  =  joo. 
Extract  the  root,  3  x  —  2  =  ±  10. 

Solve,  8x  =  2  +  10  or  2  -  10. 

.-.  3x  =  12  or  -8. 
.-.  X  =  4  or  -  2f 

Or,  divide  by  3,  a;i  -  ^  =  ^ . 

•^  3        3 

,  X    .V  ,      4x      4      32  .  4      100 

Complete  the  square,     x2  — —  +  -  =  —  +  -  =  — -. 

o      v      t>      y       y 

«...!..  2  10 

Extract  the  root,  x  —  -  =  ±   -  • 
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2  ±10 


»  %  JCf  — 


3 


=  4  or  -  2|. 
Verify  by  substituting  4  for  x  in  the  original  equation, 

48  -  16  =  32, 
32  =  32. 

Verify  by  substituting  —  2\  for  x  in  the  original  equation, 

21J  +  lOJ  =  32, 
32  =  32. 

(3)  Solve  the  equation  — 3a;^  +  6a;  =  —  2. 

Since  the  even  root  of  a  negative  number  is  impossible,  it  is  necessary 
to  change  the  sign  of  each  term.     The  resulting  equation  is 

3x2~6x  =  2. 
Multiply  by  8,  ^x^-\hx  =  6. 

Complete  the  square,  9  x*  —  15  x  +  ^ -  =  ^-. 
Extract  the  root,  8  x  —  f  =  ±  J. 

Solve,  8  X  =  . 

2 

.*.  3  X  =  6  or  —  1. 

.*.  X  =  2  or  —  J. 

Or,  divide  by  8,  x^ =  - . 

'  "^    '  3       3 

r.        1  *    *v                        „      6x  ,  25      49 
Complete  the  square,       x^ 1 =  — . 

3       36      36 
Extract  the  root,  x  —  |  =  ±  J. 

.-.  X  = =  2  or  —  4, 

6  ' 

If  the  equation  3x2  —  6x  =  2is  multiplied  by  four  times  the  coefficient 
of  x^,  fractions  will  be  avoided. 

36x2-60x  =  24. 
Complete  the  square,  36  x^  -  60x  +  26  =  49. 
Extract  the  root,  6  x  —  5  =  ±  7. 

Solve,  6x  =  5±7. 

.-.  6  X  =  12  or  -  2. 
.-.  X  =  2  or  —  \, 

It  will  be  observed  that  the  number  added  to  complete  the  square  by 
this  last  method  is  the  square  of  the  co^cient  of  x  in  the  original  equa- 
tion 3  x^  -  5  x  =t  2. 
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x+7         1—x 


82. 


9-4a;«      2a;4-3      2x-3 


178.   Literal  quadratics  are  solved  as  follows : 
(I)  Solve  the  equation  ax*  +  ftx  4-  c  =  0. 

Traii8{>ose,  ax«  +  &x  =  -  c 

Multiply  the  equation  by  4a  and  add  the  square  of  6, 

Kxtiaict  the  it>ot»  2ag-f6  =  ±  Vy  ~4ac 

-6±vV~4«c 

Xtk^p(S(t(f9t  hat  and  <^UA|^  tb(  «a|il^ 

4  flV^ -^  4  «r  <Kf  ~  Jii)«  =:  *  *ftci. 

4o^r^  -^  {)  -^  ^-«^=:>iM-f  Jidc^-l-a*^. 
^fi?rt7iM'4  iht  TODi.     i  oca-  •f(?ic-ii^=:i:<Kr-»'  «5^. 

.-. ^lusr^^od  or  —She 


.  a-  =      or 


ill 


lBKt«nw<>  the  teft  memhrtr  Ui  Jti?»r.  t^rms. 
^tfultlTih- 1?7  4  Umitf:  the  r.(vfli,^i<».nt  of  a*-. 
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Complete  the  square, 

4(p  +  g)2xa  -  (  )  +  (p  _  g)2  =p2  +  2pq  +  qK 
Extract  the  root,  2  (p  +Q') «—  (p  —  Q')  =  rb  (p  +  g). 
Solve,  '  2(p  +  g)x  =  (p -g)±(p  +  g). 

.-.  2  (p .+  g) X  =  2p  or  —  2  g. 

P  q 

.*.  X  =  — ^ —  or  —     ' 


P+Q         p+q 

Observe  that  the  left  member  of  the  simplified  equation  must  be  express^ 
in  two  terms,  simple  or  compound,  the  first  term  involving  x^,  the  second 
involving  x. 

Exercise  23 

Solve : 

11.    2Qi^-\-  —  =  (a-\-h)x. 

2.  aj2  +  7a2  =  8ax.  ^ 

3.  4a;(a;-a)  +  a2  =  i2^  12.   {x^mf-\-(x--mf  =  5mx, 

4.  --Y  =  2a(aj4-2a).        13.    aa^  +  Sa^a;  +  ^  =  0. 

5.  7?=^ax*^-h.  14^    J(a-a;)«  =  (Z>-l)««. 
(a;  +  ay      (x  -  a)« 

a}  h^  15. h 


a  —  x  X  a  —  x 


X        3 

lb.     T- —  — r 

•                  ^                        TV                                               7  X    —    0                                 2 

8.   ar  —  (a  + 1>)  aj  =  —  ao. 


mn 


a 


2 x(a  —  x)      a  ^     ax  ,  aA-x      BaA-x 

*        3a-2aj        4  ^»2  "^     a;  2^> 

«^  .         7  /  7V  ' 

19.    7-  =  a  -\-  0  —  (a  —  o)x. 


20. 


aa;  —  ^aj 

6 a6  —  3 ft^  —  aa:  __  2a-\-x 
2a-x         "■       3 


ZjL,  <.^XJ^\^h     i^U^ 


C^f^  Ir*  iv 


•    i 


/'rV^  >f-*i«  ;C  r  —  lii 


r 

a      2/>      (a      *Zh)X       x^ 

(I  04;-      ux    ■  h'jn 

Ml.  -«  ^    — '^^ — • 

*     a      (♦      0      (a  -  o)  (x  —  a) 

Hii.   4»(4«  I  ^^     A)-*auj(a4- l)-(»4-^)*(a-*)• 


4>  .  (4w**      H*)/^H      4/H'4-n* 
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The  given  equation  may  be  written 

(x-l)(x2-aj--12)  =  0, 
or  {z  -  1)  («  +  3)  (a;  -  4)  =  0. 

Therefore,  the  roots  are  1,  4,  —  3. 

(6)  Solve  the  equation  x(x^  —  9)  =  a  (a^  —  9). 

If  we  put  a  for  x,  the  equation  is  satisfied;  therefore  a  is  a  root  (§  87) 
Transpose  all  the  terms  to  the  left  member  and  divide  by  x  —  a. 
The  given  equation  may  be  written 

(X  -  a)  (x2  4-  ax  +  a2  --  9)  =  0, 

and  is  satisfied  if  x  —  a  =  0,  or  if  x^  +  ax  +  a^  —  9  =  0. 
The  roots  are  found  to  be 


-a+  V36--3a2      _a--V36-3a2 


Ezercise  24 
Find  all  the  roots  of : 

1.  (x-.l)(a;-2)(a^-4x  +  8)  =  0o 

2.  (a:«-2aj  +  2)(a2-6x  +  7)  =  0. 

3.  aj«  +  27  =  0. 

4.  x*-81  =  0. 

6.  aj«-27  +  4(x2-9)  =  0. 

6.  aj*  +  9ar»- 16(0^2 ^9)^0^ 

7.  2x«-h3a:^-2aj-3  =  0. 

8.  aj*-4a;«  +  8a2-32a;  =  0. 

9.  aj«-aj- 6  =  0. 

10.  aj»-6a2-hllx-6  =  0. 

11.  x*-3aj«-8a^  +  6a;  +  4  =  0. 

12.  aj«  +  i»^-14a;-24  =  0. 

18.  aj*-6a;«  +  9»*  +  4a;-12  =  0. 
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180.  Solutions  by  Factoring.  A  quadratic  which  has  been 
reduced  to  its  simplest  form,  and  has  all  its  terms  written 
on  one  side,  may  often  have  that  side  resolved  into  factors  by 
inspection. 

In  this  case  the  roots  are  seen  at  once  without  completing 
the  square. 

(1)  Solve  ««  4- 7  a  -  60  =  0. 

Since  a;^  4-  7  x  -  60  =  (a;  +  12)  (x  -  5), 

the  equation  x^  ^  7  jc  _  60  =  0 

may  be  written  (x  -f  12)  (x  —  5)  =  0. 

It  will  be  observed  that  if  either  of  the  factors  x  +  12  or  x  —  6  is  0, 
the  product  of  the  two  factors  is  0,  and  the  equation  is  satisfied. 

Hence,  x  +  12  =  0,  or  x  —  5  =  0. 

.-.  X  =  —  12,   or  x  =  6. 

(2)  Solve  a* -h  7  a  =  0. 

The  equation  x^  +  7  x  =  0 

becomes  x  (x  +  7)  =  0, 

and  is  satisfied  if  x  =  0,  or  if  x  +  7  =  0. 

Therefore,  the  roots  are  0  and  --  7. 

It  will  be  observed  that  this  method  is  easily  applied  to  an  equation 
all  the  terms  of  which  contain  x. 

(3)  Solve  2  ««-««- 6  aj  =  0. 

The  equation  2x8  _  ««  -  6x  =  0 

becomes  x  (2  x^  —  x  —  6)  =  0, 

and  is  satisfied  if    x  =  0,  or  if  2  x^  --  x  --  6  =  0. 

By  solving  2x2  —  x--6  =  0  the  two  roots  2  and  —  J  are  found. 
Therefore,  the  equation  has  three  roots,  0,  2,  —  }. 

(4)  Solvea;»4-«^  — 4  a;  — 4  =  0. 

The  equation  x'  +  x^  —  4x  —  4  =  0 

becomes  x^{z  +  1)  -  4(x  +  1)  =  0, 

or  (x2-4)(x  +  l)  =  0. 

Therefore,  the  roots  of  the  equation  are  —  1,  2,  —  2. 

(5)  Solve  a;8  -  2  a;2  -  11  aj  4- 12  =  0. 

By  trial  we  find  that  x  —  1  is  a  factor  of  the  left  member  (§  87). 
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The  given  equation  may  be  written 

(X  -  1)  (x2  -  X  -  12)  =  0, 
or  {z  -  1)  (a  +  3)  (x  -  4)  =  0. 

Therefore,  the  roots  are  1,  4,  —  3. 

(6)  Solve  the  equation  x(x^  —  9)  =  a  (a*  —  9). 

If  we  put  a  for  x,  the  equation  is  satisfied;  therefore  a  is  a  root  (§  87) 
Transpose  all  the  terms  to  the  left  member  and  divide  by  x  —  a. 
The  given  equation  may  be  written 

(X  --  a)  (x2  4-  ax  +  a2  -  9)  =  0, 

and  is  satisfied  if  x  -  a  =  0,  or  if  x2  +  ox  +  a^  -  9  =  0. 
The  roots  are  found  to  be  , 


-a+  V36-3a2      -.a-V36-3a2 


Ezercise  24 

Find  all  the  roots  of : 

1.  (x-l)(aj-2)(aj«-4aj  +  8)  =  0o 

2.  (aj2-2a;  +  2)(ic2-6«  +  7)  =  0. 

3.  aj«  4-27  =  0. 

4.  aj*-81  =  0. 

6.  aj«-27  +  4(x»-9)  =  0. 

6.  aj*  +  9ar»-16(ar»  +  9)  =  0. 

7.  2aj»-h3a^-2aj-3  =  0. 

8.  aj*-4aj»-h8cc2_32a;  =  0. 

9.  a;*  —  a;  —  6  =  0. 

10.  x*-ex^  +  llx-6  =  0. 

11.  «*- 3a;* -8a^  + 6a;  4-4  =  0. 

12.  a;*4-a;^-14a;-24  =  0. 

18.  a;*-6a;«4-9»'4-4a;-12  =  0. 
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"^  14.  aj(aj  -  3)  (a;  +  1)  =  a(a  -  3)  (a  + 1). 

15.  a;  (x  -  3)  (aj  4- 1)  =  20. 

16.  (aj-l)(x-2)(aj-3)  =  24. 

17.  {x  +  2)  (x  -  3)  (aj  +  4)  =  240. 

18.  (a;  +  l)(a;4-5)(aj-6)  =  96. 

181.   Character  of  the  Roots.     Every  quadratic  equation  can 
be  made  to  assume  the  form 

ax^  +  ^35  rf-  c  =  0. 

« 

Solving  this  equation,  §  178,  Example  (1),  we  obtain  for  its 
two  roots 


_54-V^rr4^     _ 5 _ V J2 __ 4 


ac 


i 


2a  2a 

There  are  two  roots,  and  only  two  roots,  since  there  are  two, 
and  only  two,  square  roots  of  the  expression  ^  —  4  ac. 

As  regards  the  character  of  the  two  roots,  there  are  three 
cases  to  be  distinguished  : 

1.  5^  —  4  ac  positive.  In  this  case  the  roots  are  real  and 
different.  That  the  roots  are  different  appears  by  writing 
them  as  follows : 


h        '^JW^A.ac  b        V6^-4ac 

2a  2  a  2  a  2  a 

these  expressions  cannot  be  equal  since  5'  —  4  ac  is  not  zero. 

If  i^  —  Aae  is  a  perfect  square,  the  roots  are  rational.     If 
d'  —  4  CM?  is  not  a  perfect  square,  the  roots  are  surds. 

2.  ^^  —  4  oc  =  0.     In  this  case  the  two  roots  are  real  and 
equal,  since  they  both  become  —  —  • 

3.  V  --iae  negative.    In  this  case  both  roots  have  a  real 
part  and  an  imaginary  part  and  are  called  imaginary  roots. 
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If  we  write  them  in  the  form 


2a  2a  2a  2a 

we  see  that  two  imaginary  roots  of  a  quadratic  cannot  be  equals 
smce  ^  —  4  ac  is  not  zero.     They  have  the  same  real  part, 

—  ^7—f  and  the  same  imaginary  parts  with  opposite  si^ns. 
J  a 

Such  expressions  are  called  conjugate  expressions. 
The  above  oases  may  also  be  distinguished  as  follows : 

1.  b'  —  4  ac  >  0,  roots  real  and  different. 

2.  b*  —  4  ac  =  0,  roots  real  and  equaL 

3.  b'  —  4  ac  <  0,  roots  imaginary. 

182.  By  calculating  the  value  of  ft*  —  4  ac  we  can  determine 
the  character  of  the  roots  of  a  given  equation  without  solving 
the  equation. 

(1)  aj2-5« 4-6  =  0. 

Here  a  =  1,    6  =  --  5,     c  =  6. 

Therefore,  b^ -4ac  =  2b -24  =  1. 

The  roots  are  real  and  different,  and  rational. 

(2)  3a:*-h7a;-^l  =  0. 

Here  a  =  3,    6  =  7,    c  =  —  1. 

Therefore,  62  _  4  ^c  =  49  +  12  =  61. 

The  roots  are  real  and  different,  and  are  both  surds. 

(3)  4^2  __  12x4-9  =  0. 

Here  a  =  4,    6  =  —  12,    c  =  9. 

"Therefore,  62  --  4  oc  =  144  —  144  =  0. 

The  roots  are  real  and  equal. 

(4)  2a:»-3a4-4  =  0. 

Here  a  =  2,    6  =  -3,    c  =  4. 

Therefore,  62 -4ac  =  9-32  =  -2a 

The  roots  are  both  imaginary. 
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If  the  problem  is  changed  so  as  to  read :  What  is  the  price 
of  eggs  per  dozen  when  2  less  in  a  shilling's  worth  raises  the 
price  1  penny  per  dozen  ?  the  algebraic  statement  is 

12        12  _  1 
a;  --  2      aj  ■"  12 ' 

The  solution  of  this  equation  gives  x  =  18  or  —  16. 

Hence,  the  number  18,  which  had  a  negative  sign  and  was  inapplicable 
in  the  original  problem,  is  here  the  true  result,  while  the  —  16  is  inappli- 
cable in  this  problem. 

Ezercise  26 

1.  The  product  of  two  consecutive  numbers  exceeds  their 
sum  by  181.     Find  the  numbers. 

2.  The  square  of  the  sum  of  two  consecutive  numbers  ex- 
ceeds the  sum  of  their  squares  by  220.     Find  the  numbers. 

3.  The  difference  of  the  cubes  of  two  consecutive  numbers 
is  817.     Find  the  numbers. 

.  4.   The  difference  of  two  numbers  is  5  times  the  less,  and 
the  square  of  the  less  is  twice  the  greater.     Find  the  numbers. 

6.  The  numerator  of  a  certain  fraction  exceeds  the  denomi- 
nator by  1.  If  the  numerator  and  denominator  are  inter- 
changed, the  sum  of  the  resulting  fraction  and  the  original 
fraction  is  2^\^.     Find  the  original  fraction. 

6.  The  denominator  of  a  certain  fraction  exceeds  twice  the 
numerator  by  3.  If  3^;^  is  added  to  the  fraction,  the  result- 
ing fraction  is  the  reciprocal  of  the  original  fraction.  Find 
the  original  fraction. 

7.  A  farmer  bought  a  number  of  geese  for  $24.  Had  he 
bought  2  more  geese  for  the  same  money,  he  would  have  paid 
J  of  a  dollar  less  for  each.  How  many  geese  did  he  buy,  and 
what  did  he  pay  for  each  ? 

State  the  problem  to  which  the  negative  solution  applies. 
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8.  A  laborer  worked  a  number  of  days  and  received  for 
his  labor  $36.  Had  his  wages  been  20  cents  more  per  day, 
he  would  have  received  the  same  amount  for  2  days'  less 
labor.  What  were  his  daily  wages,  and  how  many  days  did 
he  work  ? 

State  the  problem  to  which  the  negative  solution  applies. 

9.  For  a  journey  of  336  miles,  4  days  less  would  have 
sufficed  had  I  traveled  2  miles  more  per  day.  How  many 
days  did  the  journey  take  ? 

State  the  problem  to  which  the  negative  solution  applies. 

10.  A  farmer  hires  a  number  of  acres  for  $420.  He  lets 
all  but  4  acres  for  $420,  and  receives  for  each  acre  $2.50  more 
than  he  pays  for  it.     How  many  acres  does  he  hire  ? 

11.  A  broker  sells  a  number  of  railway  shares  for  $3240. 
A  few  days  later,  the  price  having  fallen  $9  a  share,  he  buys, 
for  the  same  sum,  5  more  shares  than  he  had  sold.  Find  the 
number  of  shares  transferred  on  each  day,  and  the  price  paid. 

12.  A  man  bought  a  number  of  sheep  for  $300.  He  kept 
15  and  sold  the  remainder  for  $270,  gaining  half  a  dollar  on 
each  sheep  sold.  How  many  sheep  did  he  buy,  and  what  did 
he  pay  for  each  ? 

13.  The  length  of  a  rectangular  lot  exceeds  its  breadth  by 
20  yards.  If  each  dimension  is  increased  by  20  yards,  the 
area  of  the  lot  will  be  doubled.  Find  the  dimensions  of  the 
lot. 

14.  Twice  the  breadth  of  a  rectangular  lot  exceeds  the 
length  by  2  yards ;  the  area  of  the  lot  is  1200  square  yards. 
Find  the  length  and  the  breadth. 

16.  Three  times  the  breadth  of  a  rectangular  field,  the  area 
of  which  is  2  acres,  exceeds  twice  the  length  by  8  rods.  At  $5 
per  rod,  what  will  it  cost  to  fence  the  field  ? 
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16.  Two  pipes  running  together  fill  a  cistern  in  10^  hours ; 
the  larger  pipe  will  fill  the  cistern  in  6  hours  less  time  than 
the  smaller  pipe.  How  long  will  it  take  each  pipe,  running 
alone,  to  fill  the  cistern  ? 

17.  Three  workmen.  A,  B,  and  C,  dig  a  ditch.  A  can  dig 
it  alone  in  6  days  more  time,  B  in  30  days  more  time,  than  the 
time  it  takes  the  three  to  dig  the  ditch  together ;  C  can  dig 
the  ditch  in  3  times  the  time  the  three  dig  it  in.  How  many 
days  does  it  take  the  three,  working  together,  to  dig  the  ditch  ? 

18.  A  cistern  with  a  capacity  of  900  gallons  can  be  filled 
by  two  pipes  running  together  in  as  many  hours  as  the  larger 
pipe  brings  in  gallons  per  minute ;  the  smaller  pipe  brings  in 
per  minute  1  gallon  less  than  the  larger  pipe.  How  long  will 
it  take  each  pipe  by  itself  to  fill  the  cistern  ? 

19.  A  number  is  formed  by  two  digits,  the  second  being 
less  by  3  than  one-half  the  square  of  the  first.  If  9  is  added 
to  the  number,  the  order  of  the  digits  is  reversed.  Find  the 
number. 

20.  A  number  is  formed  by  two  digits ;  5  times  the  second 
digit  exceeds  the  square  of  the  first  digit  by  4.  If  3  times 
the  first  digit  is  added  to  the  number,  the  order  of  the  digits 
is  reversed.     Find  the  number. 

21.  A  boat's  crew  row  3  miles  down  a  river  and  back  again 
in  1  hour  and  15  minutes.  Their  rate  in  still  water  is  3  miles 
per  hour  faster  than  twice  the  rate  of  the  current.  Find  the 
rate  of  the  crew  and  the  rate  of  the  current. 

22.  A  jeweller  sold  a  watch  for  $22.75  and  lost  on  the  cost 
of  the  watch  as  many  per  cent  as  the  watch  cost  dollars.  What 
was  the  cost  of  the  watch  ? 

23.  A  farmer  sold  a  horse  for  $138  and  gained  on  the  cost 
I  as  many  per  cent  as  the  horse  cost  dollars.  Find  the  cost 
of  the  horse. 
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24.  A  broker  bought  a  number  of  $100  shares,  when  they 
were  a  certain  per  cent  below  par,  for  $8500.  He  afterwards 
sold  all  but  20,  when  they  were  the  same  per  cent  above  par, 
for  $9200.  How  many  shares  did  he  buy,  and  what  did  he 
pay  for  each  share  ? 

25.  A  drover  bought  a  number  of  sheep  for  $110 ;  4  having 
died,  he  sold  the  remainder  for  $7.33^  a  head  and  made  on 
his  investment  4  times  as  many  per  cent  as  he  paid  dollars 
for  each  sheep  bought.  How  many  sheep  did  he  buy,  and  how 
many  dollars  did  he  make  ? 

26.  A  certain  train  leaves  A  for  B,  distant  216  miles; 
3  hours  later  another  train  leaves  A  to  travel  over  the  same 
route ;  the  second  train  travels  8  miles  per  houi'  faster  than 
the  first,  and  arrives  at  B  45  minutes  behind  the  first.  Find 
the  time  each  train  takes  to  travel  over  the  route. 

27.  A  coach,  due  at  B  12  hours  after  it  leaves  A,  after 
traveling  from  A  as  many  hours  as  it  travels  miles  per  hour, 
breaks  down ;  it  then  proceeds  at  a  rate  1  mile  per  hour  less 
than  half  its  former  rate  and  arrives  at  B  3  hours  late.  Find 
the  distance  from  A  to  B. 

28.  Several  boys  spent  each  the  same  sum  of  money.  If 
there  had  been  5  boys  more  and  each  boy  had  spent  25  cents 
less,  the  amount  spent  by  the  boys  would  have  been  $37.50. 
If  there  had  been  5  boys  less  and  each  boy  had  spent  25  cents 
more,  the  amount  spent  would  have  been  $30.  Find  the 
number  of  boys  and  the  amount  each  boy  spent. 

29.  A  detachment  from  an  army  was  marching  in  regular 
column  with  5  men  more  in  depth  than  in  front.  On  approach- 
ing the  enemy  the  front  was  increased  by  845  men,  and  the 
whole  detachment  was  thus  drawn  up  in  5  lines.  Find  the 
nimiber  of  men. 
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185.    Case  II.     When  each  of  the  two  equations  is  homo- 
geneous and  of  the  second  degree. 


Solve 


-a;2  =  16J 


[1] 
[2] 


Let  y  =  ox,  and  substitute  vx  f or  ^  in  each  equation. 
From  [1],  2i>2x2-4ux2_|.3x2  =  17. 

.-.  x«  = 


17 


From  [2], 


Equate  the  yalues  of  x^, 


2t2~4w4-3 
rW  -  x2  =  16. 
16 


.-.  x«  = 


17 


t)2-l 
16 


The  solution  gives 

«  =  ¥» 
y  =  wc  = 
Substitute  in  [2], 

-  x«  =  16, 


2t>a-4i>H-3      t)2-.l 
32»«  -  64w  +  48  =  17 1?2  -  17, 
15i?2~64i>  =  -66. 

»  =  ^*  or  f . 


13  X 


25 


-  t»  =  f, 


5x 


y 

=  ttB  = 

3 

Substitute 

in 

[2]. 

26x« 
9 

.x« 

=  1«, 

*» 

=  9, 

x 

=  ±3. 

y 

6x 
3 

2:  O. 

x«  =  V> 

x  =  ±|, 

13  X         13 


186.   Case  III.     When  the  two  equations  are  symmetrical 

witih  respect  to  x  and  «y. 

In  this  case  the  general  rule  is  to  combine  the  equations  in  such  a 
manner  as  to  remove  the  highest  powers  of  x  and  y. 

x»  +  y»  =  18x^1  [1] 

•r  +  y  =  12      /•  [2] 

3ry 


V 


n  Solve 


Divide  IV  by  [2\        j*  -  xy  -i-  y*  = 


P] 


We  now  have 


xy 
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To  remove  x^  and  y«,  square  [2], 

z^  +  2xy  +  y^  =  U4,  [4] 

Subtract  [4]  from  [3],  _  Sxy  =  ^  -  144, 

which  gives  zy  =  32. 

y=121 

5y  =  32j  * 

jp  _3  g^         X  =  4"! 
Solving  as  in  Case  I,  we  find,  ^  ?•  or         ^y» 

y  =  ^j       y  =  8J 

(2)  Solve  -^  4- 3^  =  337 1  [1] 

^^  x  +  i/=     7J  [2] 

To  remove  ic*  and  y*,  raise  [2]  to  the  fourth  power, 

X*  +  4aj«y  +  6xV  +  4xy»  +  y*  =  2401.  [3] 

Subtract  [1]  from  [3],    4  x«y  +  6  z^y^  +  4  xy8  =  2064. 
Divide  by  2,  2  x«y  +  3  xV  +  2  xy»  =  1032.  [4] 

Square  [2]  and  multiply  the  result  by  2  zy, 

2x8y  +  4x2y2  +  2xy8  =  98xy.  [5] 

Subtract  [6]  from  [4],  -  xV  =  1032  -  98  xy, 

or  xV  -  ^8  xy  =  -  1032. 

This  is  a  quadratic  equation,  with  xy  for  the  unknown  number. 

Solving,  we  find  xy  =  12  or  86. 

We  now  have  to  solve  the  two  pairs  of  equations, 

x  +  y=    71  aJ4-y=   T\ 

xy  =  12j'  xy  =  86j' 

From  the  first,  ~  „  I  or     "  .1- 

y  =  3J        y  =  4J 

7±V-295l 


X  = 


From  the  second, 


y  = 


2 
7:pV-296 


The  preceding  cases  are  general  methods  for  the  solution  of  equations 
that  belong  to  the  kinds  referred  to;  often,  however,  in  the  solution 
of  these  and  other  kinds  of  simultaneous  equations  involving  quadratics, 
a  little  ingenuity  vdll  suggest  some  step  by  which  the  roots  may  be  found 
more  easily  than  by  the  general  method. 
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Ezercise  27 


1. 


2. 


3. 


4. 


5. 


6. 


7. 


8. 


9. 


10. 


11. 


12. 


13. 


xy  =  15 


} 


ary  +  27  =  0  J 

X  —  y  =    5 
ajy  =  24 

«  — y  = 
ajy  -h  60 


aj  +  2y  = 
xy 


2a:  +  3y  = 
ajy  -h  15 

y  =  9-3aj  ' 
aj"  =  10  —  xy 


x^-2y=^ 
xy-{-y^ 


=  121 
=  35/ 


aj-3y-h9  =  0 
«y  —  y^  +  4  =  0 


x^  4-  2^2  ^ 
x-\-y 


=  1001 
=    14| 


aj2  +  y2  =  17 
4  a;  -h  y  =  15 

2aj»-y«4-8  =  0 
3a;-y-2  =  0 

05*  -h  i*jy  =  40 

2a;-3y=    1 


14. 


/ 

15. 


aj2  _  y2  ^  13  I 
;ic-22^=    9J 


x^  y      18 


r 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


ajy  =  54  ^ 

i--  =  — 
X      y      36  S-' 

aj-2y4-15=    0, 

aj*4-4y-hll  =  0l 
3aj  +  2y+    1  =  0J' 

aJ  +  32/  +  l  =  0 

aj4-^^f^  =  2(y  +  l) 
X  -\-  2y         ^  ^ 

«»  -h  y*  =  106  1 
ajy  =    45  J 

a;2  4.  y2  ^  52 

iC2/  +  24=    0 

x^  —  xy  ■=    3 
y^  4-  icy  =  10  J 

aj"  +  ajy4-y2=    37 
aj*  4-  ajy  4-  y*  =  481 

aj'  +  3ajy  +  y"=    11 
3aj»  +  «y  +  3y*=13j  ■ 

3xy-\-2x-j-y=:  486 1 
3aj-2y=      OJ 

x^-y^  =  0"\ 
3a;2-4a;y  +  5y*  =  9J 
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26. 


27. 


28. 


29. 


xy 
2x 


,3 


/  +  y»=    41 
3a:y  =  27"l 

=  601 
=  40/' 


x^  '\-xy  ^ 


IT  -\-xy 


=  281 
=  72/ 


80. 


31. 


32. 


33. 


4  ay  =  45 1 
—  ajy=    6  J 

=  551 
=  18| 


x*  4-  3  ay  = 
2y'  +  ajy 

a*  —  ay  -f  y*  = 
a^  -h  2  ay  -+■ 

«*  +  «y  +  2  y'  = 
2  a'  —  ay  -+- 


y*  =  37-l 

8=   O/* 
y«  =  44 1 

y«  =  16J 


84. 


85. 


86. 


8  as'  —  3  ajy  —  y*  = 

9a;*  +  «y4-2 


y«  =  40 1 
y«  =  60; 


3a:''  +  3a!y  +  y*  = 
6a!*+7a:y +  4y' 


4«*  +  3a!y  +  6y*  = 
7a;*  +  6a5y  +  9y 


=    621 
=  140  J 

« =  27 1 
«  =  47/* 


6a^  +  3a:y  +  2y»  =  188l 
^-xy-it^^=    19J' 


88.   ^1^  =  "^. 

a  +  y=    5J 

88.  ---^  =  981 
a  — y  =    2J 

x«  +  y«  =  279l 
a«-y«  =  218l 

''•    x-y=    2|- 

a«  +  y«  =  162l 
«•   x«-ay  +  y«=    19/ 


43. 


44. 


x'^-y'^  1304 1 
«*  +  ajy+y*=    163/ 

«*  +  y*  = 


=  911 
=  84/ 


4fi. 


46. 


a^  -  y»  =  98  1 

30  >►. 
x  —  y  =  — 


af     y^^27' 
«^y       2 
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51. 


52. 


54. 


66. 


68. 


47. 

y      X       6 
X      y        6} 

►  . 

48. 

1+1=  r 

X      y        2 
x"^  y^      36  J 

*■  . 

49. 

X*  —  y^  =  7  xy 
x-y  =  2 

50. 

...      27a 
«*  +  y*  =     2 

^ 

a  4-y  =  9 


x»+3^  = 


^5xy 


_5xy 


> 


x  +  y  = 


ajy-16ajy4-60  =  0' 


«y  =  «  4-  y  + 1  ^ 


aj«4-y«  = 


__35ay^ 


36 


«4-y  = 


_5a:y 


6 


SB*  -f  y*  =  67  —  ay 
jc  -f  y  =  xy  —  5 


a5*-|-y'  =  l  — 3xy 
««  4-  y«  =  xy  4-  37 


}■ 
} 


57. 


58. 


x^'\'y^  =  706 
ic4-y=     2 

x«  -  y«  =  211 
x  — y  =      1 


x»4-y«  =  3368\ 


60. 


X 


^       y2 

X      y 


-"(g) 


3 

4 


61. 


a^-{-y'  =  xy-^ld 
x-{-y  =  xy  —  7 


x-\-y 


62. 


+ 


oj  —  y  __  10 


63. 


64. 


65. 


66. 


X  —  y      X  -\-  y 

x^  +  y2  =  45 

aj4  +  aJ5y2  _|.  2^  ^  133  ^ 

aj2  _  a;y  4-  y*  =    19  J 

a*  +  ic^y*  +  y*  =  931 1 

«*  4- ajy  4- 3^  =  84  I 
a;4-  vficy4-y=    6j 

a:»  +  y2  =  819-xy    | 
a:4-y  =  21  4-V^J  * 


67. 


68. 


aj*4-_ 
0*4-2^ 


y*  =  97  I 

y»  =  49-x«y*J' 

2a:»4-3xy4-12  =  3y»1 
3aj4-5y4-l=0      J 


69. 


82. 
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5  +  f  =  l 
a      0 

a       b 

-  +  -  =  4 
X      y 


71     ^==ax-\-by\ 
1^=zbx-\-ay\ 

a?  —  xy  =  a?  -\-  h^ 


72. 


70.    ^+2^  =  - 


xy  —  y*  =  2  a6 

ar'  +  y»  +  a:  +  y  =  18 


4  a:y  =  a'  —  4  6*  J  *  xy 

•   2  (««  +  y»)  =  6  xy  J 

a;«  +  y»  =  2a;y-16 

70.  . 

x-\-y  =  xy-\-l 


=    6 


77. 


X      y      x-\-y 


>•. 


a; 


76.    ^^'  +  ^ajy  =  ^ 

a^  b^ 


r 


a' 


IB.         a^       "^        b^ 

x^-\'y^  =  2(a^-^b^ 

x'-\'y'-Sab=:5(a'  +  b^\ 
xy--5ab  =  2la^  +  b\'' 

80.  ^^  +  y^  =  ^^y 

X  -{-  y  =  bxy 

2(x^-\'y^=5xy-9ab^ 
®^-    2(a  +  b)(x  +  y)  =  S(xy--ab)j' 

2xy-\'X-^y  =  22^ 


«*  ^  ^'  +  «'  =  49  ^ 

« .+  y  +  «  =  11  ^  • 
h3y-4«=  ej 

2^y  4-  y«  4-  ar«  =  40 
'     =3y  =  2»4-4 


2a;4-3y 

83     "^^    '   ^^   h  xz  =  40 
4aj  =  3y 

a;2  4-  ya  4-  ;52  =  84  ^ 

84.       oj  +  y  +  «  =  14  >• 


85.  2  y»  +  y  +  «  =  58  I 
2  »«  +  «  +  «  =  32  , 

86.  y^  -\-yz  -\-xy  =2ab 
z^  -\-  xz  -\-  yz  =  b^      J 

g^    «'  +  y'  =  24  +  6(x-y)V 
a!y  =  15  J 
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Ezeroisa  28 

1.  If  the  length  and  breadth  of  a  rectangle  were  each 
increased  1  foot^  the  area  would  be  48  square  feet;  if  the 
length  and  breadth  were  each  diminished  1  foot,  the  area 
would  be  24  square  feet  Find  the  length  and  the  breadth  of 
the  rectangle. 

2.  A  farmer  laid  out  a  rectangular  lot  containing  1200 
square  yards.  He  afterwards  increased  the  width  1^  yards 
and  diminished  the  length  3  yards^  thereby  increasing  the 
area  by  60  square  yards.  Find  the  dimensions  of  the  original 
lot. 

3.  The  diagonal  of  a  rectangle  is  89  inches;  if  each  side 
were  3  inches  less,  the  diagonal  would  be  85  inches.  Find 
the  area  of  the  rectangle. 

4.  The  diagonal  of  a  rectangle  is  65  inches;  if  the  rect- 
angle were  3  inches  shorter  and  9  inches  wider,  the  diagonal 
would  still  be  65  inches.     Find  the  area  of  the  rectangle. 

6.  The  difference  of  two  numbers  is  }  of  the  greater,  and 
the  sum  of  their  squares  is  356.     Find  the  numbers. 

6.  The  sum,  the  product,  and  the  difference  of  the  squares 
of  two  numbers  are  all  equal.     Find  the  numbers. 

Hint.    Represent  the  numbers  hj  x  +  y  and  x  —j/, 

7.  The  sum  of  two  numbers  is  5,  and  the  sum  of  their  cubes 
is  65.     Find  the  numbers. 

8.  The  sum  of  two  numbers  is  11,  and  the  cube  of  their 
sum  exceeds  the  sum  of  their  cubes  by  792.    Find  the  numbers. 

9.  A  number  is  formed  by  two  digits.  The  second  digit  is 
less  by  8  than  the  square  of  the  first  digit;  if  9  times  the 
first  digit  is  added  to  the  number,  the  order  of  the  digits  is 
reversed.     Find  the  nimiber. 
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10.  A  number  is  formed  by  three  digits^  the  third  digit 
being  the  sum  of  the  other  two ;  the  product  of  the  first  and 
third  digits  exceeds  the  square  of  the  second  by  5.  If  396  is 
added  to  the  number^  the  order  of  the  digits  is  reversed.  Find 
the  number. 

1 1.  The  numerator  and  denominator  of  a  certain  fraction  are 
each  greater  by  1  than  those  of  a  second  fraction ;  the  sum  of 
the  two  fractions  is  \l.  If  the  numerators  were  interchanged^ 
the  sum  of  the  fractions  would  be  |.     Find  the  fractions. 

12.  There  are  two  fractions.  The  numerator  of  the  first 
is  the  square  of  the  denominator  of  the  second,  and  the 
numerator  of  the  second  is  the  square  of  the  denominator 
of  the  first ;  the  sum  of  the  fractions  is  V,  and  the  sum  of 
their  denominators  5.     Find  the  fractions. 

13.  If  the  product  of  two  numbers  is  increased  by  their 
sum,  the  result  is  79.  If  their  product  is  diminished  by  their 
sum,  the  result  is  47.     Find  the  numbers. 

14.  The  sum  of  two  numbers  which  are  formed  by  the  same 
two  digits  is  {|  of  their  difference ;  the  difference  of  the  squares 
of  the  numbers  is  3960.     Find  the  numbers. 

16.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times 
more  than  the  hind  wheel ;  if  the  circimif erence  of  each  were 
increased  2  feet,  the  fore  wheel  would  turn  only  88  times  more. 
Find  the  circumference  of  each  wheel. 

16.  Two  travelers,  A  and  B,  set  out  at  the  same  moment 
from  two  distant  towns,  A  to  go  from  the  first  town  to  the 
second,  and  B  from  the  second  town  to  the  first,  and  both 
travel  at  uniform  rates.  When  they  meet,  A  has  traveled 
30  miles  farther  than  B.  A  finishes  his  journey  4  days,  and 
B  9  days,  after  they  meet.  Find  the  distance  between  the 
towns,  and  the  number  of  miles  A  and  B  each  travel  per  day. 
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17.  Two  boys  nin  in  opposite  directions  around  a  rectan- 
gular field,  the  area  of  which  is  1  acre;  they  start  from 
one  comer,  and  meet  13  yards  from  the  opposite  corner.  One 
boy  runs  only  |  as  fast  as  the  other.  Find  the  length  and 
breadth  of  the  field. 

-  18.  A  man  walks  from  the  base  of  a  mountain  to  the  summit, 
reaching  the  summit  in  5  J  hours ;  during  the  last  half  of  the 
distance  he  walks  J  mile  less  per  hour  than  during  the  first 
half.  He  descends  in  3|  hours,  walking  1  mile  per  hour  faster 
than  during  the  first  haK  of  the  ascent.  Find  the  distance 
from  the  base  to  the  summit  and  the  rates  of  walking. 

19.  A  garrison  had  bread  for  11  days.  If  there  had  been 
400  more  men,  each  man's  daily  share  would  have  been  2  ounces 
less ;  if  there  had  been  600  less  men,  each  man's  daily  share 
could  have  been  increased  by  2  ounces,  and  the  bread  would 
then  have  lasted  12  days.  How  many  pounds  of  bread  did 
the  garrison  have,  and  what  was  each  man^s  daily  share  ? 

20.  Three  students.  A,  B,  and  C,  agree  to  work  out  a  set  of 
problems  in  preparation  for  an  examination ;  each  is  to  do  all 
the  problems.  A  solves  9  problems  per  day  and  finishes  the 
set  4  days  before  B ;  B  solves  2  more  problems  per  day  than 
C,  and  finishes  the  set  6  days  before  C.  Find  the  number  of 
problems  in  the  set. 

21.  A  cistern  can  be  filled  by  two  pipes ;  one  of  these  pipes 
can  fill  the  cistern  in  2  hours  less  time  than  the  other;  the 
cistern  can  be  filled  by  both  pipes  running  together  in  Ij 
hours.     Find  the  time  in  which  each  pipe  will  fill  the  cistern. 

22.  A  and  B  have  a  certain  manuscript  to  copy  between 
them.  At  A's  rate  of  work  he  would  copy  the  whole  manu- 
script in  18  hours;  B  copies  9  pages  per  hour.  A  finishes 
his  portion  in  as  many  hours  as  he  copies  pages  per  hour. 
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B  is  occupied  with  his  portion  2  hours  longer  than  A  is  with 
his.     Find  the  number  of  pages  copied  by  each. 

23.  A  and  B  have  4800  circulars  to  stamp  and  intend  to 
finish  them  in  two  days,  2400  each  day.  The  first  day  A, 
working  alone,  stamps  800,  and  then  A  and  B  stamp  the 
remaining  1600,  A  working  in  all  3  hours.  The  second  day 
A  works  3  hours  and  B  1  hour,  and  they  accomplish  only 
^jf  of  their  task  for  that  day.  Find  the  number  of  circulars 
each  stamps  per  minute  and  the  number  of  hours  B  works  on 
the  first  day. 

24.  A,  in  running  a  race  with  B  to  a  post  and  back,  meets 
him  10  yards  from  the  post.  To  come  in  even  with  A,  B 
must  increase  his  pace  from  this  point  41^  yards  per  minute. 
If,  without  chianging  his  pace,  he  turns  back  on  meeting  A,  he 
will  come  in  4  seconds  behind  A.  Find  the  distance  to  the 
post. 

25.  A  boat's  crew,  rowing  at  half  their  usual  speed,  row 
3  miles  down  stream  and  back  again,  accomplishing  the  dis- 
tance in  2  hours  and  40  minutes.  At  full  speed  they  can  go 
over  the  same  course  in  1  hour  and  4  minutes.  Find  the  rate 
of  the  crew  and  of  the  current. 

26.  A  farmer  sold  a  number  of  sheep  for  $286.  He  received 
for  each  sheep  $2  more  than  he  paid  for  it,  and  gained  thereby 
on  the  cost  of  the  sheep  ^  as  many  per  cent  as  each  sheep  cost 
dollars.     Find  the  number  of  sheep. 

27.  A  person  has  $1300,  which  he  divides  into  two  parts 
and  loans  at  different  rates  of  interest  in  such  a  manner  that 
the  two  portions  produce  equal  returns.  If  the  first  portion 
had  been  loaned  at  the  second  rate  of  interest,  it  would  have 
yielded  annually  $36 ;  if  the  second  portion  had  been  loaned 
at  the  first  rate  of  interest,  it  would  have  yielded  annually  $49. 
Find  the  two  rates  of  interest. 
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28.  A  person  has  $5000,  which  he  divides  into  two  portions 
and  loans  at*difPerent  rates  of  interest  in  such  a  manner  that 
the  return  from  the  first  portion  is  double  the  return  from  the 
second  portion.  If  the  first  portion  had  been  loaned  at  the 
second  rate  of  interest,  it  would  have  yielded  annually  $245 ; 
if  the  second  portion  had  been  loaned  at  the  first  rate  of 
interest,  it  would  have  yielded  annually  $90.  Find  the  two 
amounts  and  the  two  rates  of  interest. 

29.  A  number  is  formed  by  three  digits;  10  times  the 
middle  digit  exceeds  the  square  of  half  the  sum  of  the  three 
digits  by  21 ;  if  99  is  added  to  the  number,  the  digits  are  in 
reverse  order ;  the  number  is  11  times  the  number  formed  by 
the  first  and  third  digits.     Find  the  number. 

80.  A  number  is  formed  by  three  digits ;  the  sum  of  the 
last  two  digits  is  the  square  of  the  first  digit ;  the  last  digit 
is  greater  by  2  than  the  sum  of  the  first  and  second ;  if  396 
is  added  to  the  number,  the  digits  are  in  reverse  order.  Find 
the  number. 

31.  There  are  two  numbers  formed  of  the  same  two  digits 
in  reverse  order.  The  sum  of  the  numbers  is  33  times  the 
difference  between  the  two  digits,  and  the  difference  between 
the  squares  of  the  two  numbers  is  4752.     Find  the  numbers. 

32.  A  boat's  crew,  rowing  at  half  their  usual  rate,  row 
2  miles  down  a  river  and  back  in  1  hour  and  40  minutes. 
At  their  usual  rate  they  would  have  gone  over  the  same  course 
in  40  minutes.  Find  the  usual  rate  of  the  crew  and  the  rate 
of  the  current. 

33.  A  railroad  train,  after  traveling  1  hour  from  A,  meets 
with  an  accident  which  delays  it  1  hour ;  it  then  proceeds  at 
a  rate  8  miles  per  hour  less  than  its  former  rate  and  arrives 
at  B  5  hours  late.  If  the  accident  had  happened  50  miles 
farther  on,  the  train  would  have  been  only  3^  hours  late. 
Find  the  distance  from  A  to  B. 


CHAPTER  XII 


EQUATIONS  SOLVED  AS  QUADRATICS 

187.  An  equation  is  in  the  quadratic  form  if  it  contains  but 
two  powers  of  the  unknown,  and  if  the  exponent  of  one  power 
is  twice  the  exponent  of  the  other  power. 

(1)  Solve  8  «•  +  63  «»  =  8. 

This  equation  is  in  the  quadratic  form  in  xK 

We  have  8x«  +  63x»  =  8. 

Multiply  by  32  and  complete  the  square, 

266x8  +  0 +  (63)2  =  4225. 
Extract  the  square  root,  16  x»  +  63  =  ±  65. 
Hence,  x'  =  J  or  —  8. 

Extracting  the  cube  root,  we  find  two  values  of  x  to  be  4^  and  —  2. 
To  find  the  remaining  roots,  solve  completely  the  two  equations 

x«  =  1,  x»  =  -  8. 

8x»-l  =  0,  We  have 


We  have 
or       (2x  -  1)  (4x2  +  2x  +  1)  =  0. 

.-.  2x-  1  =  0, 
or  4x2  +  2x  +  l  =  0. 

Solving  these,  we  find  for  three 
values  of  x, 

1     -i+VTs    -i_V33 

2'  4 '  4 


x»  +  8  =  0, 
or  (X  +  2)  (x3  -  2x  +  4)  =  0. 

.-.  X  +  2  =  0, 
or  x2-2x  +  4  =  0. 

Solving  these,  we  find  for  three 
values  of  x, 

-2,  l+VITs,  i-VZTs. 


These  six  values  of  x  are  the  six  roots  of  the  given  equation. 

(2)  Solve  V?  -  3  -I^  =  40. 

Using  fractional  exponents,  we  have  x^  —  3x^  =  40. 
This  equation  is  in  the  quadratic  form  in  x^,  if  we  regard  x^  as  the 
unknown  number. 
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Complete  the  square,    4 x^  —  12 x^ -1-9  =  169. 
Extract  the  root,  2  x*  —  3  =  i  13. 

.-.  2x^  =  16  or  -10. 
.-.  X*  -  8  =  0, 
or  X*  -I-  6  =  0. 

.-.  (x*  -  2)  (X*  -1-  2x*  -1-  4)  =  0  ;  or  (x*  +  6*)  (x*  -b^x^  +  5^)  =  0. 

/.  X*  =  2  or  -  1  i:  V^ ;         or  x*  =  -  VS  or  J  Vi{l  ±V^). 

.-.  X  =  16  or  8(-l  ±V^);  or    x=  sVs   or  f  V6(-l:f  V-Tl) 

EzerciBO  29  ^^ 
Solve : 

1.  ir«-f7aj»  =  8.  17.  9  a;-* -f  4a;-2  =  6. 

2.  a;* -6a;«-f  4  =  0.  is.  4a;*-3x*  =  ia 

3.  ^•-f4a;»  =  96.  19  2a;*-3x*  =  9. 

4.  37a;»-9  =  4aj*. 


20.  Vx^  =  V^  +  12. 

21.  a;  =  9Vx-f22. 

22.  V^- 4^  =  32. 


6.    16a;8  =  17a;*-l. 

6.  32a;^<»  =  33a;'^-l. 

7.  aj«4-14a:»  +  24  =  0. 

8.  19 «*  +  216 a;^  =  a..  ^3.    2V^»-3^  =  35. 

9.  a!«-22a;*  +  21  =  0.  04    J_  .  J_-5. 
10.   a-*'^  +  3  »»•  =  4.  "^^      ^^ 

5a^-      25  '  26.   «-*  4- «"*  =  J. 

^         ^^  26.    3a:"*  +  4  a;"*  =  20. 

12.  x«- +  3  ar«- =  40.  „^     ^   _,        _a       _ 

27.    2x   »  — a;   *  =  46. 

13.  x«'"  +  2aap'"  =  8a^ 

14.  x-*-4x-»=12.  _  _ 

15.  X-*  4-  5x-»  -  36  =  0.  29.    ^2a^  -f  v4x»  =  72 

16.  x-"-3x-*- 154  =  0.  30.    V2^  +  4x  =  l. 


28.    4V?^--t-3v^?^  =  27. 
it- —         8»- 
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188.  Equivalent  Equations.  Two  equations  that  involve  the 
saiue  unknown  number  are  called  equivalent  equations,  if  the 
solutions  of  either  include  all  the  solutions  of  the  other. 

Thus,  7x  —  36  =  6x  +  &  and  4 x  =  8 6  are  equivalent  equations,  for 
the  solution  of  each  is  x  =  2b. 

A  single  equation  is  often  equivalent  to  two  or  more  equa- 
tions. 

Thus,  the  equation  jc^  +  1  =  0  may  be  written 

(X  +  1)  (x2  -  X  +  1)  =  0 ; 
and  this  equation  is  equivalent  to  the  two  equations 

X  +  1  =  0  and  x^  -  x  +  1  =  0. 

In  solving  x^  +  1  =  0,  we  should  vn-ite  it  as  x  + 1  =  0  and  x*  —  x  + 1  =  0, 
and  solve  each  of  these  equations. 

If  each  member  of  an  equation  is  multiplied  by  the  same 
factory  and  this  factor  involves  an  unknown  number  of  the 
equation,  new  solutions  are  in  general  introduced. 

Thus,  if  we  multiply  x  —  3  =  0  by  x  —  6,  we  get  (x  —  3)  (x  —  5)  =  0, 
and  introduce  the  solution  of  x  —  6  =  0. 

But  if  the  multiplying  factor  is  a  denominator  of  a  fraction 
of  the  equation,  new  solutions  are  in  general  not  introduced. 

Thus, =  3  +  X  becomes,  when  multiplied  by  x  —  1, 

X  —  1 

6  =  (X  -  1)  (3  +  x),  or  x2  +  2x  -  8  =  0 ; 

that  is,  (x  +  4)  (x  —  2)  =  0.     Whence,  x  =  —  4  or  2. 

Therefore,  the  solution  x  =  1  is  not  introduced,  and  this  solution  is  the 
only  solution  that  could  be  introduced  by  the  factor  x  —  1. 

In  general,  new  solutions  are  not  introduced  in  clearing  an 
equation  of  fractions  if  we  proceed  as  follows: 

1.  Combine  fractions  that  have  a  common  denominator. 

2.  Reduce  fractions  to  their  lowest  terms. 

3.  Use  the  L.C.M.  of  the  denominators  for  the  multiplier. 

If  each  member  of  an  equation  is  raised  to  the  same  power, 
new  solutions  are,  in  general,  introduced. 
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Thus,  if  we  square  each  member  of  the  equation  x  =  2,  we  have  z^  =  4, 
or  «2  _  4  =  0 ;  that  is,  {z  +  2)  (x  -  2)  =  0. 

Therefore,  the  solution  of  x  +  2  =  0  was  introduced  by  squaring  both 
members  of  x  =  2. 

In  solving  an  equation,  if  we  raise  each  member  to  any  power, 
we  must  reject  the  solutions  of  the  resulting  equation  that  do  not 
satisfy  the  given  equation. 

Solve  by  cleajing  of  radicals 


Square,    x  +  4  +  2  V(x  +  4)  (2x  +  6)  +  2x  +  6  =  7x  +  14. 
Transpose  and  combine,       2  V(x  H-  4)  (2  x  +  6)  =  4  x  +  4. 
Divide  by  2  and  square,  (x  +  4)  (2  x  +  6)  =  (2  x  +  2)a 

Reduce,  xa-3x  =  10. 

Therefore,  x  =  5  or  —  2. 

Of  these  two  values  only  6  will  satisfy  the  given  equation. 

Squaring  both  numbers  of  the  original  equation  is  equivalent  to 
transposing  V7  x  +  14  to  the  left  member,  and  then  multiplying  by  the 
rationalizing  factor 

Vx  +  4  +  V2X  +  6  +  V7x  +  14. 
The  result  reduces  to 


V(x  +  4)(2x  +  6)  -  (2x  +  2)  =  0. 
Transposing  and  squaring  again  is  equivalent  to  multiplying  by 
(Vx  +  4  -  V2X  +  6  -  V7 X  +  14)  (Vx  +  4  -  V2x  +  6  +  V7 x  +  14). 
Therefore,  the  equation  x^  —  3  x  —  10  =  0  is  really  obtained  from 
(Vx  +  4  +  V2x  +  6  -  V7 X  +  14) 

X  (Vx  +  4  +  V2X  +  6  +  V7 X  +  14) 
X  (Vx  +  4-V2x  +  6-V7x  +  14) 
X  (Vx  +  4  -  V2X  +  6  +  V7 X  +  14)  =  0. 

This  equation  is  satisfied  by  any  value  that  will  make  any  one  of  the 
four  factors  of  its  left  member  equal  to  zero.  The  first  factor  is  0  for 
X  =  6,  and  the  last  factor  is  0  for  x  =  —  2,  while  no  value  can  be  found 
to  make  the  second  or  third  factor  vanish. 

Since  —  2  does  not  satisfy  the  given  equation  but  is  introduced  by 
multiplying  by  auother  equation,  it  is  called  an  extranecms  value  ofz. 
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189.  Some  radical  equations  may  be  solyed  as  follows : 

Solve  7 aj*  -  5 aj  -h  8  VTaj^-Saj  +  l  =  -  8. 
Add  1  to  each  side, 

7»a-6x  +  l  +  8V7aj3-6x  +  l=-7. 
Solving  for  7x2  —  6x  +  1,  we  have 

7x2-6x  +  l  =  l,  or  7x8 -6x+  i  =  49. 

Solving  these,  we  find  0,  f ,  3,  —  ^  for  the  values  of  x. 
All  these  values  are  extraneous  values,  and  the  given  equation  has  no 
solution. 

190.  Various  other  equations  may  be  solved  by  methods 
similar  to  that  of  the  last  section. 

(1)  Solve  aj*  -  4aj«  +  5a;*  -  2aj  -  20  =  0. 
Begin  hy  attempting  to  extract  the  square  root. 

x*-4x8  +  5xa-2x-20(x2-2x 

X* 


2x2-2« 


-4x»  +  5x2 
-4x»  +  4x2 


x2-2x-20 
We  see  from  the  above  that  the  equation  may  he  written 

(xa  -  2x)«  +  (x«  -  2x)  -  20  =  0. 
Solving,  x2  -  2x  =  -  6,  or  x2  -  2x  =  4. 

Solving  these  two  equations,  we  find  for  the  four  values  of  x, 
1  +  2V31,     i«2V^,     I  +  V5,    1-V6. 

(2)  Solve  aj»4--^  +  aj4-i  =  4. 

Add  2  to  each  member, 

^  +  2  +  -2  +  x  +  -  =  6, 

X  X 

or  («  +  l)V(x+l)  =  6. 

Extract  the  root,       x  +  -  =  2,  or  x  +     =  —  3. 

'  X  X 

Solving  these  two  equations,  we  find  for  the  four  values  of  x, 

-3  +  V6      ~3~V5 
^'     ^'    2 '    —2 
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Exercise  30 

Solve  ; 


1.  Va;  +  4:  +  V2a;  — 1  =  6.  3.    V^  +  V4  +  a;  =  3. 

2.  Vl3a;-1-V2a:-1  =  6.      4.    Va;^  -  9  +  21  =  x\ 

6.    Va;  +  1  4-  Vo;  +  16  =  Vx  +  26. 
6.    V2a;  +  l-V^T4  =  ^^^2_zi. 

8.  Vx  +  7  4-  Vx  —  6  +  V3  x  +  9  =  0. 

9.  Va;  +  54-V8-2a;  +  V9-4a;  =  0. 

10.  V7  —  x  +  V3a;  +  10  +  Vx  +  3  =  0. 

11.  V2a;2  +  3a:4-7  =  2a:2  +  3a;-5. 

12.  a;2-3a;  +  2  =  6  Va;^  _  3  a;  -  3. 

13.  6  a;2  -  3a;  -  2  =  V2 a*  ~  x. 

14.  15a;  -  3a;2  -  16  =  4  Va;2  ~  5aj  +  5. 

15.  6 a;2.-  21  a;  +  20  =  V4a;2  -  14 a;  +  16. 

16.  V36a;2  +  12a;  +  33  =  41  -  8a;  -  24a;» 

17.  4a;*-12a;»4-5a;«  +  6a;-15  =  0. 

18.  a;*-10a;»  +  35a;2-50a;  +  24  =  0. 

19.  a;*-4a;»-10a;2  +  28a;-15  =  0. 

20.  18a;* +  24a;»-7a;2- 10a; -88  =  0. 

21.  4a;*-12a;»  +  17a;2-12a;-12  =  0. 

22.  Vx4- VaT^  =  — F==- 

Va;4-3 

23.  6  +  V^^^^^=     /^     -' 
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24.        .  +     , =     ,  ^ 

Va;  +  1       V a;  —  1       Va;^  —  1 

26  "^^g^  +  2  ~  Va;  —  2  _  aj 

26.    ^^  +  ^^^-^'  =  2.     ^        ^ 
3a;- V4a;~a;2 

V3a;2  +  4-V2a;2  +  l      1 

27     ! : —  =  — . 

V3a;2  +  4  +  V2a;2  +  l      7 
gg     V7a;^  +  4  +  2V3^^ri^^ 
V7a;2  +  4-2V3a;-l 

VSa;  ~4  +  -y/h^^      2  Vi  +  1 

29.  .  7=  = p 

V 6  a;  —  4  •—  V6  —  aj      2  Va;  —  1 

30.  V(a;  +  a)2  4-  2  a6  +  **  +  a;  +  a  =  ft. 

o,  V3  1 

31.  ,  ,  =      . 

V2a:-1  -  -y/x^-^      Va;  —  1 

32.  V|T^-f-Vl^  =  Vf . 

33.  a/i  +  ^-\/i--  =  1- 

^         a       ^         a; 

*34.  Va;2  +  a^  +  3aa;  +  Va;^  +  a»- 3aa;  =  V2a2  +  2^»2 

.  4  a;* -3  (a;* +  !)(«* -2)  =  a;*  (10 -3  a;*). 

.  (a;*  -  2)  (a;*  -  4)  =  a;*  (a;*  -  1)^  -  12. 

.  3  Va;»  +  17  +  Va;»  +  1  -  2  ^6x^  +  41  =  0. 

2  X  4:  X    ^  X 

L  2  .  2 

«  +  -V2^  x^      a;  -  V2-^ 

'4 


36 
36 
37 
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11  2x 


40 


41, 


1+vr^  i-vrr^    ^ 

"Wax  +  ft  +  Vo^      1  +  "^Jax  —  b 
y/az  -H  ft  — •  Va«      1  —  Vaa?  —  ft 


Va  —  a;  4-  Vft  —  a;  _  V^-f  Vft 
Va  —  aj  —  Vft  —  a;       Vx  — Vft 

43.    V»  -f  Va  —  Vax  -H  «*  =  Va. 


«'  +  y*4-ic-Hy  = 


44. 

ajy 


=  12| 


46. 


a;  +  y  +  V^  +  y  =  a 
35  —  y  +  Va 


-y  =  ft; 


»  4-  Voy + 


3V^  +  2V^^^ 

4  Va  —  2  Vy 

^MjL^^j-64 
16  x« 

VJ  —  Vy  =  aj*(  Vx  +  Vy)  1 


.  >/i¥i  w 


*••    ^*  +  V  ^  ^  3«        ^ 


CHAPTER  XIII 

PROPERTIES   OF  QUADRATIC  EQUATIONS 

191.   If  we  represent  the  roots  of  the  quadratic  equation 

ax^  -f-  5a3  -f-  r  =  0 
by  a  and  /?,  we  have  (§  181) 


a 


2  a 


__  ^,  _  VZ»2  _  4  ac 
^  = 21 

Adding,  a  +  fl  = 

a 

/* 
Multiplying,  a^  =  -  • 

If  we  divide  the  equation  ax^  -\-  bx  -{-  c  =  0  through  by  a, 

b         c 
we  have  the  equation  a5^4-~aj4--  =  0;  this  may  be  written 

a         a  '^ 

aj*  +  ?>x  +  y  =  0,  where  o  =  - ^    a  =  -> 
.  ^       a  a 

It  appears,  then,  that  if  any  quadratic  equation  is  made  to 
assume  the  form  x^  +  jpx  +  g'  =  0,  the  following  relations  hold 
between  the  coefficients  and  roots  of  the  equation : 

1.  The  sum  of  the  two  roots  is  equal  to  the  coefficient  of 
X  with  its  sign  changed. 

2.  The  product  of  the  two  roots  is  equal  to  the  constant 
term. 

Thus,  the  sum  of  the  two  roots  of  the  equation  x^  —  7  x  +  8  =  0  is  7, 
and  the  product  of  the  roots  8. 

166 
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192.  The  expressions  a  -{-  fi,  afi  are  examples  of  symmetric 
functions  of  the  roots.  Any  expression  that  involves  both  roots, 
and  remains  unchanged  when  the  roots  are  interchanged,  is  a 
symmetric  function  of  the  roots. 

From  the  relations  a  -{-  p  =  —  p^  aft  =  q,  the  value  of  any 
symmetric  function  of  the  roots  of  a  given  quadratic  may  be 
found  in  terms  of  the  coeflB.cients. 

Given  that  a  and  /3  are  the  roots  of  the  quadratic  z^  —  7  z  +  S  =  0,  we 
may  find  the  values  of  symmetric  functions  of  the  roots  as  follows : 

(1)  a2  +  ^. 

We  have  a  +  /3  =  7, 

and  ap  =  8. 

Square  the  first,  or^  +  2  a/S  +  jS^  =  49 

Subtract,  2  gjS  =16 

and  we  have  a^  +  /32  =  33 

(2)  a^4-e^, 

^^  ^  a8  +  3a2/3  + 3^/32 +  /38  =  343 

3a/3(a  +  /3)  or  Sa^P'\-Sa^  =  168 

Subtract,  cfi  +  /S*  =  175 

This  IS  —,     which  IS 

ap  8 

193.  Resolution  into  Factors.  By  §  191,  if  a  and  p  are  the 
roots  of  the  equation  x^  -^  px  -]-  q  =  0,  the  equation  may  be 

written  2     /     .   m      .      o      a 

x^  —  {a  -\-  p)x  -\-  ap=0. 

The  left  member  is  the  product  of  a;  —  a  and  a5  —  )3,  so  that 
the  equation  may  be  also  written 

(x  -a)(x-P)=  0. 

It  appears,  then,  that  the  factors  of  the  quadratic  expression 
x^  -\-px  +  q  are  x  —  a  and  x  —  fi,  where  a  and  p  are  the  roots 
of  the  quadratic  equation  x^  +  px  +  S'  =  0. 

The  factors  are  real  and  different,  real  and  alike,  or  imagi- 
nary, according  as  a  and  fi  are  real  and  unequal;  real  and  equal, 
or  imaginary. 
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li  P  =  a,  the  equation  becomes 

(x  —  a)(x  —  a)  =  0,  or  (x  —  a)*  =  0. 

If,  then,  the  two  roots  of  a  quadratic  equation  are  equal,  the 
left  member,  when  all  the  terms  are  transposed  to  that  member, 
is  a  perfect  square. 

If  the  equation  is  in  the  form  ax^  +  6a;  +  c  =  0,  the  left 
member  may  be  written 

afit'-^-x-^-jf  or  a(x-a)(x-P).  (§191) 

194.  If  the  roots  of  a  quadratic  equation  are  given,  we  can 
form  the  equation. 

Form  the  equation  of  which  the  roots  are  3  and  —  f . 

The  equation  is  (^^  —  3)  (»  +  f )  =  0, 

or  (X  -  3)  (2  X  +  5)  =  0, 

or  2  x2  _  X  -  16  =  0. 

195.  Quadratic  expressions  may  be  factored  by  the  principles 
of  §  193. 

(1)  Resolve  into  two  factors  a;^  —  5  a;  +  3. 
Write  the  equation  x^  —  &z  +  S  =  0, 

The  roots  are  found  to  be and . 

2  2 

The  factors  of  x^  —  5  x  +  3  are 

6  + Vi3       ,  5- Vl3 

X and.  X • 

2  2 

(2)  Resolve  into  factors  3  a?^  —  4  a;  +  5. 
Write  the  equation  3x2-4x  +  5  =  0. 

mi.     '    .         *      J.    V    2  + V-ll  2- V-11 

The  roots  are  found  to  be and . 

3  3 

Therefore,  the  expression  3  x^  —  4  x  +  6  may  be  written  (§  193) 

2  + V-ll\  /        2- V-ll 


(•--±^)(-^^^) 
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Exercise  31 

Form  the  equations  of  which  the  roots  are : 

1.  3,  2.  6.   a +  3 ft,  a  — 3b. 

2.  4,-5.  7     a  +  2b     2a-{-b 

^3  3 

^-    ~  ^'  ~  ^-  8.    2  +  V3,  2  -  Vs. 

^'   h  h  9.   _  1  +  V5,  -  1  -  V5. 

5.   -h  -  i'  10.   1  +  Vf,  1  -  Vf. 

Besolve  into  factors,  real  or  imaginary : 

11.  3ic2-15ir-42.  15.   aj^-3a;  +  4. 

12.  9  a:^- 27  a;- 70.  16.    aj^  +  aj  +  1. 

13.  49aj2^49a;  +  6.  17.    4 aj^  _  28 a;  +  49. 

14.  169a;2-52a;  +  4.  18.   4  a;^  +  12  aj  +  13. 

In  Examples  19-27,  a  and  p  are  to  be  taken  as  the  roots  of 
the  equation  a;^  —  7  a;  +  8  =  0. 

Find  the  value  of: 

19.  (a-P)^  2^     a^  +  0' 

20.  a^P  +  a^.  "  +  ^ 
11  1,1 

22.  r.+--  2^-  ('^-^y- 

li       a 

In  Examples  28-33,  a  and  p  are  to  be  taken  as  the  roots  of 
the  equation  x^  +  px  -\-  q  =  0, 
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Find  ill  terms  of  ^  and  q  the  value  of : 

28.  i  +  1  31.    a»P  +  a^. 

'^      ^  32.    a*  +  ^. 

29.  a^fi  +  a^. 

30.  a»  +  )8».  i82-^^2 

34.  When  will  the  roots  of  the  equation  aoc^  +  fta;  +  c  =  0 
be  both  positive  ?  both  negative  ?  one  positive  and  one  nega- 
tive? 

196.  The  Roots  in  Special  Cases.  The  values  of  the  roots  of 
the  equation  aa^  -\-bx  i-  c  =  0  are  (§  191) 


-i,^-^ij2_^ac    -^-V^nr 


an 


J 


2a  2a 


[1] 


Multiplying  both  numerator  and  denominator  of  the  first 
expression  by  —b  —  Vi^  —  4  ac,  and  both  numerator  and 
denomiilator  of  the  second  expression  by  —  ^  +  V^^  —  4  ac, 
we  obtain  these  new  forms  for  the  values  of  the  roots: 

^'  ^'  [2] 


We  proceed  to  consider  the  following  special  cases : 

1.  Suppose  a  to  be  very  small  compared  witli  h  and  c.  In 
this  case  6^  —  4  ac  differs  but  little  from  b^,  and  its  square  root 
but  little  from  b.     The  denominator  of  the  first  root  in  [2] 

will  be  very  nearly  —2  b,  and  the  root  itself  very  nearly  —  j ; 

the  denominator  of  the  second  root  in  [2]  will  be  very  small, 

and  the  root  itself  numerically  very  large. 

The  smaller  a  is,  the  larger  will  the  second  root  be,  and  the 

/• 

less  will  the  first  root  differ  from  —  7  • 

o 


ll» 


T^  fete  v^x  3iax  »  Isizui  srrimxiinaBELT  av 


»>jc^  —  «r  —  -r  =  •- 

Ift  tt-Jt  'taswr  di^  frat  root,  irifca  tiTTf^?^  be  If:^  frooi  —  t' 
ak*!>  'c^^>';nu«i  T^Tj  laz!^  *>  dias  w:gl  ritxi  are  -nsrj  laraE^ 

S.   }$Trpp<i>!t^  <  =  0  vhile  a  and  h  aze  ooc  mo.     In  this  case 

h 
tlwf  fif5tt  ro^/t  ia  ''ll  tier::CdD6s  zero,  die  seecod  root  beccanes 

Tti^  qn^ratk:  er|aasioa  beeomcs 

«i5*-h^  =  0,  or  xfax-i-ij=0-, 

c«M?  rr»t  is  0,  the  other  is 

4,  HupfPOie  tS'  =  0  and  e  =  0  while  a  is  not  zero.  In  this 
ftm^  iiih  equation  reduces  to  aji^  =  i)j  of  which  both  roots 
ar^  »fro. 

ff,   Huppose  ^=0  white  g  and  c  are  not  zera     In  this  case 

i\u'i  two  nx/ts  become  +  A/—  ~  and  —  x/ 

^      a  ^      a 

'Tli^;  equation    becomes    the  pore    quadratic  02*  + « =  0. 

197,   (UAlnding  results^  we  have  the  following : 

1,  If  a  is  very  small  compared  with  h  and  e ;  one  root  is 
rnry  large, 

2,  It  a  and  ^  are  both  very  small  compared  with  c;  both 
fixAn  are  very  large. 

3,  If  c  sa  0,  a  and  ^  not  zero ;  one  root  is  zero. 

4,  It  b  =  0,  c  =  0,  a  not  zero ;  both  roots  are  zero. 

t).  If  b  =  Of  a  and  c  not  zero ;  the  equation  is  a  pure  quad- 
ratii;  with  r(;otB  numerically  equal  but  opposite  in  sign. 
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198.  Variable  Coefficients.  When  the  coefficients  of  an  equa- 
tion involve  an  undetermined  number  the  character  of  the 
roots  may  depend  on  the  value  given  to  the  unknown  number. 

For  what  values  of  m  will  the  equation 

2  mx^  +  (5  m  +  2)  a?  +  (4  m  -f  1)  =  0 

have  its  roots  real  and  equal,  real  and  unequal,  imaginary  ? 

We  find  62  -  4  oc  =  (5  m  +  2)2  -  8  m  (4  m  +  1) 

=  4  +  12m-7m2 
=  (2  -  m)  (2  +  7  m). 

Boots  eqtLol,    In  this  case  &2  _  4  ac  is  zero.  (§  181) 

.-.  2  —  m  =  0,  or  2  +  7  m  =  0. 
/.  m  =  2,  or  m  =  —  J. 

Roots  real  and  unequal.     In  this  case  l^  —  ^a^iB  positive.  (§  181) 

The  factors  2  —  m,  2  +  7  m,  are  to  be  both  positive  or  both  negative. 
If  m  lies  between  2  and  —  f ,  both  factors  are  positive ;  both  factors 
cannot  be  negative. 

Roots  imaginary.    In  this  case  62  —  4  ac  is  negative.  (§  181) 

Of  the  two  factors  2  —  m,  2  +  7  m,  one  is  positive,  the  other  negative. 
If  m  is  greater  than  2,  2  —  m  is  negative  and  2  +  7  m  positive  ;  if  m  is 
less  than  —  ^,  2  +  7  m  is  negative  and  2  —  m  positive. 

199.  By  a  method  similar  to  that  of  §  198  we  can  often 
obtain  the  maximum  or  the  minimum  value  of  a  quadratic 
expression  for  real  values  of  x, 

(1)  Find  the  maximum  or  the  minimum  value  oil  +x  —  oc^ 
for  real  values  of  x. 

Let  1  +  X  —  OS"  =  m. 

c  ,  1  ±V5-4m 

Solve,  X  = • 

2 

Since  z  is  real,  we  must  have 

6>4m  or  5  =  4 m. 
Therefore,  4  m  is  not  greater  than  5. 

That  is,  m  is  not  greater  than  }. 

The  maximum  value  of  1  +  x  —  x2  is  | ;  for  this  value  x  =  }. 
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(2)  Find  the  minimum  value  of  ar*  +  3  a5  +  4  for  real  values 
of  aj. 

Let  '     x^  +  Sx  +  4  =  m. 

Then,  x^  +  Sx  =  m-4, 

Solve,  X  = = . 

2 
Since  x  is  real,  we  must  have 

4m>7or4m  =  7. 
Therefore,  4  m  is  not  less  than  7. 

That  is,  m  is  not  less  than  j^. 

The  minimum  value  of  x^  +  3  x  +  4  is  J ;  for  this  value  x  =  —  f . 

Note.     Instead  of  solving  for  x,  we  might  have  used  the  condition  for 
real  roots,  w«.,  h^  —  ^ac  greater  than  or  equal  to  zero. 

200.   The  existence  of  a  maximum  or  a  minimum  value  may 
also  be  shown  as  follows : 

Take  the  first  expression  of  the  last  article, 

1  +  X-X2. 

This  is  i-d-x  +  x'^, 

or  f  -  («  -  i)2. 

(X  —  J)2  is  positive  for  all  real  values  of  x ;  its  least  value  is  zero,  and 
in  this  case  the  given  expression  has  its  greatest  value,  J. 
Similarly  for  any  other  expression. 

Ekercise  32 

For  what  values  of  m  are  the  two  roots  of  each  of  the  fol- 
lowing equations  equal,  real  and  unequal,  imaginary  ? 

1.  (3m  +  l)x^  -}-  2(m  -\-  l)x  -]-  m  =  0. 

2.  (m-2)x^  +  (m-5)x  +  2m-5  =  0, 

3.  2 wx^  +  x^-6mx  —  6x-^6m-^l=0. 

4.  wx^ -{-2x^ -{-2m -Smx-\- 9x^10  =  0. 

5.  6mx^-{'Smx-}-2m  =  2x -x^  —  l^ 
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For  real  values  of  aj,  find  the  maximum  or  the  minimum 
value  of  each  of  the  following  expressions : 


6. 

x^-6x  +  13. 

7- 

4a;2__l2aj  +  16, 

8. 

S  +  12x-9x\ 

9. 

a;*  +  8a;  +  20. 

10. 

4a;»-12a;  +  25. 

11. 

25x^-4:0x-16. 

12.. 

05  —  6 

x^ 

13. 

(a;  4- 12)  (a;  -  3) 

aj« 

tA 

4:X 

15. 

a;2  -  aj  -  1 

aj»  —  aj  -f  1 

16. 

a;»  +  2a;  — 3 

a;2-2a;  +  3 

17. 

1              1 

24-aj      2  — a; 

18. 

a;*  +  3  aj  -f  5 

aj«  +  l 

19. 

(X  4- 1)» 

aj2  —  aj  -f  1 

on 

2a;* -2a; +  6 

■  <«. 


(a4-2)«  a;2-2a;  +  3 

21.  Divide  a  line  2  a  inches  long  into  two  parts  such  that 
the  rectangle  of  these  parts  shall  be  the  greatest  possible. 

22.  Divide  a  line  20  inches  long  into  two  parts  such  that 
the  hypotenuse  of  the  right  triangle  of  which  the  two  parts 
are  the  legs  shall  be  the  least  possible. 

23.  Divide  2  a  into  two  parts  such  that  the  sum  of  their 
square  roots  shall  be  a  maximum. 

^.       24.   Find  the  greatest  rectangle  that  can  be  inscribed  in  a 
given  triangle. 

i 

25.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a 

given  circle. 

26.  Find  the  rectangle  of  greatest  perimeter  that  can  be 
inscribed  in  a  given  circle. 


CHAPTEE  XIV 

SURDS   AND  IMA6INARIES 

201.  Quadratic  Surds.  The  product  or  the  quotient  of  two 
dissimilar  quadratic  surds  is  a  quadratic  surd. 

For  every  quadratic  surd,  when  simplified,  has  under  the 
radical  sign  one  or  more  factors  raised  only  to  the  first  power ; 
and  two  surds  which  are  dissimilar  cannot  have  all  these 
factors  alike. 

202.  The  sum  or  the  difference  of  two  dissimilar  quadratic 
surds  cannot  be  a  rational  number ,  nor  can  it  be  expressed  as 
a  single  surd. 

For,  if  Va  ±  V^  could  be  equal  to  a  rational  number  c,  then 
squaring  and  transposing, 

±  2  -sfah  ^(^-a-b. 

Kow,  as  the  right  side  of  this  equation  is  rational,  the  left 
side  should  be  rational ;  but  '\fab  cannot  be  rational  (§  201). 
Therefore,  Va  ±  V^  cannot  be  rational. 

In  like  manner  it  may  be  shown  that  Va  ±  V^  cannot  be 
expressed  as  a  single  surd  V^. 

203.  A  quadratic  surd  cannot  be  equal  to  the  sum,  of  a 
rational  number  and  a  surd. 

For,  if  Va  could  be  equal  to  c  -f  V^,  then  squaring  and 
transposing, 

2c'Vb  =  a  —  b  —  c^; 

that  is,  a  surd  would  be  equal  to  a  rational  number ;  but  this 

is  impossible. 

164 
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204.  If  z,-{-  Vb  =  X  +  Vy,  then  a  is  eqical  to  x,  and  b  is 
equal  to  y. 

For,  transposing,  "Vb  —  Vy  =  a;  —  a ;  and  if^  were  not  equal 
to  y,  the  difference  of  two  unequal  surds  would  be  rational, 
which  is  impossible.  (§  202) 

.'.  b  =  y,  and  a  =  x. 

In  like  manner,  if  a  —  -\b  =  a;  —  Vy,  a  is  equal  to  x,  and  b 
is  equal  to  y. 

An  expression  of  the  form  a  +  Vo,  where  V6  is  a  surd,  is 
called  a  binomial  surd. 

205.  Square  Root  of  a  Binomial  Surd. 

(1)  Extract  the  square  root  of  a  -f  V^. 

Let  vo  +  Vft  =  Vx  +  Vy. 

Square,  a  +  Vh  =  x  +  2  Vxy  +  y, 

.'.  X  +  y  =  a,  and  2  Vxy  =  VS.  (§  204) 

From  these  two  equations  the  values  of  x  and  y  may  be  found. 
Or,  since  a  =  x  +  y  and  Vft  =  2  Vay, 

a  —  Vft  =  X  —  2  Vxy  +  y. 
Extract  the  root,  V a  —  Vft  =  Vx  —  Vy. 

.-.  (  Va  +  Vft)  (Va-Vft)  =  (Vi  +  v^)  ( Vx  -  Vi), 

.*.  Va2  —  6  =  X  —  y. 
And,  as  a  =  x  +  y, 

the  values  of  x  and  y  may  be  found  by  addition  and  subtraction. 

(2)  Extract  the  square  root  of  7  +  4  V3. 

Let  Vi  +  v^  =  y 7  4-  4  Vs.  [1] 

Then,  Vx  -  V^  =  V?  -  4  Vs.  [2] 

Multiply  [1]  by  [2],  «  -  y  =  V49  -  48. 

.'.  X  —  y  =  1. 
But  X  +  y  =  7. 

.*.  X  =  4,  and  y  =  3. 

.-.  Vx  +  V^  =  2  +  Vs. 
.-.  V7  +  4V3  =  2  +  Vs. 
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Such  assemblage  is  named  the  uniplanar  or  coplanar  assem- 
blage of  algebraic  numbers.  It  will  be  shown  hereafter  that 
this  uniplanar  assemblage  includes  all  the  numbers  necessary 
to  be  considered  in  ordinary  algebra ;  that  is,  the  algebra  of 
the  four  elementary  operations,  Addition,  Subtraction,  Multi- 
plication, and  Division,  performed  subject  to  the  Laws  of 
Uniformity,  Association,  Commutation,  and  Distribution  as 
given  in  §  72. 

208.  The  introduction  of  orthotomic  numbers  requires  the 
meanings  of  the  four  elementary  operations  to  be  made  more 
general  in  the  algebra  of  complex  numbers  than  they  are  in  the 
algebra  of  scalar  numbers,  but  these  enlarged  meanings  must 
be  consistent  with  the  older  meanings  of  scalar  algebra  and 
include  them  as  special  cases ;  and  the  elementary  operations, 
when  thus  generalized,  must  be  performed  subject  to  the 
four  fundamental  laws  which  govern  or  define  them  in  scalar: 
algebra.  (§  34) 

A  full  statement  of  these  wider  meanings  with  illustrative 
applications  of  them  will  be  given  in  Chapter  XXXIII. 

209.  It  is  necessary,  however,  to  notice  here  the  generali- 
zation of  the  Law  of  Signs  which  results  from  the  action  of 
the  Associative  and  Commutative  Laws  of  multiplication  with 
the  Law  of  Distribution  of  the  square  root  operation  over  the 
factors  of  a  product. 

If  a  and  b  are  both  positive  scalar  numbers,  the  distribu- 
tion of  the  square  root  operation  over  the  factors  of  a  product 
gives 

+  V^  =  (+  V^)  (+  V^)  =  (-  V^)  (-  V^),  (i) 

-  Vi^  =  (- -v^)  (+ V6)  =  (-f- V^)  (- -v^).  (ii) 

In  extending  this  law  to  orthotomic  numbers  it  is  assumed 
that  the  law  still  holds  when  either  factor  (or  both  factors) 
under  the  radical  sign  is  negative,  provided  the  distribution  is 
made  over  the  factors  taken  with  their  signs  unchanged.   Thus, 
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-f  Va(-6)  =  (+V^)(+VI^) 

=  (-  V^)  (-  V:^),  (iii) 

_  Va  (~  *)  =  (- -V^)  (+ V^) 

=  (+  V^)  (-V=l)  ;  (iv) 

and         4-  V(-  a)  (-  b)  =  (+  V^^)  (+  V^) 

-  V(-  a)  (-  b) = (-  v:r^)  (+  V^) 

=  (4-  V^)  (-  V^).*       (vi) 

Hence,  if  5  =  1,  we  have  as  special  cases  of  (iii)  and  (iv) 

+  V^  =  +  Va  (-  1)  =  (+  V^)  (+  V^),  (vii) 

and       -  V^  =  -  Va  (-  1)  =  (-  Va)  (+  V^).  (viii) 

Now,  by  the  Associative  Law  of  multiplication,  we  have 

+  V(-a)(-6)=+V(-i)|a(-i)y, 

which,  by  (vu),  =  (+  V^)  \  +  V^Tj) J, 

which,  by  the  Associative  and  Commutative  laws, 


=(+v:ri)|+v(-i)(aft)l, 

which,  by  (vii),  =  (+  V^)  (+  V^)  (+  Vo^) 

=  (+V^)2(+V^) 


But,  by  (v),  4-  V(-  a)  (-  b)  =  (+  V^I^)  (4-  V^). 
.-.  (4-  V^)  (4-  V^)  =  -  Vab.-f 

*  Notice  that  (iii),  (iv),  (v),  and  (vi)  are  all  included  in  the  forms  (i) 
and  (ii),  if  a  and  b  are  not  restricted  to  be  positive  scalar  numbers  but 
may  be  any  scalar  numbers  whatever.  This  generalization  of  (i)  and  (ii) 
is  the  proper  statement  of  the  distributive  law  of  the  square  root. 

t  Notice  that  from  this  we  have 

(4  VT^)  (+  VITft)  =  _  {(+  Vi)  (+  VS)}. 
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Similarly,  it  may  be  shown  that 

(- -vCT^)  (- V^)  =  -  V^, 
(- -vCT^)  (4- V^)  =  4- V^, 

The  generalized  Law  of  Signs  in  multiplication  may  now 
be  enunciated  as  follows : 

I.  Two  scalar  factors  ttnth  like  signs  give  a  positive  scalar 
prodiwt;  two  scalar  factors  with  unlike  signs  give  a  negative 
scalar  product, 

II.  Two  orthotomic  factors  udth  like  signs  give  a  negative 
scalar  product;  two  orthotomic  factors  with  unlike  signs  give  a 
positive  scalar  product 

III.  Two  factors,  the  one  scalar  the  other  orthotomic^  give  a 
positive  orthotomic  product  if  the  factors  have  like  signs,  a  nega- 
tive orthotomic  product  if  the  factors  have  unlike  signs, 

210.   The  successive  powers  of  V—  1  are : 
(■vCri)2  =  - 1. 

( V^)* = ( v:ri)2(  v3i)2 = (_  1)  (_  1)  =  + 1  ;^ 


It  appears  that  the  successive  powers  of  V—  1  form  the 
repeating  series  +  V—  1,  —  1,  —  V—  1,  +  1 ;  and  so  on. 

211.   Every  orthotomic  number  is  of  the  form  ±  m  V— j9, 
wherein  m  and  p  are  positive  scalar  numbers.     Now, 

and  in  this  the  factor  ±m'Vp  is  a  scalar  number;  hence, 
every  orthotomic  number  may  be  written  in  the  form  a  V—  1, 
in  which  a  is  a  scalar  number;  and,  conversely,  if  a  is  a  scalar 
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number,  a  V—  1  will  be  an  orthotomic  number.  Hence,  the 
sum  of  two  orthotomic  numbers  a  V—  1  and  h  V—  1  is  an 
orthotomic  number  or  is  zero,  for 

and  {a  +  &)  is  a  scalar  munber,  a  and  h  being  scalar  numbers, 
or  is  zero  if  h  =  —  a, 

212.  Every  imaginary  number  may  be  made  to  assume  the 
form  a  -^-b  V—  1,  where  a  and  b  are  scalar  numbers,  and  may 
be  integers,  fractions,  or  surds. 

-The  form  a-\-b  V— 1  is  the  t3^ical  form  of  complex  numbera 

Reduce  to  the  typical  form  6  +  V—  8. 

This  may  be  written  6  +  Vs  V-  1,  or  6  +  2  Vi  V^ ;  here  a  =  6, 
and  6  =  2  V5. 

213.  The  algebraic  sum  of  two  complex  numbers  is  in  general 
a  complex  number. 

Add  a  -\-b  V—  1  and  c  -\-  d  V—  1. 


c  +  dvC^ 


Thesui    \s  (a  +  c)  +  (6  +  d)V^ 

This  is  a  complex  number  imless  ^  +  e£  =  0,  in  which  case 
the  number  is  scalar,  or  a  4-  c  =  0,  in  which  case  the  number 
is  orthotomic. 

214.  The  product  of  two  complex  numbers  is  in  general  a 
complex  number. 

Multiply  a-\-b  V—  1  by  c  +  ef  V—  1. 

a  +  6   V^ 

+  adVirT_5(J 


The  product  is         (oc  -  M)  +  (6c  +  ad)  V-  1 , 
which  is  a  complex  number  unless  bc'\-ad^0  or  ac—hd^Q. 
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Similarly^  it  may  be  shown  that 

(-  V^)  ( -  V^)  =  -  V^, 
(_  •vCr^)(4-  V^)  =  +  V^, 
(-f  V^)  (- V^)  =  4- v^. 

The  generalized  Law  of  Signs  in  multiplication  may  now 
be  enunciated  as  follows : 

I.  Two  scalar  factors  with  like  signs  give  a  positive  scalar 
product;  two  scalar  factors  vdth  unlike  signs  give  a  negative 
scalar  product. 

II.  Two  orthotomic  foAStors  with  like  signs  give  a  negative 
scalar  product;  two  orthotomic  factors  with  unlike  signs  give  a 
positive  scalar  product 

III.  Two  factors^  the  one  scalar  the  other  orthotomic,  give  a 
positive  orthotomic  product  if  the  factors  have  like  signs,  a  nega- 
tive orthotomic  product  if  the  factors  have  unlike  signs, 

210.   The  successive  powers  of  V—  1  are  : 
( V^)2  =  -  1. 

( V^)*  =  ( V^)«(  V=:i)«  =  (- 1)  (- 1)  =  +  1 ;_ 


It  appears  that  the  successive  powers  of  V—  1  form  the 
repeating  series  -f  V—  1,  —  1,  —  V—  1,  +  1 ;  and  so  on. 

211.   Every  orthotomic  number  is  of  the  form  ±  m  V— ^, 
wherein  m  and  p  are  positive  scalar  numbers.     Now, 

and  in  this  the  factor  ±  m  '\fp  is  a  scalar  number ;  hence, 
every  orthotomic  number  may  be  written  in  the  form  a  V—  1, 
in  which  a  is  a  scalar  number;  and,  conversely,  if  a  is  a  scalar 
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number,  a  V—  1  will  be  an  orthotomic  number.  Hence,  the 
sum  of  two  orthotomic  numbers  a  V—  1  and  h  V—  1  is  an 
orthotomic  number  or  is  zero,  for 

a  V^  +  h  V^  =  (a  +  ^>)  V^, 

and  (a  +  5)  is  a  scalar  munber,  a  and  h  being  scalar  numbers, 
or  is  zero  if  ft  =  —  a. 

212.  Every  imaginary  number  may  be  made  to  assume  the 
form  a  +  ft  V—  1,  where  a  and  ft  are  scalar  numbers,  and  may 
be  integers,  fractions,  or  surds. 

-The  form  a  +  ft  V— 1  is  the  typical  form  of  complex  numbera 

Reduce  to  the  typical  form  6  +  V—  8. 

This  may  be  written  6  +  Vs  v^T,  or  6  +  2  V^  V^ ;  here  a  =  6, 
and  6  =  2  V2. 

213.  The  algebraic  sum  of  two  complex  numbers  is  in  general 
a  complex  number. 

Add  a  +  ft  V—  1  and  c  -\-  d  V—  1. 

a  +  ftvCl 
c  +  dVITi 


Thesui   ^  {a  +  c)  +  {6  +  d)v-^ 

This  is  a  complex  number  imless  ft  +  ei  =  0,  in  which  case 
the  number  is  scalar,  or  a  +  c  =  0,  in  which  case  the  number 
is  orthotomic. 

214.  The  product  of  two  complex  numbers  is  in  general  a 
complex  number. 

Multiply  a  +  b  V^  hy  c -{- d  V^. 

a  +  6   VTl 

c  +  d  virr 


The  product  is        (oc  -  6d)  +  (te  +  ad)  V^, 
which  is  a  complex  number  unless  hc  +  ad^O  or  ac— 6(^=0. 
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215.  The  quotient  of  two  complex  numbers  is  in  general  a 
complex  number. 

Divide  a  +  ft  V—  1  by  c  +  c?  V—  1. 

The  quotient  is  7==r- 

c+dv-1 

Multiply  both  numerator  and  denominator  hy  c  —  d  V  — 1. 

Then,  <a.f6V£I)(c-dV3i) 

(c  +  d  V-1)  (c-d  v-l) 

_  (oc  +  6d)  +  (&<?  -  ad)  V^ 

"  .     C2  +  (P 

ca  +  (P       ca  +  (P 

This  is  a  complex  number  in  tlie  typical  form. 

If  bc  —  ad  =  0,  the  quotient  is  scalar.         

216.  Two  expressions  of  the  form  a  +  6  V— 1,  a  —  b  V—  1 
are  called  conjugate  numbers. 

Add  a  +  ft  V—  1  and  a  —  b  V— 1. 
The  sum  is  2  a. 


Multiply  a  +  ft  V—  1  by  a  —  ft  V—  1. 

a  +  ftVITl 


a2  +  a6  -/ITT 

The  product  is  a^  +6* 

From  the  above  it  appears  that  the  sum  and  the  product  of 
two  conjugate  numbers  are  both  scalar. 

The  roots  of  a  quadratic  equation,  if  they  are  not  scalar 
numbers,  are  conjugate  numbers.  (§  181) 

217.   A  complex  number  cannot  be  equal  to  a  scalar  number. 

For,  if  possible,  let     a  +  6  V—  1  =  c. 
Then,  b  V—  1  =  c  —  a, 

and  -  62  =  (c  _  a)^. 

Since  6^  and  (c  —  a)^  are  both  positive,  we  have  a  negative  number . 
equal  to  a  positive  number ;  but  this  is  impossible. 
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218.  If  two  complex-  numbers  are  eqtuil,  the  scalar  parts  are 
equal  and  the  orthotomic  parts  are  equal. 

For,  let  a  +  6  V^i  =  c  +  d  V^TT. 

Then,  {6-d)V^  =  c-a. 

Square,  -  (6  _  d)a  =  (c  _  a)^. 

This  equation  is  impossible  unless  b  =  d  and  a  =  c. 

219.  If  X  and  j  are  scalar  and  x  +  y  V—  1  =  0,  thsn  x  =  0 
and  y  =  0. 

For,  y  V—  l  =  —  x, 

Square,  —  y2  =;  g.^. 

Transpose,  x^  +  y^  =  0, 

This  equation  is  true  only  when  x  =  0  and  y  =  0. 

220.  If  the  roots  of  aot^  -{-  bx  -[-  c  =  0  are  not  scalar,  then 
ax*  +  6a5  +  c  is  positive  for  all  scalar  values  of  x,  if  a  is  posi- 
tive; and  negative  for  all  scalar  values  of  x,  if  a  is  negative. 

Let  the  two  roots  be  y  +  8  V—  1  and  y  —  8  V—  1,  where  y 
and  8  are  scalar. 

Then,  by  §  193,  the  expression  aa^  +  ftoj  +  c  is  identical  with 

a(aj  -  y  -  8  V^)  (aj  -  y  +  8  V^). 

This  product  reduces  to  a[(a;  —  y)*  +  8*]. 

For  all  scalar  values  of  x,  (x  —  y)*  +  8*  is  a  positive  scalar 
number.  Hence,  aa^  -\-  bx  +  c  is  positive  if  a  is  positive,  and 
negative  if  a  is  negative. 

Examples : 

(1)  The  roots  of  the  equation  x2-6x  +  18  =  0  are  3  +  2 "/ITi  and 
8  —  2  V—  1.  The  expression  x^  -  6  x  +  13  may  be  written  (x  —  3)^  +  4, 
which  is  positive  for  all  scalar  values  of  x. 

8  4-2  V—  1 

(2)  The  roots  of  the  equation  12  x- 13 -4x2  =  0  are  —^ 

8  —  2  V— 1  ^ 

and .    The  expression  12  x  —  13  —  4  x*  may  be  written 

-  (4a^  -  12x  +.9  +  4)  or  -  [{2x  -  3)a  +  4], 
which  Is  negative  for  all  scalar  values  of  x. 
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The  expressions  (x  -3)^+4  and  -  [(2  oj  -  3)^  +  4]  of 
Examples  (1)  and  (2)  cannot  become  zero  for  any  scalar 
values  of  x ;  they  accordingly  have  either  a  minimum  value 
below  which  they  cannot  fall,  or  a  maximum  value  above 
which  they  cannot  rise.  /  (§  199) 

Exercise  34 
1.   Multiply 

V^  by  V^^;   2  V^  by  4  V-  27  ;    3  V^  by      ^ 


V27 

2.  Divide 

V7  by  V^;    V^  by  V^;  3  vC~6  by  V2V^. 

3.  Reduce  to  the  typical  form 

4  _|_  V-  81 ;   5  +  2V^;   (3  +  V^r27)2. 

Multiply : 

4.  4  +  V3^  by  4  -  V^. 

6.    V3  -  2  V^  by  V3  +  2  V^. 

6.  7  +  V-27  by  4  +  V^. 

7.  5  +  2  V^  by  3  -  5  V^. 

8.  2  V3  -  6  V^^  by  4  V3  -  -sT^. 

9.  Va  +  &  V—  c  by  Vc  +  a  V— ft. 
Divide: 


10.  26  by  3  +  V^;  86  by  6  -  V-7. 

11.  3  +  V^  by  4  +  3V^. 

12.  -  9  +  19  V^  by  3  +  V^. 
Extract  the  square  root  of : 

13.  H.4V^.  16.   -17H-4Viri5. 

14.  10-8VI^.  16.  -38-16V^^^. 
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17.  Show  that  4  a;^  —  12  a;  +  25  is  positive  for  all  scalar 
values  of  x,  and  find  its  minimum  value. 

18.  Show  that   6aj--4  — 9a;^  is  negative   for  all   scalar 
values  of  a;,  and  find  its  maximum  value. 

19.  Show  that  each  of  the  two  complex  roots  of  the  equa-' 
tion  aj'  =  1  is  the  square  of  the  other  complex  root. 

20.  Show  that,  if  o>  is  a  complex  root  of  x^  =  1, 
«'  +  y'  +  «'  —  3  xi/z 

=  (^  +  y  +  ^)  (35  +  o>y  +  «*«)  (x  +  w'y  +  <«>«). 

21.  Find  all  the  fourth  roots  of  —  1. 

22.  Find  all  the  sixth  roots  of  +  1. 
^23.   Find  all  the  eighth  roots  of  +  1. 

24.   Reduce  to  the  typical  form 


(2-3  V^)  (3  +  4  yCT) 
(6  4.  4  V^)(15  -  8  V^)  ' 


Simplify  : 

25.    (1  +  V^)*  +  (1  -  V^)*. 


26.  (1  +  V^)8  -  (1  -  V^)». 

27.  V(3  +  4 -vCi:)  +  V(3  -  4  V^). 


28.    V(3  +  4  V-1)  -  V(3  -  4  V-1). 


29.  V(5  +  2V^)  +  V(5-2V^). 

30.  V(  V3  +  V~  105)  -  V(  V3  -  V^^IOS). 


I- 


\^ 


%\%fVM  arPETBMIOrATg  SQUATUnrS 

Offi*  I  i  %  Nir^gl^  ^imtion  involying  two  unknown  numbers 
IN  ^\^^\\\  ^^M^  9U)  utbor  condition  is  imposed,  the  number  of 
NmI^Mmun  Mf  \\\^  tiijUAtlou  is  unlimited;  for  if  one  of  the 
UUkUiiWU  munlitii'H  iw  aHSumed  to  have  any  particular  value, 
^  mu'Vt:t»i(muiiiug  valua  of  the  other  may  be  found. 

H\u4\  HU  0i)uati(m  in  called  an  indeterminate  equation. 

i^\(>hvH^gh  iX\^  uuu^b^r  of  solutions  of  an  indeterminate  aqua- 
Wu\  iti  uulimit^U  U\^  values  of  the  unknovm  numbers  are 
v>vvwftu\Kl  W  a  ^^Mtioular  raug^j  this  range  may  be  further 
Vvu\U^?s^  tv>'  vvs\u\viuj[  that  th^  uukuown  numbers  shall  be  jxwi- 

1|jMl  tfN^\y  ukW^^'U^xu^j^W  4KiUialH>u  oi  the  first  d^pree^  in 
>^V^^  ji  )Auvt  ^  a)kv  tW  uuk^Dt^wu  ttUttiLbi»j:;$«  ma^  be  made  to 

«A»ii?  ±  ^^  —  ±  (.\ 
\k.hv;c  Jky  X  :uaU  0  ^v  |N^U>i^  UiGxj^i^  ;iml  hftT^  HO  common 

)|lt^    Ihc  lucchw  v>i:  ^>Niu^  ^i  iuu«itoriuiitiat»  tj<|^u;aidLQa  in 


•> 
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Since  the  values  of  x  and  y  are  to  be  integral,  x-\-y  —  1  will  be  integral, 

1  —  w 

and  hence  — — ^  will  be  integral,  though  written  in  the /orm  of  a  fraction. 

Let  — T-^  =  m,  an  integer. 

8 

Then,  1  —  y  =  3  m. 

.'.  y  =  1  —  8  m. 

Substitute  this  value  of  y  in  the  original  equation, 

3x  +  4  -.12m  =  22. 

.*.  X  =  6  +  4  m. 

The  equation  y  =  1  —  8m  shows  that  m  may  be  0,  or  have  any  nega- 
tive integral  value,  but  cannot  have  a  positive  integral  value. 

The  equation  x  =  6  +  4  m  further  shows  that  m  may  be  0,  but  cannot 
have  a  negative  integral  value  greater  in  absolute  value  than  1. 

.*.  m  may  be  0  or  —  1, 

and  then  ,  ?- »  ^'^         a\" 

y  =  l}  y  =  ^j 

(2)  Solve  5  a;  —  14  y  =  11,  in  positive  integers. 

Transpose,  5  x  =  11  +  14y, 

x  =  2  +  2y  +  l^tijf.  [1] 

5 

1  +  4y 
.-.  x-2y-2=  ^' 

5 

Since  x  and  y  are  to  be  integral,  x  —  2  y  —  2  will  be  integral,  and  hence 
IjtlK  will  be  integral. 

1  +  42/ 
Let =  m,  an  integer. 

6 

__  6m  —  1 

Then,  y  =  — - — » 

4 

.  m  —  1  r«i 

or  y  =  m  +  — [2] 

4 

Now,  must  be  integral. 

4 

Let  =  n,  an  integer. 

4 

Then,  m  =  4  n  +  1. 

Substitute  value  of  m  in  [2] ,     y  =  5  n  +  1. 
Substitute  value  of  y  in  [1],      x  =  14  n  +  6. 


178  COLLEGE  ALGEBRA 

Obviously  x  and  y  will  both  be  positive  integers  if  n  has  any  positive 
integral  value. 

Hence,  x  =  5,  19,  33,  47,  •  •  • , 

y  =  1,    6,  11,  16,  . .  • 

Another  method  of  solution  is  the  following : 
From  the  given  equation  we  have  x  = - 

Here  y  must  be  so  taken  that  11  +  14  y  is  a  multiple  of  6 ;  take  y  =  1, 
^  then  X  =  6,  and  we  have  one  solution. 

Now,  5x-14y=ll, 

and  5(5)- 14(1)  =  1L 

Subtract,        5  (x  -  5)  -  14  (y  -  1)  =  0, 

x-5      14 

or  =  — . 

y-l      6 

Since  x  —  6  and  y  —  I  are  integers,  x  —  6  must  be  the  same  multiple 
of  14  that  y  —  1  is  of  6. 

Hence,  if  x  —  6  =  14  m,  then  y  —  1  =  6  m. 

.*.  X  =  14  m  +  6»  and  y  =  5  m  +  1. 
Therefore,  x  =  5,  19,  33,  47,  •  •  • , 

and  y  =  1,    6,  11,  16,  •  •  • 

It  will  be  seen  from  [1]  and  [2]  that  when  only  positive  integers  are 
required  the  number  of  solutions  will  be  limited  or  unlimited  according 
as  the  sign  connecting  x  and  y  is  positive  or  negative. 

(3)  Find  the  least  number  that  when  divided  by  14  and  5 
will  give  remainders  1  and  3  respectively. 

If  N  represents  the  number,  then 

N-\  ^  N-Z 

=  X,  and  =  y. 

14  '  6 

.'.N-  14x  +  1,  and^=5y +  3. 

.-.  14x  +  l  =  5y  +  3. 

5y  =  14x-2, 

6y  =  16x  —  2  —  x. 

2  +  x 

.-.  y  =  8x — -. 

5 

2  4-  X 
Let  =  ?n,  an  integer. 

/.  X  =  6  m  —  2. 
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y  =  ^(14x  —  2),  from  original  equation. 
.*.  y  =  14  m  —  6. 
If  m  =  1,  z  =  3,  and  y  =  8, 

.-.  JV=14x+  l  =  6y  +  3  =  43. 

(4)  Solve  5  aj  +  6  y  =  30,  80  that  x  may  be  a  multiple  of  y, 

and  both  x  and  y  positive. 

Let  X  =  my. 

Then,  {5m  +  6)y  =  30. 

30 


y 


and 


5m+6 
30  m 


X  = 


6wi  +  6 

If  m  =  2,  X  =  3},  y  =  If 

If  m  =  3,  x  =  4f,  y  =  If  ; 

and  so  on. 

(5)  Solve  14  a;  +  22  y  =  71,  in  positive  integers. 

X  =  6  —  y  -^ -' 

^  14 

If  we  mnltiply  the  fraction  by  7  and  reduce,  the  result  is  —  4  y  +  },  a 
form  which  shows  that  there  can  be  no  integrcU  solution. 

There  can  be  no  integral  solution  ofaxi:&y=±cifa  and  b  have  a 
common  factor  not  common  also  to  c  ;  for,  if  d  is  a  factor  of  a  and  also 

of  b,  but  not  of  c,  the  equation  may  be  written 

c 

mdx  ±  ndy  =  ±  c,  or  nx  ±  ny  =  ±  -  J 

a 

which  is  impossible,  since  -  is  a  fraction,  and  mx  i:  ny  is  an  integer,  if  « 
and  y  are  integers. 

UserciM  35 

Solve  in  positive  integers : 

1.  aj  +  y  =  12.  6.  6ar  +  3y  =  106. 

2.  2ajH-lly  =  83.  6.  Ja;  +  5y  =  92. 

3.  4aj  +  9y  =  53.  7.  |a;  +  iy  =  27. 

4.  8aj  +  5y  =  74.  8.  ta;  +  |y  =  53. 
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Solve  in  least  possible  integers: 

9.   7aj-2y  =  12.  12.   lla;-5y  =  73. 

10.  9a;-5y  =  21.  IS.   16a;-47y  =  ll. 

11.  7a;-4y  =  46.  14.   23a;-14y  =  99. 

15.  Find  two  numbers  wbichy  multiplied  respectively  by  7 
and  17^  have  for  the  sum  of  their  products  1135. 

16.  If  two  numbers  are  multiplied  respectively  by  8  and 
17^  the  difference  of  their  products  is  10.  What  are  the 
numbers  ? 

17.  If  two  numbers  are  multiplied  respectively  by  7  and 
15y  the  first  product  is  greater  by  12  than  the  second.  Find 
the  numbers. 

18.  Divide  89  in  two  parts^  one  of  which  is  divisible  by  3, 
and  the  other  by  8. 

19.  Divide  314  in  two  parts^  one  of  which  is  a  multiple  of 
11,  and  the  other  a  multiple  of  13. 

20.  What  is  the  smallest  nun^.ber  which,  divided  by  5  and 
by  '^9  gives  each  time  4  for  a  remainder  ? 

21.  The  difference  between  two  numbers  is  161.  The  first 
divided  by  8  has  5  for  a  remainder,  and  4  must  be  added 
to  the  second  to  make  it  divisible  by  11.  What  are  the 
numbers  ? 

22.  Find  pairs  of  fractions  whose  denominators  are  24 
and  16,  and  whose  sum  is  ^|. 

^  23.  How  can  one  pay  a  sum  of  $87,  giving  only  bills  of  $5 
and  $2? 

24.  A  man  buys  calves  at  $5  apiece,  and  pigs  at  $3 
apiece.  He  spends  in  all  $114.  How  many  did  he  buy  of 
each? 
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(1)  If  a  and  b  are  unequal  positive  scalar  numbers^  show 
that  a^  -\-h^>  a^h  -f  ah\ 

We  shall  have  a«  +  68  >  a^ft  +  a&2, 

if  (dividing  by  a  +  6)       a^  -  ab -\- If^ >ab, 
if  a2  +  6*>2a6. 

But  '       a2  +  6*>2a6.  (§228) 

.-.  a»  +  &8  >  a^d  +  o6». 

(2)  Show  that  a^  _|.  ^a  ^.  c'  >  ^^  _j_  ao  ^.  ^c. 

Now,  a2  +  62.>2a6, 

a2  4-c2>2ac,  (§228) 

62  +  ca>26c. 
Add,  2a2  +  262  4.2ca>2a6  +  2ac  +  26c. 

.'.  a2  +  62  +  c2>a6  +  ac  +  6c. 
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Show  that,  the  letters  being  unequal  positive  scalar  numbers : 
1.    a2  +  352>25(a  +  ^).  2.    a%  +  ah*>2a^V. 

3.  (a«  +  h^)  (a*  -f  **)  >  (a*  +  **)*. 

4.  a^ft  +  a^c  H-  a5»  +  ^*c  +  ac»  +  ftc»  >  6  abc. 

6.  The  sum  of  any  fraction  and  its  reciprocal  >  2. 

6.  If  x^^a^-^- h^,  and  y^=  c^  +  eP,  xy'^ac  +  bd,  or  arf  +  5c. 

7.  ab  H-  ac  +  5c<(a  +  5  — c)'+(a  +  c  — 5)*  +  (6  +  c  — a)*. 

8.  Which  is  the  greater,  (a>  +  b^((^  +  cP)0T  (ae  +  ^cQ* ? 

9.  Which  is  the  greater,  a* — ft*  or  4  a*  (a  —  b)  when  a  >  ft  ? 

10.  Which  is  the  greater,  \y  +  \-  or  Va  +  'y/b? 

.rr,,  .,..,  a  +  ft  2aft^ 

11.  Which  IS  the  greater,      ^      or  — -r? 

°  2  a  +  ft 

n  h  11 

12.  Which  is  the  greater,  Ti  +  i  or  t  +  -? 

®  Ir      or        b      a 


CHAPTEK   XVI 

INEQUALITIES 

284.  An  inequality  is  a  statement  that  two  expressions  do 
not  have  the  same  value ;  that  is^  a  statement  that  two  expres- 
sions do  not  represent  the  same  number. 

Eyery  inequality  consists  of  two  expressions  connected  by 
a  sign  of  inequality ;  the  two  expressions  are  called  the  sides 
or  members  of  the  inequality. 

225.  We  say  that  a>h  when  a  —  5  is  positive  ;  that  a<h 
when  a  —  ^  is  negative, 

226.  The  symbols  <  and  >  are  used  for  the  words  not  less 
than  and  not  greater  than  respectively. 

227.  In  working  with  inequalities  the  following  principles 
are  easily  shown  to  be  true : 

The  sign  of  an  ineqiuility  remains  unchanged  if  both  mem- 
hers  are  increased  or  diminished  by  the  same  number ;  if  both 
memhers  are  multiplied  or  divided  by  the  same  positive  number  ; 
if  both  meifibers  are  raised  to  any  odd  power,  or  to  any  power 
wJien  both  members  are  positive. 

The  sign  of  an  inequality  is  reversed  if  both  members  are  mul- 
tiplied or  divided  by  the  same  negative  number;  if  both  members 
are  raised  to  the  same  even  power  when  both  members  are  negative. 

228.  Fundamental  Theorem.  If  a  and  b  are  unequal  scalar 
numbers,  a*  +  b^  >  2  ab. 

For  (a  —  by  must  be  positive. 

That  is,  a^-2ab-hb^>0, 

.\a^  +  b^>  2ab,  (§227) 

182 
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(1)  If  a  and  b  are  unequal  positive  scalar  numbers^  show 
that  a^  +  b^>  a^b  +  ab\ 

We  shall  have  a«  +  fe^  >  o^ft  +  ab^, 

if  (dividing  by  a  +  6)      a'^  —  ah  -\- Ijf^  >  ab^ 
if  o2  +  6*>2a6. 

But  '       a2  +  62>2a6.  (§228) 

.-.  o8  +  &8  >  a26  +  o6*. 

(2)  Show  that  a^  -j-  5^  +  c^  >  a^  H-  ac  +  be. 

Now,  a2  +  62.>2o6, 

a2  4-ca>2ac,  (§228) 

62  +  ca>26c. 
Add,  2o2  +  2624.2ca>2a6  +  2ac  +  26c. 

.-.  a2  +  62  +  c^^ab  +  ac  +  6c. 
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Show  that,  the  letters  being  unequal  positive  scalar  numbers : 
1.    a^  +  Sb^>2b(a  +  b).  2.    a^'^ab*>2aV. 

3.  (a«  +  ^')  (a*  +  ^*)  >  (a*  +  *•)*. 

4.  a^b -{- a^c -{' ab^  +  b^c -h  a<^  +  b<^  >  6  alfc. 

6.  The  sum  of  any  fraction  and  its  reciprocal  >  2. 

6.  If  aj^  =  a'  +  b^f  and  y^^<?  +  eP,  xy^^ac  +  ^e^,  or  arf  +  5c. 

7.  aZ>  4-  ac  +  5c  <  (a  +  5  —  c)*  +  (a  +  c  —  5)*  +  (ft  +  c  —  a)». 

8.  Which  is  the  greater,  {a?  +  ft^)  (c»  +  (?)  or  {ac  +  ftcQ*  ^ 

9.  Which  is  the  greater,  a*  —  ft*  or  4  a}  (a  —  ft)  when  a  >  ft  ? 

10.  Which  is  the  greater,  \j  +  -\/-  or  Va  +  ^? 

-rrr,    .      ,        ,  ,  «   +    ft  2  flft      ^ 

11.  Which  IS  the  greater,  — r—  or  ,7 

12.  Which  is  the  greater,  s  + 1  ^^  I  "*" "  ^ 
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236.  If  four  numbers  are  in  proportion,  the  product  of  the 
extremes  is  equal  to  the  product  of  the  means. 

For,  if  a  :  6  =  c  :  d, 

*u  a      c 

than  -  =  -. 

h     d 
Multiply  by  6d,  ad  =  he. 

The  equation  ad^bc  gives 

he  .       ad 

80  that  an  extreme  may  be  found  by  dividing  the  product  of 
the  means  by  the  other  extreme ;  and  a  mean  may  be  found 
by  dividing  the  product  of  the  extremes  by  the  other  mean. 
If  three  terms  of  a  proportion  are  given,  it  appears  from  the 
above  that  the  fourth  term  has  one,  and  but  one,  value. 

237.  If  the  product  of  two  numbers  is  equal  to  the  product  of 
two  others,  either  two  way  be  made  the  extremes  of  a  proportion 
and  the  other  two  the  means. 

For,  if 

divide  by  bd, 

or 

.'.  a  :  6  =  c  :  (2. 

238.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  inversion  ^  that  is,  h  is  to  a,  a^  d  is  to  c. 

For,  if 

then 

and 


or 


ad  = 

:  be, 

ad 
bd 

be 

bd' 

b" 

c 
d 

a 

:b 

= 

c: 

d, 

a 
b 

= 

c 
d' 

l-^ 

a 
b 

=: 

1- 

c 

b 
a 

z= 

d 

—  • 

c 

.-.6; 

:a 

^— 

d: 

!C. 

RATIO,  PROPORTION,  AND  VARIATION  187 

239.   If  four  numbers^  a,  b,  c,  d,  are  in  propo'rtion,  they  are 
in  proportion  by  composition ;  that  is,  a  +  b:b  =  c  +  d:<L 
For,  if  a  :  6  =  c  :  d, 

then 
and 


or 


b 

r 

h'- 

h'- 

a  +  6 

c  +  d 

b 

d 

.-.  a  +  6  :  6  = 

c  +  d  :  d. 

240.    If  four  numbers^  a,  b,  c,  d,  are  in  proportion^  they  are 
in  proportion  by  division ;  that  is,  a  —  b;b  =  c  —  d:d. 
For,  if  a  :  6  =  c  :  d, 

then 
and 


or 


b" 

r 

a 
b" 

1  = 

c 
d" 

1, 

a  — 

b 

c  - 

d 

b 

~ 

d 

—  • 

.'.  a 

-b: 

b  = 

c  — 

d: 

d. 

241.    If  four  numbers f  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  composition  and  division ;  that  is, 

a  +  b:a  —  b  =  c  +  d:c  —  d. 

a  +  b     c  +  d 


For,  from  §  239, 
and  from  §  240, 
Divide, 


b  d 

a  —  6  _  c  —  d 

b     "     d    ' 
a  +  6     c  -^  d 
a  —  b     c  —  d 
.*.  a  +  6:a  —  6  =  c  +  d:c  —  d. 


242.    If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  alternation ;  that  is,  a :  c  =  b :  d. 
For,  if  a  :  6  =  c :  d, 

then  -  =  -  . 

0     d 
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836.  If  four  numbers  are  in  proportion,  the  product  of  the 
extremes  is  equal  to  the  product  of  the  means. 

For,  if  a  :  6  =  c  :  (2, 

*u  a      c 

then  T  =  -* 

b     d 

Multiply  by  5d,  od  =  be. 

The  equation  ad  =  be  gives 

be  ,       ad 

a  =  —,         b  =  — ; 
d  c 

so  that  an  extreme  may  be  found  by  dividing  the  product  of 
the  means  by  the  other  extreme ;  and  a  mean  may  be  found 
by  dividing  the  product  of  the  extremes  by  the  other  mean. 
If  three  terms  of  a  proportion  are  given,  it  appears  from  the 
above  that  the  fourth  term  has  one,  and  but  one,  value. 

237.  If  the  product  of  two  numhers  is  equal  to  the  product  of 
two  others,  either  two  may  be  made  the  extremes  of  a  proportion 
and  the  other  two  the  means. 

For,  if  ad  =  bc, 

diyidebyM,  ?^  =  ^, 

a      c 
or  -  =  - . 

b     d 
/,  a  :  b  =  c  :  d, 

238.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  ^are 
in  proportion  by  inyersion^  that  is,  h  is  to  2l  as  d  is  to  q. 

For,  if 

then 

and 

or 

.*.  6 :  a  =  d :  c. 


a 

:6  = 
a  _ 
b" 

c: 

c 

d' 

d, 

1 

-^ 

a  _ 
b" 
6_ 
a  "" 

1- 
d 

—  t 

c 

c 
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239.    If  four  numhersy  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  hy  composition ;  that  is,  a-+-b:b  =  c-+-d.:(L 
For,  if  a:b  =  c:d, 

then 
and 


or 


b 

r 

h'- 

5*'. 

a  +  6 

c  +  d 

h 

d 

.:  a  -\-b:h  = 

c  +  d  :  d. 

240.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  division ;  that  is,  a  —  b:b  =  c  —  d:d. 

For,  if  a:b  =  c:df 

^u  a      c 

then  -  =  - » 

b     d 

and  —  1  = 1, 

^  b  d       ' 

a  —  b     c  —  d 
or  = 

b  d 

.•.  a  —  6  :  6  =  c  —did, 

241.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  composition  and  division ;  that  is, 

a-f-b:a  —  b  =  c-f-d:c  —  d. 

a  +  6     c  +  d 


For,  from  §  239, 
and  from  §  240, 
Divide, 


b  d 

a  —  b  _c  —  d 

b     "     d    ' 
a  +  &      c  -^  d 
a  —  b     c  —  d 
.'.  a  +  6  :  a  —  6  =  c  +  d  :  c  —  d. 


242.    If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  alternation ;  that  is,  a :  c  =  b :  d. 
For,  if  a  :  6  =  c  :  d, 

CL        C 

then  -  =  -  • 

0     d 
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Multiply  by-, 

ab 
be 

be 
cd' 

or 

a  __ 
c 
.',  a :  c  = 

b 
d' 
•  bid. 

243.   Like  powers 

of 

the  terms  of  a 

proportion 

are 

in 

pro- 

portion. 

For,  if 

a:b  = 

:  c:d, 

• 
then 

a  _ 
6"" 

c 
d 

Raise  both  sides  to  the  nth  power, 

• 

a" 
6» 

• 
•    • 

a*» :  &»  = 

;  C»  :  d*». 

244.  If  a:b  =  Old,  any  ratio  whose  terms  are  two  polyno- 
mials  in  a  and  b,  homogeneous  and  both  of  the  same  degree^ 
is  equal  to  the  ratio  whose  terms  are  found  from  those  of  the 
preceding  ratio  by  substituting  c  for  a  and  d  for  b. 

To  prove  this  in  any  particular  case,  it  will  be  found  suffi- 
cient to  substitute  ra  for  b  and  re  for  d. 

245.  In  a  series  of  equal  ratios,  the  sum  of  the  antecedents 
is  to  the  sum  of  the  consequents  as  any  antecedent  is  to  its 
consequent, 

^^"'^^  b-d'-fV 

we  may  put  r  for  each  of  these  ratios. 

a  c  e  g 

Then,  -  =  r,    -  =  r,    -  =  r,    |  =  r. 

b  d  f  h 

.'.  a  =  br,  c  =  dr,   e  =fr,  g  =  hr, 

.-.  a  +  c  +  e  +  S'  =  (6  +  d  +/+  h)r. 

.-.  a  +  c  +  e  +  S^jft  +  d  +/+ A  =  a.o. 
In  like  manner,  it  may  be  shown  that 

ma -{- ne  -\-  pe -\-  qg  :  mb  -^  nd -\-  pf -\-  qh  =  a :  b. 
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246.   If  four  numbers,  a,,  h,  c,  d,  are  in  contintted  proportion, 
then  a :  c  =  a^ :  b^  and  a :  d  =  a* :  b*. 


For,  if 


a  _  6_  c 
bed 


^.  a     b     a     a 

then  -  X  -  =  -  X  -» 

b     c     b      b 

/.  a:C  =  a^:l^. 


or 


or 


. ,  a     h      c     a     a     a 

b     c     d      b      b      b 
a  _a^ 

.*.  a  :d  =  a^  :b^. 


247.  The  mean  proportional  between  two  numbers  is  equaZ  to 
the  square  root  of  their  product 

For,  if  a  :  6  =  6  :  c, 

xu  a     b 

then  -  =  -» 

b     c 

and  62  _  Q^g, 

248.  TAe  products  of  the  corresponding  terms  of  two  or  more 
proportions  are  in  proportion. 

For,  if  a  :  6  =  c  :  d, 

e:f=g:h, 

k:l  =  m:n, 

.,  a      c      e      g      k     m 

then  —  =  — ,    —  =  — ,    -  =  — . 

b     d      f      h      I      n 

Take  the  product  of  the  left  members,  and  also  of  the  right  members  of 

these  equations, 

aek     cgm 

bfl      dhn 
.'.  aek :  bfl  =  cgm  :  dhn. 

249.  The  laws  that  have  been  established  for  ratios  should 
be  remembered  when  ratios  are  expressed  in  fractional  form. 
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.     Q  x^-{-x  +  l      x^-^x  +  2 

(1)  Solve :    -5 T  =  -r-- jr  . 

^  ^  x^  —  x  —  1      x^  -{-X  —  2 

By  composition  and  division, 

2x2  2x2 


2(x+l)       ~2(x-2) 
This  equation  is  satisfied  when  x  =  0  ; 

A'       A'  V        2X2  ,  1  1 

or,  dividing  by  — »   when 


2  X  +  1      2  -x' 

that  is,  when  x  =  i. 

(2)  If  a-.h  :=  c:dy  show  that 

a^  -{-  ah  '.h^  —  ab  =  c^  -{-  cd :  d^  —  cd, 

n 

^^^  ^=^ri'                                   (§241) 
and 


a 

c 

6~ 

r 

a  +  6 

c  +  d 

a  —  b 

c  —  d 

a 
-b 

c 
-d 

a 

• 

••-6 

a-\-b 
a  —  b 

c        c 
-d^'-c 

• 

-d' 

a^  +  ab 

c^  +  cd 

l^-ab 

d^-cd' 

a2  +  a6 

:b2-db  = 

c2  +  cd : 

O'-cd. 

(§  248) 


that  is, 
or 


Exercise  37 

1.  Write  the  ratio  compounded  of  3  : 5  and  8  : 7.  Which 
of  these  ratios  is  increased,  and  which  is  diminished  by  the 
compounding  ? 

2.  Compound  the  duplicate  ratio  of  4 :  15  with  the  tripli- 
cate of  5 : 2. 

3.  Arrange  in  order  of  magnitude  the  ratios  3:4,  23 :  26, 
10 :  11. 

Find  the  ratio  compounded  of : 

4.  3:6,  10:21,  14:16.  6.    7:9,  102:106,  16:17. 
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6.  a^  —  x^\a^  -{-  3 ax  -{-  2x^  and  a  -{-  x:a  —  x, 

7.  x^  —  4::2x^  —  5x  -\-  S  and  aj  —  1 : a;  —  2. 

8.  Show  that  the  ratio  a:b  is  the  duplicate  of  the  ratio 

a  -\'  c:b  -\'  c  if  c^  =  ab, 

9.  Two  numbers  are  in  the  ratio  2 : 5,  and  if  6  is  added  to 
each^  the  sums  are  in  the  ratio  4 : 7.     Find  the  numbers. 

10.  What  must  be  added  to  each  of  the  terms  of  the  ratio 
w  : n  that  it  may  become  equal  to  the  ratio  p:q? 

11.  If  X  and  y  are  such  that,  when  they  are  added  to  the 
antecedent  and  consequent  respectively  of  the  ratio  a:b,  its 
value  is  unaltered,  show  that  x:y  =  a:b. 

Find  X  from  the  proportions : 

12.  27;90  =  45:x.  Sa    12a      Uc 

13.  lli:4^  =  3i:x.  *    5b'   7c   "156'^* 

Find  the  third  proportional  to : 

^  a'-^b^       ^  a-b 

15.    f  J  and  j\,  16.   and 

c  c 

Find  the  mean  proportional  between : 

17.   3  and  16i.  18.   ^2L^  and  ^^^'. 

If  a:b  =  c:d,  prove  that : 

19.    2a  -\'b:b  =  2c  +  d:d.      20.    Sa  —  b:a  =  3c  —  d:c. 

21.  4a  +  3^:4a  — 3^  =  4c-f-3c^:4c  — 3^. 

22.  2a^-{-3b'':2a''-Sb^  =  2c^'-{-3d*:2c*-Sd^. 

li  a:b  =  b:c,  prove  that : 

23.  a^-{-  ab:b^  +  bc::a:c,       24.    a:c::(a-{-  by :  (b  +  <?)*. 

-^x  —  y      y  —  z      z  —  x        .  .     _ 

25.   If  — r-^  = = 9  and  Xy  y,  z  are  unequal,  show 

Z  m  n  ^ 

that  Z  +  w  -f  n  =  0. 
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Find  X  from  the  proportions : 

26.  X'}-l:x  —  l=X'\-2:x  —  2. 

27.  X -{- a:2x  —  b  =  3x -{- b:4:X  —  a, 

28.  x!^-'4tX'h2:x^-2x-l=x!^-4:X:x^-2x-2. 

29.  3  -f  a; :  4  +  a;  =  9  +  a  :  13  +  aj. 

30.  a-^x:b'^x  =  c-{-x:d'}-x. 

31.  11  a:b  =  c:df  show  that 


a*  +  ^  : 7  =  c*  -f  e? : 


a  +  ^  c  -}-  d 

32.  When  a,  5,  c,  c?  are  proportionals  and  all  unequal,  show 
that  no  number  x  can  be  found  such  that  a  -{-  x,  b  -{-  x,  c  -\-  x, 
d  -{-  X  shall  be  proportionals. 

RATIO   OF   MAGNITUDES 

250.  Commensurable  Magnitudes.  If  two  magnitudes  of  the 
same  kind  are  so  related  that  a  unit  of  measure  can  be  found 
which  is  contained  in  each  of  the  magnitudes  an  integral  num- 
ber of  times,  this  imit  of  measure  is  a  common  measure  of  the 
two  magnitudes,  and  the  two  magnitudes  are  commensurable. 

Two  magnitudes  different  in  kind  can  have  no  ratio. 
If  two  commensurable  magnitudes  are  measured  by  the  same 
unit,  their  ratio  is  the  ratio  of  their  numerical  measures. 

Thus,  J  of  a  foot  is  a  common  measure  of  2|  feet  and  8f  feet,  being 
contained  in  the  first  16  times  and  in  the  second  22  times. 

Therefore,  the  ratio  of  2^  feet  to  3|  feet  is  the  ratio  of  15  :  22. 

251.  Incommensurable  Magnitudes.  Two  magnitudes  of  the 
same  kind  that  cannot  both  be  expressed  in  integers  in  terms 
of  a  common  unit  are  said  to  be  incommensurable,  and  the  exact 
value  of  their  ratio  cannot  be  found.     But  by  taking  the  unit 
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shall  diffisr  frcci  me  croe  xalae  cf  the  niio  l»r  less  diaii  aar 
assigiyd  t^2:=£.  havertr  smalL 

$iipp»:«e  4  asd  <(  tt>  ce  two  mcommccsiiiable  magnitadesof  the 
sam^  kimd.  Dmdst  i  into  any  infiegial  number. «« of  equal  paits^ 
and  snppose  c^ie  of  these  pans  is  contained  in  m  OKne  than  » 

times  and  le^  than  ■§  —  1  times.     Tlfe^n,  -r  lies  betv^een  —  and 

m^l  *  •     1 

— • —  acd  cannot  differ  from  either  of  these  br  so  mneh  as  — 
II  1  '  * 

Bat.  br  increasing  m  indefinitelT;  ~  can  he  made  to  decrease 

indefinitely  and  to  become  less  than  anj  assigned  xaloe^  how- 
erer  small,  though  it  cannot  be  made  absolutely  eqnal  to  ana. 
Hence^  the  ratio  of  two  incommensnrable  magnitudes* 
although  it  cannot  be  expressed  eracfiy  by  numbers*  may  be 
expressed  apprtxrimuiieiy  to  any  desired  degree  of  accuracy. 

Hiik,  if  h  icpicwuto  the  length  of  the  side  oi  a  sq[Qare»  and  c  the 
length  of  the  dJagonaL  -=^. 

Now,  v^=  1.41421S50  --•,  a  Tsloe  greater  than  1.41421S,  but  lest 
than  1.414214. 

If,  then,  a  mmiamik  part  of  6  is  taken  as  the  nnit,  the  Talne  of  the 

^     a  ,.      ,_ 1414213       ^  1414214  .  ,.   ..^      ^^^      *^ 

ratio  -  hes  between  and  «  and  therwore  diireis  from 

6  1000000  1000000 

either  of  these  fracticHis  by  less  than 

1000000 

By  carrying  the  decimal  farther,  a  fraction  may  be  found  that  wiU 
differ  from  the  true  value  of  the  ratio  by  less  than  a  biUiomtky  a  triUkndk, 
or  by  less  than  any  other  assigned  vaiue  tchatever. 

Hence,  the  ratio  - «  while  it  cannot  be  expressed  by  numbers  exaeUy^ 

b 

may  be  expressed  by  numbers  to  any  degree  of  accuracy  we  please. 

252.  The  ratio  of  two  incommensurable  magnitudes  is  an 
incommensuxable  ratio,  and  is  a  fixed  value  such  that  an 
approximate  value  can  be  found  which  will  differ  from  this 
fixed  Yalu6  by  a  quantity  whose  absolute  value  shall  be  less 
than  that  of  any  assigned  constant^  however  small. 
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253.  Equal  Incommensurable  Ratios.  As  the  treatment  of 
Proportion  in  Algebra  depends  upon  the  assumption  that  it  is 
possible  to  find  "fractions  which  will  represent  ratios,  and  as 
it  appears  that  no  fraction  can  be  found  to  represent  exactly 
the  value  of  an  incommensurable  ratio,  it  is  necessary  to  show 
that  two  incommensurable  ratios  are  equal  if  their  approxi- 
mate values  remain  equal  when  the  unit  of  measure  is  indefi- 
nitely diminished. 

Thus,  let  a:b  and  a' : 6'  be  two  incommensurable  ratios  whose  true 

yaluto  lie  between  the  approximate  values  —  and  1  when  the  unit 

n  n 

of  measure  is  indefinitely  diminished.     Then  they  cannot  differ  from  each 

other  by  so  much  as  -  • 

n 

Let  d  denote  the  difference  (if  any)  between  a :  h  and  a'  -M  \  then 

,     1 
d<-. 
n 

Now  the  true  values  of  a :  6  and  a' : }/  being  fixed,  their  difference,  d, 
must  be  fixed,  that  is,  d  must  he  a  constant. 

By  increasing  n  we  can  make  the  value  of  -  less  than  any  assigned 
value,  however  small ;  hence,  -  can  be  made  less  than  (2  if  d  is  not  zero. 

71 

Therefore,  d  is  0,  and  there  is  no  difference  between  the  ratios  a :  b 
and  a' :  6'.     Therefore,  a :  6  =  a' :  6'. 

254.  The  laws  which  apply  to  the  proportion  of  abstract 
numbers  apply  to  the  proportion  of  concrete  quantities,  except 
that  alternation  will  apply  only  when  the  four  quantities  in 
proportion  are  all  of  the  same  kind. 

Ezercise  38 

1.  A  rectangular  field  contains  6270  acres,  and  its  length  is 
to  its  breadth  in  the  ratio  of  31 :  17.     Find  its  dimensions. 

2.  If  five  gold  coins  and  four  silver  ones  are  worth  as  much 
as  three  gold  coins  and  twelve  silver  ones,  find  the  ratio  of  the 
value  of  a  gold  coin  to  that  of  a  silver  one. 
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3.  The  lengths  of  two  rectangular  fields  are  in  the  ratio  of 
2 : 3,  and  the  breadths  in  the  ratio  of  5 : 6.  Find  the  ratio  of 
their  areas. 

4.  Two  workmen  are  paid  in  proportion  to  the  work  they 
do.  A  can  do  in  20  days  the  work  that  it  takes  B  24  days 
to  do.     Compare  their  wages. 

5.  In  a  mile  race  between  a  bicycle  and  a  tricycle"  their  rates 
were  as  5 : 4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.     Find  the  rate  of  each. 

6.  A  railway  passenger  observes  that  a  train  passes  him, 
moving  in  the  opposite  direction,  in  2  seconds ;  but  moving 
in  the  same  direction  with  him,  it  passes  him  in  30  seconds. 
Compare  the  rates  of  the  two  trains. 

7.  A  vessel  is  half  full  of  a  mixture  of  wine  and  water. 
If  filled  with  wme,  the  ratio  of  the  quantity  of  wine  to  that 
of  water  is  10  times  what  it  would  be  if  the  vessel  were  filled 
with  water.  Find  the  ratio  of  the  original  quantity  of  wine 
to  that  of  water. 

8.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4  : 5,  and  then  3  gallons  are  sold ;  the  remainder  is  increased 
in  the  ratio  6 : 7  by  mixing  it  with  3  quarts  of  water.  How 
many  gallons  of  milk  were  there  at  first  ? 

9.  Each  of  two  vessels,  A  and  B,  contains  a  mixture  of 
wine  and  water ;  A  in  the  ratio  of  7  :  3,  and  B  in  the  ratio  of 
3:1.  How  many  gallons  from  B  must  be  put  with  5  gallons 
from  A  to  give  a  mixture  of  wine  and  water  in  the  ratio  of 
11:4? 

10.  The  time  which  an  express  train  takes  to  travel  180 
miles  is  to  that  taken  by  an  accommodation  train  as  9:14. 
The  accommodation  train  loses  as  much  time  from  stopping 
as  it  would  take  to  travel  30  miles;  the  express  train  loses 
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only  half  as  much  time  as  the  other  by  stopping,  and  travels 
15  miles  an  hour  faster.     What  aie  their  respective  rates  ? 

11.  A  and  B  trade  with  different  sums.  A  gains  $200  and 
B  loses  $50,  and  now  A's  stock  is  to  B's  as  2 :  ^.  But  if  A 
had  gained  $100  and  B  lost  $85,  their  stocks  would  have 
been  as  15 :  3J.     Find  the  original  stock  of  each. 

12.  A  line  is  divided  into  two  parts  in  the  ratio  2 : 3,  and 
into  two  parts  in  the  ratio  3 ;  4 ;  the  distance  between  the 
points  of  section  is  2.     Find  the  length  of  the  line. 

13.  A  railway  consists  of  two  sections ;  the  annual  expendi- 
ture on  one  is  increased  this  year  5  per  cent,  and  on  the  other 
4  per  cent,  producing  on  the  whole  an  increase  of  4^  per  cent. 
Compare  the  amounts  expended  on  the  two  sections  last  year, 
and  also  the  amounts  expended  this  year. 

VARIATION 

255.  One  quantity  is  said  to  vary  as  another  when  the  two 
quantities  are  so  related  that  the  ratio  of  any  two  values  of 
the  one  is  equal  to  the  ratio  of  the  corresponding  values  of 
the  other. 

Thus,  if  it  is  said  that  the  weight  of  water  varies  as  ita  volume,  the 
meaning  is  that  one  gallon  of  water  is  to  any  number  of  gallons  as  the 
weight  of  one  gallon  is  to  the  weight  of  the  given  number  of  gallons. 

256.  Function  of  a  Variable.  Two  variables  may  be  so  related 
that  when  a  value  of  one  is  given  the  corresponding  value  of 
the  other  can  be  found.  In  this  case  one  variable  is  said  to 
be  a  function  of  the  other. 

Thus,  if  the  rate  at  which  a  man  walks  is  known,  the  distance  he 
walks  can  be  found  when  the  time  is  given  ;  the  distance  is  in  this  case 
a,  function  of  the  time. 

257.  When  two  variable  magnitudes  X  and  F,  not  necessarily 
of  the  same  kind,  are  so  related  that  when  X  is  changed  in 
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any  ratio^  Y  is  changed  in  the  same  ratio,  Y  is  said  to  vary  as 
Xy  and  the  relation  is  denoted  thus,  y  ocZ.  The  sign  oc,  called 
the  sign  of  variation,  is  read  varies  as. 

Thus,  the  area  of.  a  triangle  with  a  given  base  varies  as  its  altitude ; 
for,  if  the  altitude  is  changed  in  any  ratio,  the  area  is  changed  in  the 
same  ratio. 

If  Y  ocXy  and  if  when  X  has  a  definitely  assigned  value  A, 
Y  takes  the  value  B,  then 

B:Y=A:X,  [1] 

and  therefore,  by  the  theory  of  proportion,  B  has  a  value 

definitely  determined  by  the  value  of  A. 

Let  the  numerical  measures  of  Ay  B,  X,  and  Y  be  a,  h,  a, 

y,  respectively,  so  that 

a:x  =  A:Xy 

and  b\y  =  B:Y, 

Therefore,  by  [1],  h\y  =^  a\x, 

. • .  h:a  =  y\x,  [2] 

Since  a  and  b  are  the  numerical  measures  of  the  definitely 
assigned  magnitudes  A  and  B,  they  are  themselves  constant  and 
their  ratio,  6  :  a,  is  constant.  Also,  x  and  y  are  the  numerical 
measures  of  the  variable  magnitudes  X  and  Y\  hence,  by  [2], 

When  two  variable  magnitudes  X  and  Y  are  so  related  that 
YccX,  their  numerical  measures  are  so  related  that  their  ratio 
is  constant. 

Hence,  if  y ocx,  y:x  is  constant,  and  if  we  represent  this 
constant  by  m, 

4        y 

y:x  =  m:l,  or  -  =  m.     ,\  y  =  mx. 

Again,  if  y',  x'  and  y",  x"  are  two  sets  of  corresponding 
values  of  y  and  x,  then 

y'  :x'  =  y"  :  x'\ 

or  y' :  y"  =  x'  :  x". 
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258.  Inverse  Variation.  When  x  and  y  are  so  related  that 
the  ratio  of  y  to  -  is  constant,  y  is  said  to  vary  inversely  as  x  \ 

X 

this  is  written  y  ^-' 

X 

Thus,  the  time  required  to  do  a  certain  amount  of  work  varies  inversely 
as  the  number  of  workmen  employed ;  for,  if  the  number  of  workmen  is 
doubled,  halved,  or  changed  in  any  other  ratio,  the  time  required  is  halved, 
doubled,  or  changed  in  the  inverse  ratio. 

In  this  case,  ?/ :  -  =  t/i. 

'  ^    X 

m         J 
.  * .  y  =  —  >  ana  xy  =  m; 

that  is,  the  product  xy  is  constant. 
As  before,  y':-  =  y":—, 

X  X 

x'y'  =  x"y"f 
or  y' :  y"  =  x" :  x', 

259.  If  the  ratio  oi  y:xz  is  constant,  then  y  is  said  to  vary 
jointly  as  x  and  z. 

In  this  case,  y  =  rnxz, 

and  y' :  y"  =  x'z' :  x"z", 

X 

260.  If  the  ratio  y:-  is  constant,  then  y  varies  directly  as 
X  and  inversely  as  z. 

In  this  case, 
and 


261.   Theorem  I.     If  y  oc  x,  and  a;  qc  «,  then  y  qc  «. 
For  y  =  mx,  and  x  =  nz, 

,',  y  =  ninz. 

.*.  y  ccz. 
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y 

' 

z 

i 

i' 

■y" 

x' 

x'' 

y'- 

^■^ 

z^' 

z'' 
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262.  Theorem  n.     If  y  qc  cc,  and  «  oc  a;,  then  (y  ±.z)qc  x. 
For  y  =  mx, 

and  z  =  nx, 

.'.  y  :t  z  =(m:t  7i)x. 
.".  (y  ±  «)  OCOJ. 

263.  Theorem  III.  li  yccx  when  «  is  constant,  and  y  oc  « 
when  X  is  constant,  and  if  x  and  «  are  independent  of  each 
other,  then  yccxz  when  x  and  «  are  both  variable. 

Let  x',  y',  z'  and  x",  y",  z"  be  two  sets  of  corresponding 
values  of  the  variables. 

Let  X  change  from  x'  to  a;",  while  z  remains  constant,  and 
let  the  corresponding  value  of  y  be  Y. 

Then,  y':Y  =  x':  x",  [1] 

Now,  let  z  change  from  «'  to  z"y  while  x  remains  constant. 

Then,  Y:y"=zz':  z".  [2] 

From  [1]  and  [2], 

y'Y:y"Y=x'z':x"z",  (§248) 

or  y' :  y"  =  x'z' :  x'^z", 

or  y'  :x'z'  =:  y" :  x"z^'. 

.*.  the  ratio  —  is  constant,  and  y  oc  xz, 
xz 

In  like  manner,  it  may  be  shown  that  if  y  varies  as  each 
one  of  any  number  of  independent  values  x,  z,u,'",  when  the 
rest  are  unchanged,  then  when  they  all  change,  y  oc  xzu  •  •  • 

Thus,  the  area  of  a  rectangle  varies  as  the  base  when  the  altitude  is 
constant,  and  as  the  altitude  when  the  base  is  constant,  but  as  the  product 
of  the  base  and  altitude  when  both  vary. 

The  volume  of  a  rectangular  solid  varies  as  the  length  when  the  width 
and  thickness  remain  constant ;  as  the  width  when  the  length  and  thick- 
ness remain  constant ;  as  the  thickness  when  the  length  and  width  remain 
constant ;  but  as  the  product  of  length,  breadth,  and  thickness  when  all 
three  vary. 
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264.  Examples.  '(1)  If  y  varies  •  inversely  as  a;,  and  when 
y  =  2  the  corresponding  value  of  x  is  36,  find  the  correspond- 
ing value  of  X  when  y  =  9. 

Here,  y  =  — »  or  m  =  xy. 

.-.  m  =  2  X  36  =  72. 

If  9  and  72  are  substituted  for  y  and  m  respectively  in  . 

m 
y  =  — » 

X 

72 
the  result  is  9  =  — ,  or  9  x  =  72. 

X 

.-.  X  =  8. 

^2)  The  weight  of  a  sphere  of  given  material  varies  as  its 
volume,  and  its  volume  varies  as  the  cube  of  its  diameter.  If 
a  sphere  4  inches  in  diameter  weighs  20  pounds,  find  the 
weight  of  a  sphere  5  inches  in  diameter. 

Let  W  represent  the  weight, 

y  represent  the  volume, 

D  represent  the  diameter. 
Then,  TT  oc  F,  and  F  «  i)». 

Put  W  =  mifi  ; 

then,  since  20  and  4  are  corresponding  values  of  W  and  D, 

20  =  m  X  64. 

—   20—    _5_ 


.-.    r7l  =  4^  = 


r?' 


.-.  IT  =-1^7 1)8. 
Therefore,  when  D  =  5,  TF  =  y\  of  125  =  39xV. 


Exercise  39 


1.  If  y  oc  X,  and  2/  =  4  when  a;  =  5,  find  y  when  a;  =  12. 

2.  Ji  y  cc  Xf  and  2^  =  -J-  when  x  =  ^,  find  ^^  when  05  =  ^. 

3.  If  z  varies  jointly  as  x  and  y,  and  3,  4,  5  are  simulta- 
neous  values  of  cc,  y,  z,  find  «  when  x  =  y  =  10, 
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4.  If  «  oc  "9  and   a?  =  4  and  y  =  S  when  «  =  6,  find  the 

y 

value  of  z  when  cc  =  5  and  y  =  7, 

5.  If  the  square  of  x  varies  inversely  as  the  cube  of  y,  and 
X  =  2  when  y  =  3,  find  the  equation  between  x  and  y, 

6.  If  z  varies  as  x  directly  and  y  inversely,  and  if  cc  =  3 
and  y  =  4:  when  z  =  2,  find  z  when  cc  =  15  and  y  =  S, 

7.  The  velocity  acquired  by  a  stone  falling  from  rest  varies 
as  the  time  of  falling  j  and  the  distance  fallen  varies  as  the 
square  of  the  time.  If  it  is  found  that  in  3  seconds  a  stone  has 
fallen  145  feet  and  acquired  a  velocity  of  96f  feet  per  second, 
find  the  velocity  and  distance  fallen  at  the  end  of  5  seconds. 

8.  If  a  heavier  weight  draws  up  a  lighter  one  by  means  of 
a  string  passing  over  a  fixed  wheel,  the  space  described  in  a 
given  time  varies  directly  as  the  difference  between  the  weights, 
and  inversely  as  their  sum.  If  9  ounces  draws,  7  ounces 
through  8  feet  in  2  seconds,  how  high  will  12  ounces  draw  9 
ounces  in  the  same  time  ? 

9.  The  space  will  also  vary  as  the  square  of  the  time. 
Find  the  space  in  Example  8,  if  the  time  is  3  seconds. 

10.  Equal  volumes  of  iron  and  copper  are  found  to  weigh 
77  and  89  ounces  respectively.  Find  the  weight  of  10^  feet 
of  round  copper  rod  when  9  inches  of  iron  rod  of  the  same 
diameter  weigh  31-j^^  ounces. 

11.  The  square  of  the  time  of  a  planet's  revolution  about 
the  sun  varies  as  the  cube  of  its  distance  from  the  sun.  If 
the  distances  of  the  Earth  and  Mercury  from  the  sun  are  as 
91  to  35,  find  in  days  the  time  of  Mercury's  revolution. 

12.  A  spherical  iron  shell  1  foot  in  diameter  weighs  -f^ 
of  what  it  would  weigh  if  solid.  Find  the  thickness  of  the 
metal,  it  being  known  that  the  volume  of  a  sphere  varies  as 
the  cube  of  its  diameter. 


CHAPTER  XVIII 

PROGRESSIONS 

265.  A  succession  of  numbers  that  proceed  according  to 
some  fixed  law  is  called  a  series ;  the  successive  numbers  are 
called  the  terms  of  the  series. 

A  series  that  ends  at  some  particular  term  is  a  finite  series ; 
a  series  that  continues  without  end  is  an  infinite  series. 

266.  The  number  of  different  forms  of  series  is  unlimited ; 
in  this  chapter  we  shall  consider  only  arithmetical  series, 
geometrical  series,  and  harmonical  series. 

ARITHMETICAL  PROGRESSION 

267.  A  series  is  called  an  arithmetical  series  or  an  arithmet- 
ical progression  when  each  succeeding  term  is  obtained  by  adding 
to  the  preceding  term  a  constant  difference. 

The  general  representative  of  such  a  series  is 

a,     a  -\-  d,     a  -\-2  df     a  -\-  Sd,    •  •  • , 

in  which  a  is  the  first  term  and  d  the  common  difference ;  the 
series  is  increasing  or  decreasing  according  as  d  is  positive 
or  negative. 

268.  The  nth  Term.  Since  each  succeeding  term  of  the  series 
is  obtained  by  adding  d  to  the  preceding  term,  the  coefficient 
of  d  is  always  one  less  than  the  number  of  the  term,  so  that 
the  nth  term  is  a  -h  (n  —  1)  d. 

If  the  nth.  term  is  represented  by  I,  we  have 

l  =  a+(n-l)d.  (I) 

202 


ARITHMETICAL   PROGRESSION  203 

269.  Sum  of  the  Series.  If  I  denotes  the  nth  term,  a  the 
first  term,  n  the  number  of  terms,  d  the  common  difference, 
and  s  the  sum  of  n  terms,  it  is  evident  that 

s=  a^{a-\-d)'\-(a-\-2d)^ \-(l-'d)'\-l 

or  g=  l^\l^  d)-^{l—  2d)-\ -\-{a-\-d)-^a 

.-.  25  =  (a  -i-  Z)  -f  (a  -f-  Z)  -f-  (a  +  0     H h  (a  +  0  +  (^  +  0 

=  n(a  -\-  Z). 

Therefore,  s  =  -  (a  +  ft.  (II) 

270.  From  the  two  equations, 

Cl  =  a  +  (n-l)d,  (I) 

8  =  B(a  +  J5,  (II) 

any  two  of  the  five  numbers  a,  d,  Z,  n,  s  may  be  found  when 
the  other  three  are  given. 

(1)  Find  the  sum  of  ten  terms  of  the  series  2,  5^  8,  11,  •  •  • 

Here,  a  =  2,  d  =  3,  n  =  10. 

From  (I),  Z  =  2  +  27  =  29. 

Substitute  in  (II),  s  =  Y  (2  +  29)  =  156. 

(2)  The  first  term  of  an  arithmetical  series  is  3,  the  last 
term  31,  and  the  sum  of  the  series  136.     Find  the  series. 

From  (I),  31  =  3  +  (n-l)d,  [1] 

From  (II),  136  =  |  (3  +  31).  [2] 

From  [2],  n  =  8. 

Substitute  in  [1],  d  =  4. 

Therefore,  the  series  is  3,  7,  11,  15,  19,  23,  27,  31. 

(3)  How  many  terms  of  the  series  5,  9,  13,  •••  must  be 
taken  in  order  that  their  sum  may  be  275? 

From  (I),  Z  =  5-i-(n-l)4. 

/.  Z  =  4n  +  1.  [1] 
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From  (II),  276  =  -  (5  +  Z).  [2] 

Substitute  in  [2]  the  yaJue  of  I  found  in  [1], 

276  =  |(4n  +  6), 

or  2n2  +  8n  =  275. 

We  now  have  to  solve  this  quadratic. 
Complete  the  square, 

16n2  + 0  +  9  =  2209. 

Extract  the  root,  4  n  +  3  =  ±  47. 

.-.  n  =  11  or  -  12^. 

We  use  only  the  positive  result. 

(4)  Find,  n  when  d^  Z,  s  are  given. 

From  (I),  a  =  i  —  (n  —  1)  d. 

2  8  —  Xm 
From  (II),  a  = 

Therefore,  I  —  (n  —  l)d  — 

.-.  In  —  dn2  -\-  dn  =  2s  —  In. 
.'.  d»2-(2Z  +  d)n  =  -28. 

This  is  a  quadratic  with  n  for  the  unknown  number. 
Complete  the  square, 

4d2n2  _  ( )  +  (2  Z  +  d)2  =  (2Z  +  d)2  -  Sds. 

Extract  the  root, 

2  dn  -  (2  Z  +  d)  =  ±  V(2  Z  +  d)2  -  8  d«. 

_2Z  +  d±V(2Z  +  d)2-8d8 
2d 

Note.  The  table  on  the  next  page  contains  the  results  of  the  general 
solution  of  all  possible  problems  in  arithmetical  series,  in  which  three  of 
the  numbers  a,  Z,  d,  n,  s  are  given  and  two  required.  The  student  is 
advised  to  work  these  out,  both  for  the  results  obtained  and  for  the  prac- 
tice gained  in  solving  literal  equations  in  which  the  unknown  quantities 
are  represented  by  letters  other  than  x,  y,  z. 


n 
2  a  —  In 
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No. 

1 
2 
3 
4 

6 

6 

7 
8 

9 

10 

11 

12 

13 
14 
15 
16 

17 
18 
19 
20 

Given 

Bequikkp 

Besult 

adn 
ads 
an  8 
dn  8 

I 

2  =  a  +  (n~l)d. 

l  =  -id±V2dS'{-(a-  id)2. 
1  =  ''     a. 

n            2 

adn 

a  d  I 

a  n  I 
dnl 

d  n  I 
dn  8 
dls 
n  I  8 

s 

8  =  Jn[2a  +  (n-l)d]. 
l-\-a      l^-a^ 

8  = • 

2            2d 
8  =  in[2l-(n-l)d]. 

a 

a  =  l-{n-l)d, 

^      8      (n-l)d 

a  = 

n            2 

a~id±V(2  +  id)2_2ds. 

25       , 

a  = 1. 

n 

a  n  I 
an8 
a  I  8 
n  I  8 

d 

.     l-a 
d=           . 
n  —  l 

.     2  (8  -  an) 

a  :=                       ■ » 

n  (n  —  1) 
22  _  a2 

a  = • 

2s-  Z  -a 

2(nZ-8) 

■"71(71-  1)' 

adl 
ads 

a  I  8 
dls 

n 

l-a  ^  ^ 
n  =  -— -  +  1. 
a 

d-2a±V(2a-d)2  +  8d8 

n  =  — ■ * 

2d 

28 

n  =  - 

l  +  a 

2Z  +  d±V(2Z  +  d)2-8d8 
2d 
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271.  The  arithmetical  mean  between  two  numbers  is  the 
number  which,  when  placed  between  them,  makes  with  them 
an  arithmetical  series. 

If  a  and  h  represent  two  numbers,  and  A  their  arithmetical 
mean,  then,  by  the  definition  of  an  arithmetical  series, 

^  —  a  =  ft  —  -4. 

••^  2 

272.  Sometimes  it  is  required  to  insert  several  arithmetical 
means  between  two  numbers. 

Insert  six  arithmetical  means  between  3  and  17. 

Here  the  whole  number  of  terms  is  8  ;  8  is  the  first  term  and  17  the 
eighth. 

By  (I),  17  =  8  +  7d. 

.-.  d  =  2. 

Therefore,  the  complete  series  is 

8,     [5,     7,    9,     11,     13,     15,]     17, 
the  terms  within  the  brackets  being  the  means  required. 

273.  When  the  sum  of  a  number  of  terms  in  arithmetical 
progression  is  given  it  is  convenient  to  represent  the  terms 
as  follows : 

Three  terms  by  ^  —  y^     aj,     x  -\-  y\ 

four  terms  by       x  —  3y,    x  —  y,    x  -\-  y,    cc  +  Sy; 

and  so  on. 

The  sum  of  three  numbers  in  arithmetical  progression  is  36, 
and  the  square  of  the  mean  exceeds  the  product  of  the  two 
extremes  by  49.     Find  the  numbers. 

Let  X  —  y,  X,  X  -{■  y  represent  the  numbers. 
Then,  adding,  3  a;  =  36. 

.-.  X  =  12. 
Putting  for  x  its  value,  the  numbers  are  12  —  y,  12,  12  -f  y. 
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By  the  conditions  of  the  problem, 

(12)2  =  (12  _  y)  (12  +  y)  +  49, 
144  =  144  -  y2  +  49^ 

y  =  ±7. 

Therefore,  the  numbers  are  5,  12,  19  ;  or  19,  12,  5. 

Exercise  40 

Find: 

1.  The  tenth  term  of  3,  8,  13,  . . . 

2.  The  eighth  term  of  12,  9,  6,  • .  • 

3.  The  twelfth  term  of  -  4,  -  9,  -  14,  ... 

4.  The  eleventh  term  of  2^,  1|,  1^,  •  •  • 

5.  The  fourteenth  term  of  1^,  J,  —  |,  •  •  • 

Find  the  sum  of : 

6.  Eight  terms  of  4,  7,  10,  •  •  • 

7.  Ten  terms  of  8,  5,  2,  •  •  • 

8.  Twelve  terms  of  —  3,  1,  5,  •  •  • 

9.  n  terms  of  2,  1^,  J,  •  •  • 

10.  n  terms  of  2 J,  1|,  IfV?  '  *  * 

11.  Given  a  =  3,  Z  =  55,  n  =  13.  Find  d  and  s, 

12.  Given  a  =  3^,  Z  =  64,  n  =  82.  Find  d  and  s, 

13.  Given  a  =  1,  n  =  20,  5  =  305.  Find  d  and.  I. 

14.  Given  I  =  105,  w  =  16,  s  =  840.     Find  a  and  d. 

15.  Given  e^  =  7,  n  =  12,  s  =  594.  Find  a  and  I 

16.  Given  a  =  9,  (£  =  4,  s  =  624.  Find  ti  and  L 

17.  Given  d  =  5f  1  =  77,  8  =  623.  Find  a  and  n. 
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18.  When  a  train  arrives  at  the  top  of  a  long  slope  the  last 
car  is  detached  and  begins  to  descend,  passing  over  3  feet  in 
the  first  second,  3  times  3  feet  in  the  second  second,  5  times 
3  feet  in  the  third  second,  and  so  on.  At  the  end  of  2  minutes 
it  reaches  the  bottom  of  the  slope.  What  space  did  the  car 
pass  over  in  the  last  second  ? 

19.  Insert  eleven  arithmetical  means  between  1  and  12. 

20.  The  first  term  of  an  arithmetical  series  is  3,  and  the 
sum  of  6  terms  is  28.     What  term  will  be  9  ? 

21.  How  many  terms  of  the  series  —  5,  —  2,  +!,•••  must 
be  taken  in  order  that  their  sum  may  be  63  ? 

22.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  double  of  the  first  and  the  triple  of  the 
second  is  27.     Find  the  numbers. 

23.  The  first  term  of  an  arithmetical  progression  is  3,  the 
third  term  is  11.     Find  the  sum  of  seven  terms. 

24.  Arithmetical  means  are  inserted  between  8  and  32,  so 
that  the  sum  of  the  first  two  is  to  the  sum  of  the  last  two  as 
7  is  to  25.     How  many  means  are  inserted  ? 

25.  In  an  arithmetical  series  the  common  difference  is  2, 
and  the  square  roots  of  the  first,  third,  and  sixth  terms  form 
a  new  arithmetical  series.     Find  the  series. 

26.  Find  three  numbers  in  arithmetical  progression  of  which 
the  sum  is  21,  and  the  sum  of  the  first  and  second  three-fourths 
of  the  sum  of  the  second  and  third. 

27.  The  sum  of  three  numbers  in  arithmetical  progression 
is  33,  and  the  sum  of  their  squares  is  461.     Find  the  numbers. 

28.  The  sum  of  four  numbers  in  arithmetical  progression 
is  12,  and  the  sum  of  their  squares  116.  What  are  these 
numbers  ? 
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29.  How  many  terms  of  the  series  1, 4,  7,  •  •  •  must  be  taken 
in  order  that  the  sum  of  the  first  half  may  bear  to  the  sum  of 
the  second  half  the  ratio  7  :  22  ? 

30.  The  sum  of  the  squares  of  the  extremes  of  four  num- 
bers in  arithmetical  progression  is  200,  and  the  sum  of  the 
squares  of  the  means  is  136.     What  are  the  numbers  ? 

31.  A  man  wishes  to  have  his  horse  shod.  The  blacksmith 
asks  him  $2  a  shoe,  or  1  cent  for  the  first  nail,  3  for  the 
second,  5  for  the  third,  and  so  on.  Each  shoe  has  8  nails. 
Ought  the  man  to  accept  the  second  proposition  ? 

32.  A  number  consists  of  three  digits  which  are  in  arith- 
metical progression,  and  this  number  divided  by  the  sum  of    , 
its  digits  is  equal  to  26 ;  if  198  is  added  to  the  number,  the 
digits  in  the  units'  and  himdreds'  places  will  be  interchanged. 
Required  the  number. 

33.  There  are  placed  in  a  straight  line  upon  a  lawn  50  eggs  . 
3  feet  distant  from  each  other.  A  person  is  required  to  pick 
them  up  one  by  one  and  carry  them  to  a  basket  in  the  line  of 
the  eggs  and  3  feet  from  the  first  egg,  while  a  runner,  starting 
from  the  basket,  touches  a  goal  and  returns.  At  what  distance 
ought  the  goal  to  be  placed  that  both  men  may  have  the  same 
distance  to  pass  over  ? 

34.  Starting  from  a  box,  there  are  placed  upon  a  straight 
line  40  stones,  at  the  distances  1  foot,  3  feet,  5  feet,  and  so 
on.  A  man  placed  at  the  box  is  required  to  take  them  and 
carry  them  back  to  the  box  one  by  onfe.  What  is  the  total 
distance  that  he  has  to  accomplish  ? 

36.  The  sum  of  five  numbers  in  arithmetical  progression  is 
46,  and  the  product  of  the  first  and  fifth  is  five-eighths  of  the 
product  of  the  second  and  fourth.     Find  the  numbers. 
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No. 


1 
2 
8 
4 


5 
6 

7 
8 


9 
10 
11 
12 


13 

14 
16 
16 


Given 


am 
ar  8 
ana 
ma 


am 
arl 
a  nl 
ml 


ml 
ma 
r  I  a 
nl  a 


anl 

ana 
al  a 
n  I  a 


Required 


8 


a 


Besult 


l  =  ar^-K 
^^a4.(r-l)8 

r 

l(a  -  0«-i  -  a(a  -  a)"-!  =  0. 


1  = 


(r  —  l)sr»— 1 
r^  —  1 


a  = 


a  = 


a  = 


_  a  (r»  —  1) 


8  = 


r-1 

rl  —  a 

r-1 

n  — 1  - —       n 

Va» 

n — 1  f-       n- 

-v^ 

Zr«-Z 

••n  _  ji«n 


—  I 


a  = 


a  = 


Z 


j«n  —  I 

(r-l)8 


r»  —  1 
a  =  rZ  —  (r  —  1)  8. 

a{a  —  a)»— 1  —  I  (a 


0»-i  =  0. 


--4- 


a        a  —  a      . 

r»  —  r  H =  0. 

a  a 

a  —  a 
r  = 


<fn  


8-  Z 
8 


8-Z 


r«-i  + 


8-Z 


=  0. 


278.  The  geometrical  mean  between  two  numbers  is  the 
number  which  when  placed  between  them  makes  with  them 
a  geometrical  series. 
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If  a  and  b  denote  two  numbers,  and  G  their  geometrical 
mean,  then,  by  the  definition  of  a  geometrical  series, 

.-.  G  =  Vab. 

279.  Sometimes  it  is  required  to  insert  several  geometrical 
means  between  two  numbers. 

Insert  three  geometrical  means  between  3  and  48. 

Here  the  whole  number  of  terms  is  5 ;  8  is  the  first  term  and  48  the 
fifth  term. 

By  (I),  48  =  3r*. 

.-.  r*  =  16, 
and  r  =  ±  2. 

Therefore,  the  series  is  one  of  the  following  : 

3,     [     6,     12,         24,]     48; 
3,     [-6,     12,     -24,]     48. 

* 

The  terms  within  the  brackets  are  the  means  required. 

280.  Infinite  Geometrical  Series.     When  r  is  less  than  1,  the 

successive  terms  become  numerically  smaller  and  smaller ;  by 

taking  n  large  enough  we  can  make  the  nth  term,  ar''~^,  as 

small  as  we  please,  although  we  cannot  make  it  absolutely 

equal  to  zero. 

The  sum  of  n  terms,  —  >  by  changing  the  signs  of  the 

^      -I  d ^9.» 

numerator  and  denominator,  may  be  written  -z ;  which 

1  —  r 

is  equal  to  •; ;    this  sum  differs  from by 

the  fraction  r ;    by  taking  enough  terms  we  can  make 

1  —  r 

ar",  and  consequently  this  fraction,  as  small  as  we  please; 
the  greater  the  number  of  terms  taken  the  nearer  is  their 

sum  to Hence, is  called  the  sum  of  an  infinite 

1  —  r  1  —  r 

number  of  terms  of  the  series. 
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(1)  Find  the  sum  of  the  infinite  series  1  —  ^  +  4— JH 

Here  a  =  1,  r  =  —  J. 

1  2 

The  sum  of  the  series  is ,  or  -. 

l  +  i         3 
Therefore,  the  sum  of  n  terms  is 

!-*(-«»,    or    f[l-(_4)»]. 
This  sum  evidently  approaches  f  as  ri  is  increased. 

(2)  Find  the  value  of  the  recurring  decimal  0.12135135  •  •  • 
Consider  first  the  part  that  recurs  ;  this  may  be  written 

and  the  sum  of  this  series  is  -I£MIL2_,  or  yj^.     Adding  0.12,  the  part 
that  does  not  recur,  we  obtain  for  the  value  of  the  decimal  ^W^. 

Exercise  41 

Find : 

1.  The  eighth  term  of  3,  6,  12,  •  •  • 

2.  The  twelfth  term  of  2,  -  4,  8,  •  •  • 

3.  The  twentieth  term  of  1,  —  J,  ^,  •  •  • 

4.  The  eighteenth  term  of  3,  2,  1^,  •  •  • 

5.  The  nth  term  of  1,  —  Ij,  Ij,  •  •  • 

Find  the  sum  of : 

6.  Eleven  terms  of  4,  8,  16,  •  •  • 

7.  Nineteen  terms  of  9,  3,  1,  •  •  • 

8.  Twelve  terms  of  5,  —  3,  1  J,  •  •  • 

9.  n  terms  of  1  J,  |,  -^jj,  •  •  • 

Sum  to  infinity : 

10.  4  —  2  +  1 12.    1-J  +  ^ 

11.  i-i-J+«  +  --  13.    i-i-TV-i-A  +  -" 
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Find  the  value  of  the  recurring  decimals : 

14.  0.153153...  16.   3.17272... 

15.  0.123535...  17.   4.2561561... 

18.  Given  a  =  36,  I  =  2^,  n  =  5.     Find  r  and  s, 

19.  Given  I  =  128,  r  =  2,  w  =  7.     Find  a  and  s, 

20.  Given  r  =  2,  w  =  7,  5  =  635.     Find  a  and  I. 

21.  Given  I  =  1296,  r  =  6,  s  =  1555.  ^  Find  a  and  n. 

22.  Insert  three  geometrical  means  between  14  and  224. 

23.  Insert  five  geometrical  means  between  2  and  1458. 

24.  If  the  first  term  is  2  and  the  ratio  3,  what  term  will  be 
162? 

25.  The  fifth  term  of  a  geometrical  series  is  48,  and  the 
ratio  2.     Find  the  first  and  seventh  terms. 

26.  Four  numbers  are  in  geometrical  progression ;  the  sum 
of  the  first  and  fourth  is  195,  and  the  sum  of  the  second  and 
third  is  60.     Find  the  numbers. 

27.  The  sum  of  four  numbers  in  geometrical  progression  is 
105 ;  the  difference  between  the  first  and  last  is  to  the  differ- 
ence between  the  second  and  third  in  the  ratio  of  7 : 2.  Find 
the  numbers. 


m. 


\,  The  first  term  of  an  arithmetical  progression  is  2,  and 
the  first,  second,  and  fifth  terms  are  in  geometrical  progression. 
Find  the  sum  of  11  terms  of  the  arithmetical  progression. 

(29.  The  sum  of  three  numbers  in  arithmetical  progression 
is  6.  If  1,  2,  5  are  added  to  the  numbers,  the  three  resulting 
numbers  are  in  geometrical  progression.     Find  the  numbers. 

30.  The  sum  of  three  numbers  in  arithmetical  progression 
is  15 ;  if  1,  4, 19  are  added  to  the  numbers,  the  results  are  in 
geometrical  progression.     Find  the  numbers. 
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31.  There  are  four  numbers  of  which  the  sum  is  84;  the 
first  three  are  in  geometrical  progression  and  the  last  three  in 
arithmetical  progression  ;  the  sum  of  the  second  and  third  is 
18.     Find  the  numbers. 

32.  There  are  four  numbers  of  which  the  sum  is  13,  the 
fourth  being  3  times  the  second;  the  first  three  are  in  geo- 
metrical progression  and  the  last  three  in  arithmetical  progres- 
sion.    Find  the  numbers. 

33.  The  sum  of  the  squares  of  two  numbers  exceeds  twice 
their  product  by  676 ;  the  arithmetical  mean  of  the  two  num- 
bers exceeds  the  geometrical  by  6.     Find  the  numbers. 

34.  A  number  consists  of  three  digits  in  geometrical  pro- 
gression. The  sum  of  the  digits  is  13 ;  and  if  792  is  added 
to  the  number,  the  digits  in  the  units'  and  hundreds'  places 
will  be  interchanged.     Find  the  number. 

^'36.   Find  an  infinite  geometrical  series  in  which  each  term 
is  6  times  the  simi  of  all  the  terms  that  follow  it. 

'36.    lia,hfCyd  are  four  numbers  in  geometrical  progression, 
show  that 

(a«  -I-  i«  -f-  c2)(i2  -f-  c»  -f-  cP)  =  (a^,  +  ftc  +  cd)\ 

i 
i 

V 

HARMONICAL  PROGRESSION 

881.  A  series  is  called  a  harmonical  series,  or  a  harmonical 
jHTOgression,  when  the  reciprocals  of  its  terms  form  an  arith- 
metioal  series. 

The  general  representative  of  such  a  series  is 

111  1 

— » 


a      a  +d      rt  -f  2  (f  a-{-(n  —  l)d 

Quostions  relating  to  haiiuonieal  series  are  best  solved  by 
writii^K  tho  rooiprooals  of  its  terms,  and  thus  forming  an  arith- 
Diatioul  Morioa. 
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282.  The  harmonical  mean  between  two  numbers  is  the  num- 
ber which  when  placed  between  them  makes  with  them  a 
harmonical  series. 

If  a*  and  b  denote  two  numbers,  and  H  their  harmonical 
mean,  then,  by  the  definition  of  a  harmonical  series, 

H      a      b      h' 

2       1.1      a-^b 
'  '  H      a      b         ab 

2ab 

•       IT"  — 

,  ,  £1  =  r  • 

a-\-b 

283.  Sometimes  it  is  required  to  insert  several  harmonical 
means  between  two  numbers. 

Insert  three  harmonical  means  between  3  and  18. 

Find  the  three  arithmetical  means  between  \  and  y^. 
These  are  found  to  be  ^f ,  ||,  -f^ ;  therefore,  the  harmonical  means  are 
\h  ih  ¥ ;  or  3|f ,  5^,  8. 


284.   Since^=— J-,  and  G^-sfaH), 


JEr=--,  or  G=VaH. 
A 

That  is,  the  geometrical  mean  between  two  numbers  is  also 
the  geometrical  mean  between  the  arithmetical  and  harmon- 
ical means  of  the  numbers,  or 

A:G  =  G:H. 

Hence,  G  lies  in  numerical  value  between  A  and  H, 

Exercise  42 

1.  Insert  four  harmonical  means  between  2  and  12. 

2.  Find  two  numbers  whose  difference  is  8  and  the  har- 
monical mean  between  them  1^. 
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3.  Find  the  seventh  term  of  the  harmonical  series  3,  3f , 
4,  •  •  • 

» 

4.  Continue  to  two  terms  each  way  the  harmonical  series 

of  which  two  consecutive  terms  are  15,  16. 

5.  The  first  two  terms  of  a  harmonical  series  are  5  and  6. 
What  term  will  be  30  ? 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8 
and  12.     Find  the  first  four  terms. 

7.  The  difference  between  the  arithmetical  and  harmonical 
means  between  two  numbers  is  If,  and  one  of  the  numbers  is 
4  times  the  other.     Find  the  numbers. 

8.  The  arithmetical  mean  between  two  numbers  exceeds  the 
geometrical  by  13,  and  the  geometrical  exceeds  the  harmonical 
by  12.     What  are  the  numbers  ? 

9.  The  sum  of  three  terms  of  a  harmonical  series  is  39, 
and  the  third  is  the  product  of  the  other  two.     Find  the  terms. 

■    10.    When  a,  b,  c  are  in  harmonicgl  progression  show  that 
a  :  c  =  a  —  b  :  b  —  c. 

11.  If  a  and  b  are  positive,  which  is  the  greater,  A  or  H? 

12.  Show  that  a,  b,  and  c  will  be  in  arithmetical  progres- 
sion, in  geometrical  progression,  or  in  harmonical  progression, 
according  as  a  —  i :  i  —  c  is  equal  to  a :  a,  to  a :  i,  or  to  a :  c. 


f\ 


A' 

if 


CHAPTER  XIX 


BINOMIAL  THEOREM;    POSITIVE  INTEGRAL  EXPONENT 

285.   Binomial  Theorem ;  Positive  Integral  Exponent.     By  suc- 
cessive multiplications  we  obtain  the  following  identities : 

{a  +  Z>)8  =  a8  -f  3  a%  -\- Z  ah^ -\- h^ :, 

{a  +  ^>)4  EE  a^  +  4  a'^h  +  6  0.%''  +  4  a^»8  +  h\ 

The  expressions  on  the  right  may  be  written  in  a  form 
better  adapted  to  show  the  law  of  their  formation: 


(a  +  J)«  =  a«  +  3a2^  +  ^ 


(a  +  5)^  =  a*  +  4  a^h  + 


1 
4 


2 


^^ 


3  4-3.2  4-3-21 

—  ^27,2     I     ^     ^     ^       7  8  _|_  ^     ^     ^     ^  ,4 

2""^  ^1.2.3''^  ^1.2.3.4^' 


286.  Let  n  represent  the  exponent  of  (a  -f  6)  in  any  one  of 
these  identities ;  then,  in  the  expressions  on  the  right,  we 
observe  that  the  following  laws  hold  true : 

1.  The  number  of  terms  is  ti  +  1. 

2.  The  first  term  is  a",  and  the  exponent  of  a  decreases  by 
one  in  each  succeeding  term.  The  first  power  of  h  occurs  in 
the  second  term,  the  second  power  in  the  third  term,  and  the 
exponent  of  h  increases  by  one  in  each  succeeding  term. 

The  sum  of  the  exponents  of  a  and  h  in  any  term  is  n. 

3.  The  coefficient  of  the  first  term  is  1;  of  the  second 
t3rm,  n;    of  the  third  term,  -^ — o~"^5   ^^^  so  on. 

210 
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287.  The  Coefkient  of  Any  Term.  The  number  of  factors 
in  the  numerator  of  the  coefficient  of  any  term  is  the  same  as 
the  number  of  factors  in  the  denominator  of  that  term.  The 
number  of  factors  in  each  numerator  and  denominator  is  the 
same  as  the  exponent  of  b  in  that  term,  and  this  exponent  is 
one  less  than  the  number  of  the  term. 

288.  Proof  of  the  Theorem.  Show  that  the  laws  of  §  286 
hold  true  when  the  exponent  is  any  positive  integer. 

We  know  that  the  laws  hold  for  the  fourth  power ;  suppose, 
for  the  moment,  that  they  hold  for  the  kih  power,  k  being  any 
positive  integer. 

We  shall  then  have 


(a  +  by  =  a*  +  ka'^-'b  +  ^^^   ^^^  a*" 

1  *  ji 


8^2 


'.    k(k-l)(k^2)     ^_3.,    .  -.^ 

"^     — 1.2.3 ^»    ^  H W 

Multiply  both  members  of  [1]  by  a  +  ^ ;  the  result  is 
(a  +  by^'  =  a*  +  ^  +  (Aj  +  l)a*^  +  ^^  I'l^^ a'^-'b^ 

1  *  jS 

_^  (A;  +  1)^(^-1) ^t_.^,^...        [2] 

In  the  right  member  of  [1]  for  k  put  Aj  -h  1 ;  this  gives 
a^^i  +  ^k  +  1) a'b  +  {^  +  ^)(^  +  ^-V  a'^11,2 

(^  +  l)(^-H^l)(A:  +  l-2) 

^  123  a       c;    T 

This  last  expression,  simplified,  is  seen  to  be  identical  with 
the  right  member  of  [2],  and  this  in  turn  by  [2]  is  identical 
with  (a  +  6)*+^ 
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Hence,  [1]  holds  when  for  k  we  put  A;  -f  1 ;  that  is,  if  the 
laws  of  §  286  hold  for  the  A:th  power,  they  must  hold  for  the 
(k  +  l)th  power. 

But  the  laws  hold  for  the  fourth  power;  therefore,  they 
must  hold  for  the  fifth  power. 

Holding  for  the  fifth  power,  they  must  hold  for  the  sixth 
power ;  and  so  on  for  any  positive  integral  power. 

Therefore,  they  must  hold  for  the  nth  power  if  n  is  a  posi- 
tive integer ;  and  we  have 

(a  +  b)"  =  a"  +  na^-^b  +  "^"""^-*  a»- V 

n Cn  —  1)  (n  —  2)   .    ,^,  ^  .  ^ 

+    ^     1.2.3 ^a«-»b»  +  ...  [A] 

289.  This  formula  is  known  as  the  binomial  theorem. 

The  expression  on  the  right  is  known  as  the  expansion  of 
(a  -f  by ;  this  expansion  is  a  finite  series  when  n  is  a  positive 
integer.     That  the  series  is  finite  may  be  seen  as  follows : 

In  writing  the  successive  coefficients  we  shall  finally  arrive 
at  a  coefficient  which  contains  the  factor  n  —  n\  the  corre- 
sponding term  will  vanish.  The  coefficients  of  the  succeed- 
ing terms  likewise  all  contain  the  factor  n  —  n,  and  all  these 
terms  will  vanish. 

290.  If  a  and  h  are  interchanged,  the  identity  [A]  is  written 

(a  +  by  =  (ft  +  ay  =  ft"  +  nb^-^a  +  ^^"l^J^  b^'W 

1  *  Z 


^n(.-l)(.-2)^,..^,^ 


This  last  expansion  is  the  expansion  of  [A]  written  in 
reverse  order.  Comparing  the  two  expansions,  we  see  that: 
the  coefficient  of  the  last  term  is  the  same  as  the  coefficient  of 
the  first  term ;  the  coefficient  of  the  last  term  but  one  is  the 
same  as  the  coefficient  of  the  first  term  but  one ;  and  so  on. 
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In  general,  the  coefficient  of  the  rth  term  from  the  end  is 
the  same  as  the  coefficient  of  the  rth  term  from  the  beginning. 

In  writing  an  expansion  by  the  binomial  theorem,  after  arriv- 
ing at  the  middle  term,  we  can  shorten  the  work  by  observing 
that  the  remaining  coefficients  are  those  already  found,  written 
in  reverse  order. 

291.  If  b  is  negative,  the  terms  which  involve  even  powers 
of  h  are  positive;  and  the  terms  which  involve  odd  powers 
of  b  are  negative.     Hence, 

(a  - b)»  =  a» -  na»-ib  +  "^"""^^  a^-^b^ 

1  •  2 


n(n-l)(n-2)  ^^_,^  _^ 

1*2*3 


If  we  put  1  for  a  and  x  for  b  in  [A], 


^.(.--  !)(.-.  2)^3^^^^  [C] 


12*3 
If  we  put  1  for  a  and  x  for  b  in  [B], 

(l--xy  =  l  —  nx-\-     \         ^  x^ 

1  *  ^ 

292.   Examples.     (1)  Expand  (1  +  2  x)\ 
In  [C]  put  2  X  for  X  and  5  for  n.     The  result  is 

(l4-2x)6  =  l4-5(2x)  +  ^(2x)2  +  ^li^(2x)8 

5*  4*  3*  2-^  ,^     5*4.3*2*  1,„  ,. 

=  1  +  10x+  40x2  4-  80x8  4-  80 x*  +  32 x*. 
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(1      2a;A* 
^  ]  * 

1  2x^ 

Put  afoT-f  and  &  for 

X  3 

Then,  by  [B],  (a  -  &)6  =  a6  -  Ga^ft  +  ISa^fta 

Replacing  a  and  b  by  their  values, 

^J^  j£      20_ 

~~x6      x^       3 

293.  Any  Required  Term.  From  [A]  it  is  evident  (§  286) 
that  the  (r  +  i)tli  term  in  the  expansion  of  (a  -f  by  is 

n(n  —  1)  (n  —  2)  •  •  •  to  r  factors 
1   2-3  •  ••  r 

The  (r  +  l)th  term  in  the  expansion  of  (a  —  by  is  the  same 
as  the  above  if  r  is  even,  and  the  negative  of  the  above  if  r 
is  odd. 

Find  the  eighth  term  of  (  4  —  —  i    • 


x2 
Here,  a  =  4,  &  =  — »  n  =  10,  r  =  7. 


10-9-8.7-6-6-4        /x^xT 
The  eighth  term  is  -  (4)M  -  )  »  or  -  60  x" 

^  1.2.3.4.6-6-7  \2/ 

294.  The  Greatest  Coefficient.  Suppose  that  the  coefficient  of 
the  (r  +  l)th  term  is  the  numerically  greatest  coefficient. 

This  coefficient  and  the  preceding  and  following  coefficients 
are  as  follows : 


rth  term,  --^^ — jr-^ 


(r  +  l)th  term, 


123 

71  (n  —  1)  • 


(r  +  2)th  term,  !^^!LzlD_ 


(yi  —  r  +  2) 


.(r-1) 

(yi  —  r  -f  2)  (71  —  r  +  1)  . 


2.3.--(r-l)r  ' 


2.3...(r-l)r(r  +  l) 
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The  coefficient  of  the  rth  term  may  be  obtained  by  multi- 
plying  the  coefficient  of  the  (r  +  l)th  by  — r  5  the  coeffi- 
cient of  the  (r  +  2)th,  by  multiplying  the  coefficient  of  the 
(r  +  l)th  by  VlHI  ,  if  the  coefficient  of  the  (r  +  l)th  is 
numerically  the  greatest^ 

<  1,  and  — —T  <  1. 


71  —  r  +  l  r  +  l 

Therefore,  r  <  ti  —  r  -f- 1,  and   r  -\-l>n  —  r. 

Therefore,  r< — - — ;         and  r^ — - — 

7h  ft    "4~    2 

If  n  is  even,  r  =  -  >  and  r  +  1  =  — j: —  5  in  this  case  there 

is  one  middle  term,  and  its  coefficient  is  the  greatest  coefficient. 

If  n  is  odd,  we  can  have  only  r  =  — - —  >  or  r  =  — - — ;  in 

in  this  case  there  are  two  middle  terms ;  their  coefficients  are 
alike  and  are  the  two  greatest  coefficients. 

295.  A  trinomial  may  be  expanded  by  the  binomial  theorem 
as  follows : 

Expand  (1  +  2  a;  -  x^f, 

.-.  (1  +  2a;-x?)8  =  l  +3(2a;-x2)  +  3(2x-x2)2  +  (2x-.«2)8 

=  1+ 6x  4- 9jc^  -  4x8  -  9x*  +  6x6  -  ««. 

Ezerciae  43 

Expand : 

1.   (l  +  3aj)«.  4.    (2  +  icy.  7.   (3a:-2y)«. 


10.   (l  +  4a;  +  3x^*.  11.    {a^-ax-^xy. 


BINOMIAL   THEOREM  225 

Find:      ' 

12.  The  fourth  term  of  I  a;  +  ?r~  )  • 

13.  The  eighth  term  of  ^2  -  —  j  - 

14.  The  twelfth  term  ^^  (  "  -  "7"  )  ' 

/  2    \» 

16.  The  twentieth  term  of  (  aj —  )   • 

(^ \     \17 

2V^/ 

17.  The  (r  4-  l)th  term 
^/iS.   The  (r  +  l)th  term  of  r -y^ y)  ' 

19.    The  (r  +  3)th  term  of  f:^ f=)  ' 


20.   The  middle  term  of 


(  3  /^\ 


(a  /3/p\i6 

, —  +  Vi —  I  • 
V2^       ^^a/ 

22.  The  rth  term  from  the  end  of  I  — r V^o/   * 

23.  In  the  expansion  of  (a  +  hy  show  that  the  sum  of  the 
coefficients  is  2". 

r    24.    In  the  expansion  of  (a  —  5)"  show  that  the  sum  of  the 
positive  coefficients  equals  the  sum  of  the  negative  coefficients. 

25.    Expand 


J 


CHAPTER  XX 

LOGARITHMS 

296.  Definitions.  Let  any  positive  number  except  1  be 
selected  as  a  base.  Then,  the  index  or  exponent  which  the 
base  must  have  to  produce  a  given  number  is  called  the 
logarithm  of  that  number  to  the  given  base. 

Any  positive  number  except  1  may  be  selected  as  the  base ; 
and  to  each  base  corresponds  a  system  of  logarithms. 

Thus,  since  2^  =  8,  the  logarithm  of  8  in  the  system  of  which  2  is  the 
base  is  3. 

That  is,  the  logarithm  of  8  to  the  base  2  is  3 ;  this  is  abbreviated 
log2  8  =  3. 

In  general,  if  a"  =  j^T,  then  n  =  logaJV^. 

Observe  that  a^  =  N  and  n  =  logo -AT  are  two  different  ways  of  express- 
ing the  same  relation  between  n  and  JV^.  The  identity,  a^o»a^=^,  is 
sometimes  useful. 

The  subscript  which  shows  the  base  is  usually  omitted  when  there  is  no 
uncertainty  as  to  what  number  is  being  used  as  the  base. 

In  this  chapter  only  the  positive  scalar  values  of  the  root 
will  be  considered ;  consequently,  in  a  system  with  a  positive 
base,  negative  numbers  cannot  have  scalar  logarithms. 

297.  The  logarithms  of  such  numbers  as  are  perfect  powers 
of  the  base  selected  are  commensurable  numbers;  the  loga- 
rithms of  all  other  numbers  are  incommensurable  numbers. 

Remark.  By  an  incommensurable  number  is  meant  a  number  that 
has  no  common  measure  with  unity  (§  251). 

Incommensurable  logarithms  are  expressed  approximately  to 
any  desired  degree  of  accuracy  by  means  of  decimal  fractions. 

226 
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298.  A  logarithm  in  general  consists  of  two  parts,  an 
integral  part  and  a  fractional  part ;  the  integral  part  is  called 
the  characteristic^  and  the  fractional  part  the  mantissa. 

The  calculation  of  logarithms  to  a  given  base  will  be  con- 
sidered in  Chapter  XXV. 

299.  Incommensurable  Exponents.  It  will  now  be  necessary 
to  prove  that  the  laws  which  in  Chapter  IX  were  found  to 
apply  to  commensurable  exponents  apply  also  to  incommen- 
surable exponents. 

Let  a  be  any  positive  number  except  1,  and  let  m  and  n  be 
two  positive  incommensurable  numbers. 

To  prove  a"*a**  =  a"*"*"". 

We  can  always  find  (§  251)  four  positive  integers,  p,  q,  r, 

p            p  -\-\  r 

s.  such  that  m  lies  between  —  and ,  and  n  between  - 

r+1  ^  ^  * 

and 

s 

p  P-H  r 

Then,  a"*  lies  between  a^  and  a  «  ,  and  a"  lies  between  a* 

r-f  1 

and  a  '  . 

jr>    r  p  +  l    r-H 

Therefore,  a"*a"  lies  between  a 'a*  and  a  ^  a  *  , 

P    r  p^r 

But  a'a*  =  a'    % 

E±l  Lti        ^+!:+l+l 
and  a  «  a  '    =  a*    *    '    I 

Hence,  a'^a'^  lies  between  a*^  *  and  a^  *  '  *,  and  conse- 
quently  differs  from  a*'  '  by  less  than  (a'  '  ^  *  —  a'  *J; 
that  is,  by  less  than  a'    "(a''   *  —  l). 

Also,  since  m  lies  between  —  and  ^ >  and  n  between  - 

q  q  s 

and  i  a"*-*"**  lies  between  a'    '  and  a«    '   ^    ',  and  con- 

sequently  differs  from  a«    '  by  less  than  a«    '  (a'   *  —  1). 
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Therefore,  the  expressions  a"a"  and  a""*""  hare  the  same 
approximate  ralue  a*   ',  and  each  differs  from  this  valae  hj 

p     r        11 

less  than  a«"*^'(a«"^'  —  1). 

Now  let  q  and  s  be  continnallj  increased,  p  and  r  being 

always  so  taken  that  m  lies  between  —  and  ^ >  and  n 

r           r  -h  1  1  1 

between  -  and Then,  -  and  —  continually  decrease; 

cfi   *  approximates  to  a*  or  1 ;  and  a«    *  (a*   *  —  1)  continnally 
decreases.  ^   ^ 

Therefore,  the  difference  between  a^a^  and  a*    *  continnally 

^+- 
decreases;  the  difference  between  a"+*  and  a*   *  continnally 

decreases ;  and  each  difference  becomes  as  small  as  we  please. 

But,  however  great  q  and  s  may  be,  the  expressions  «"«* 

^+- 
and  «"•'•'■  have  the  same  approximate  value,  a^    *. 

Therefore,  as  in  §  253,  we  must  have 


«"•«■  =  a""*"*. 


The  foregoing  proof  is  easily  extended  to  the  case  in  which 
m  and  n  are  one  or  both  negative. 

Having  proved  for  incommensurable  exponents  that 

it  is  easily  proved  that 

300.   Properties  of  Logarithms.     Let  a  be  the  base,  ilf  and 

N  any  positive  numbers,  m  and  ?i  their  logarithms  to  the 

base  a;  so  that      «      ,, 

'  a"»  =  3f,  a"  =  J\^, 

•     m  =  logailf ,  n  =  logaN. 

Then,  in  any  system  of  logarithms : 
1.    The  logarithm  of  1  is  0. 

For,  a<>=l.  .-.OrrrlOg^l. 
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2.  The  logarithm  of  the  base  itself  is  1. 
For,  a^  =  a.  .*.  1  =  log^a. 

3.  The  logarithm  of  the  reciprocal  of  a  positive  number  is 
the  negative  of  the  logarithm  of  the  number. 

For,  if  a"^  =  Ny  then  --  =  —  =  a"*. 

N      a^ 

•••  log„  ~=  -n  =  -  log„i\r. 

4.  The  logarithm  of  the  product  of  two  or  m,ore  positive 
numbers  is  the  sum  of  the  logarithms  of  the  several  factors. 

For,  Mx  N=  a^X  a''  =  »"*■••". 

.'.  log^(M xN)  =  m-\-n  =  log„3f  +  log^iV^. 
Similaxly  for  the  product  of  three  or  more  factors. 

6.  The  logarithm,  of  the  qicotient  of  two  positive  numbers  is 
the  remainder  found  by  subtracting  the  logarithm  of  the  divisor 
from  the  logarithm  of  the  dividend. 

^  Af      a" 

'  N      a" 

M 

6.  The  logarithm  of  a  power  of  a  positive  number  is  the 
product  of  the  logarithm  of  the  number  by  the  exponent  of  the 
power. 

For,  m  =  (a»)^  =  a^^P, 

.',  logaNP  =  np=p  log^N. 

7.  The  logarithm  of  the  real  positive  value  of  a  root  of  a 
positive  number  is  the  quotient  found  by  dividing  the  logarithm 
of  the  number  by  the  index  of  the  root. 

For,  -v^  =  Vo^  =  a^. 


r 
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301.  In  a  system  with  a  base  greater  than  1  the  logarithms 
of  all  positive  numbers  greater  than  1  are  positive,  and  the 
logarithms  of  all  positive  numbers  less  than  1  are  negative. 

Conversely,  in  a  system  with  a  positive  base  less  than  1  the 
logarithms  of  all  positive  numbers  greater  than  1  are  negative, 
and  the  logarithms  of  all  positive  numbers  less  than  1  are 
positive. 

302.  Two  Important  Systems.  Although  the  possible  number 
of  different  systems  of  logarithms  is  unlimited,  there  are  but 
two  systems  in  common  use.     These  are : 

1.  The  common  system,  also  called  the  Briggs,  denary,  or 
decimal  system,  of  which  the  base  is  10. 

2.  The  natural  system,  of  which  the  base  is  the  natural 
base. 

The  natural  base,  generally  represented  by  e,  is  the  fixed 
value  which  the  sum  of  the  series 

1^  j_±  j_  -J-H = 1 = 1 

^1^1-2^1. 2. 3^1-2. 3. 4^ 

approaches  as  the  number  of  terms  is  indefinitely  increased. 
The  value  of  e,  carried  to  seven  places  of  decimals,  is 

2.7182818.-. 

The  common  system  is  the  system  used  in  actual  calcula- 
tion ;  the  natural  system  is  used  in  the  higher  mathematics. 

303.  Common  Logarithms.  By  logarithms  in  §§  303-317  we 
mean  the  common  logarithms. 

Since  10°=      1,  10-^  (=^)      =0.1, 

10^=    10,  10-^(=^i^)    =0.01, 

10^  =  100,  10-«(=^^^)=  0.001, 

therefore        log      1  =  0,  log  0.1      =  —  1, 

log    10  =  1,  log  0.01    =-2, 

log  100  =  2,  log  0.001  =  -  3. 
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Also,  it  is  evident  that  the  common  logarithm  of  any  num- 
ber between 

1  and        10  will  be      0  -f  a  fraction, 

10  and      100  will  be      1  +  a  fraction, 

100  and    1000  will  be      2  -f  a  fraction, 

1  and  0.1  will  be  —  1  +  a  fraction, 

0.1  and  0.01  will  be  —  2  +  a  fraction, 

0.01  and  0.001  will  be  -  3  +  a  fraction. 

304.  With  common  logarithms  the  mantissa  is  always  made 
positive.  Hence,  in  the  case  of  numbers  less  than  1  whose 
logarithms  are  negative,  the  logarithm  is  made  to  consist  of  a 
negative  characteristic  and  di,  positive  mantissa. 

When  a  logarithm  consists  of  a  negative  characteristic  and 
a  positive  mantissa  it  is  usual  to  write  the  minus  sign  over  the 
characteristic,  or  to  add  10  to  the  characteristic  and  to  indicate 
the  subtraction  of  10  from  the  resulting  logarithm. 

Thus,  log  0.2  =  1.3010,  and  this  may  be  written  9.3010  -  10. 

305.  The  characteristic  of  the  logarithm  of  an  integral 
number,  or  of  a  mixed  number,  is  one  less  than  the  number 
of  integral  digits  in  the  number. 

Thus,  from  §  303,  log  1  =  0,  log  10  =  1,  log  100  =  2.  Hence,  the  com- 
mon logarithms  of  all  numbers  from  1  to  10  (that  is,  of  all  numbers 
consisting  of  one  integral  digit)  have  0  for  characteristic  ;  and  the  common 
logarithms  of  all  numbers  from  10  to  100  (that  is,  of  all  numbers  consist- 
ing of  two  integral  digits)  have  1  for  characteristic  ;  and  so  on,  the  char- 
acteristic increasing  by  one  for  each  increase  of  one  in  the  number  of 
digits,  and  hence  being  always  om  less  than  the  number  of  integral  digits, 

306.  The  characteristic  of  the  common  logarithm  of  a  deci- 
mal fraction  is  negative,  and  is  equal  to  the  number  of  the 
place  occupied  by  the  first  significant  figure  of  the  decimal. 

Thus,  from  §  303,  log  0.1  =-1,  log  0.01  =-2,  log  0.001  =-3. 
Hence,  the  common  logarithms  of  all  numbers  from  0. 1  to  1  have  —  1 
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for  characteristic  (the  mantissa  being  positive),  the  common  logarithms  of 
all  numbers  from  0.01  to  0.1  have  —  2  for  characteristic,  the  common  log- 
arithms of  all  numbers  from  0.001  to  0.01  have  —  3  for  characteristic,  and 
so  on ;  the  characteristic  always  being  negative  and  eqwaX  to  the  number  of 
the  place  occupied  by  the  first  significant  figure  of  the  decimal, 

307.  The  mantissa  of  the  common  logarithm  of  any  inte- 
gral number,  or  decimal  fraction,  depends  only  upon  the 
sequence  of  the  digits  of  the  number,  and  is  imchanged  so 
long  as  the  sequence  of  the  digits  remains  the  same. 

For,  changing  the  position  of  the  decimal  point  in  a  number  is  equiva- 
lent to  multiplying  or  dividing  the  number  by  a  power  of  10.  Its  common 
logarithm,  therefore,  is  increased  or  diminished  by  the  exponent  of  that 
power  of  10 ;  and,  since  this  exponent  is  integral,  the  muntissa,  or  deci- 
mal part  of  the  logarithm,  is  unaffected. 

Thus,  27,196  =  10*««,  2.7196  =  l(fi-^ 

2719.6  =  10s««,  0.27196  =  109««-io^ 

27.196  =  10i««,  0.0027196  =  107.«45-io. 

One  advantage  of  using  the  uumber  ten  as  the  base  of  a 
system  of  logarithms  consists  in  the  fact  that  the  mantissa 
depends  only  on  the  sequence  of  digits,  and  the  characteristic 
depends  only  on  the  position  of  the  decimal  point. 

308.  In  simplifying  the  logarithm  of  a  root  the  equal  posi- 
tive and  negative  numbers  to  be  added  to  the  logarithm  should 
be  such  that  the  resulting  negative  number,  when  divided  by 
the  index  of  the  root,  gives  a  quotient  of  —  10. 

Thus,  log  0.002*  =  1  of  (7.3010  -  10). 

The  expression  J  of  (7.3010  -  10) 

may  be  put  in  the  form  J  of  (27.3010  -  30),  which  is  9.1003  -  10,  since 
the  addition  of  20  to  the  7,  and  of  —  20  to  the  —  10,  produces  no  change 
in  the  value  of  the  logarithm. 

Again,  log  0.0002*  =  J  of  (6.3010  -  10) 

=  i  of  (46.3010  -  60) 

=  9.2602  - 10. 
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Exercise  44 

Given:  log  2  =  0.3010  ;  log  3  =  0.4771 ;  log  6  =  0.6990; 
log  7  =  0.8451. 

Find  the  common  logaxithms  of  the  following  numbers  by 
resolving  the  numbers  into  factors  and  taking  the  sum  of  the 
logarithms  of  the  factors : 


1.  6. 

2.  15. 

3.  21. 

4.  14. 


6.  25. 

6.  30. 

7.  42. 

8.  420. 


9.   0.021. 

10.  0.35. 

11.  0.0035. 

12.  0.004. 


Find  the  common  logarithm  of : 


17.  2». 

18.  5". 

19.  7\ 

20.  5^ 

21.  2*. 

22.  5*. 

23.  5*. 

24.  7^. 
26.  2l 

26.  7*. 

27.  5*. 


28.  3^ 

29.  5l 

30.  2^. 

31.  5^ 

32.  f 

33.  f 

34.  i. 
36.  f 

36.  f 

37.  I 

38.  5. 

39.  J. 


40. 


41. 


42. 


43. 


44. 


46. 


0.05 
3 

0.005 
2 

0.07 
5 

5 
0.07* 

0.05 
0.003 

0.007 
0.02 


13.  2.1. 

14.  16. 
16.  0.056. 
16.  0.63. 


46. 

0.02 
0.007 

47. 

0.005 
0.07 

48. 

0.02» 
3» 

49. 

3» 
0.02» 

RA 

7» 

OU. 

0.02» 

R1 

0.07» 

0.003* 


309.  The  remainder  obtained  by  subtracting  the  logarithm 
of  a  number  from  10  is  called  the  cologarithm  of  the  number, 
or  arithmetical  complement  of  the  logarithm  of  the  number. 

The  cologarithm  is  abbreviated  colog,  and  is  most  easily 
found  by  beginning  with  the  characteristic  of  the  logarithm 
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and  subtracting  each  figure  from  9  down  to  the  last  signifi- 
cant figure,  and  subtracting  that  figure  from  10. 

Thus,  log  7  =  0.8461 ;  and  colog  7  =  9.1549.  We  readily  find  colog  7 
by  sabtracting,  uientally,  0  from  9,  8  from  9,  4  from  9,  5  from  9,  1  from 
10,  and  writing  the  resulting  figure  at  each  step. 

310.  If  10  is  subtmcted  from  the  cologarithm  of  a  number, 
the  result  is  the  logarithm  of  the  reciprocal  of  that  number. 

Thus,  log  —  =  log  1  —  log  N 

N 

=  0-logJV 

=  (10  -  log  N)  -  10 

=  colog  N  —  10. 

311.  The  addition  of  a  (cologarithm  —  10)  is  equivalent  to 
the  subtraction  of  a  logarithm. 

Thus,  colog  iV  -  10  =  (10  -  log  N)-10  =  -  log  N. 

312.  The  logarithm  of  a  quotient  may  be  found  by  adding 
the  logarithm  of  the  dividend  and  the  cologarithm  of  the 
divisor,  and  subtracting  10  from  the  result. 

In  finding  a  cologarithm  when  the  characteristic  of  the  logarithm  is  a 
negative  number,  it  must  be  observed  that  the  subtraction  of  a  negative 
number  is  equivalent  to  the  addition  of  an  equal  positive  number. 

Thus,  log =  log  6  +  colog  0.002  -  10 

0.002 

=  0.6990  +  12.6990  -  10 
=  3.3980. 
Here,  log  0.002  =  3.3010,  and  in  subtracting  -  3  from  9  the  result  is 
the  same  as  adding  -f  3  to  9.         " 

2 

Again,  log =  log  2  +  colog  0.07  -  10 

=  0.3010  +  11.1549-10 
=  1.4559. 

Also,  log  —  =  8.8451  -  10  +  9.0970  -  10 

=  17.9421  -  20 

=  7.9421  -  10. 
Here,  log  2^  =  3  log  2  =  3  x  0.3010  =  0.9030. 

Hence,  colog  2^  =  10  -  0.9030  =  9.0970. 
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313.  Tables.  A  table  of  four-place  common  logarithms  is 
given  at  the  end  of  this  chapter,  which  contains  the  common 
logarithms  of  all  numbers  under  1000,  the  decimal  point  and 
characteristic  being  omitted.  The  logarithms  of  single  digits 
1,  8,  etc.,  are  found  at  10,  80,  etc. 

Tables  that  contain  logarithms  of  more  places  can  be  pro- 
cured, but  this  table  will  serve  for  many  practical  uses,  and 
will  enable  the  student  to  use  tables  of  five-place,  seven- 
place,  and  ten-place  logarithms  in  work  that  requires  greater 
accuracy. 

In  working  with  a  four-place  table,  the  numbers  correspond- 
ing to  the  logarithms,  that  is,  the  antilogarithms,  as  they  are 
called,  may  be  carried  to  four  significant  digits. 

314.  To  find  the  Logarithm  of  a  Number  in  this  Table. 

(1)  Find  the  logarithm  of  65.7. 

In  the  column  headed  **N*'  look  for  the  first  two  significant  figures, 
and  at  the  top  of  the  table  for  the  third  significant  figure.  In  the  line 
with  65,  and  in  the  column  headed  7,  is  seen  8176.  To  this  number 
prefix  the  characteristic  and  insert  the  decimal  point.    Thus, 

log  65.7  =1.8176. 

(2)  Find  the  logarithm  of  20,347. 

In  the  line  with  20,  and  in  the  column  headed  3,  is  seen  3075 ;  also  in 
the  line  with  20,  and  in  the  4  column,  is  seen  3096,  and  the  difference 
between  these  two  is  21.  The  difference  between  20,300  and  20,400  is  100, 
and  the  difference  between  20,300  and  20,347  is  47.  Hence,  ^"^  of  21  =  10, 
nearly,  must  be  added  to  3075.     That  is, 

log  20,347  =  4.3085. 

(3)  Find  the  logarithm  of  0.0005076. 

In  the  line  with  50,  and  in  the  7  column,  is  seen  7050 ;  in  the  8  column, 
7059 ;  the  difference  is  9.  The  difference  between  5070  and  5080  is  10, 
and  the  difference  between  5070  and  5076  is  6.  Hence,  ^  of  9  =  6  must 
be  added  to  7050.    That  is, 

log  0.0005076  =  6.7055  -  10. 
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315.   To  find  a  Number  when  its  Logarithm  is  given. 

(1)  Find  the  number  of  which  the  logarithm  is  1.9736. 

Look  for  9736  in  the  table.  In  the  colnmn  headed  ''N/'  and  in  the 
line  with  9736,  is  seen  94,  and  at  the  head  of  the  column  in  which  9736 
stands  is  seen  1.  Therefore,  write  941  and  insert  the  decimal  point  as 
the  characteristic  directs.     That  is,  the  number  required  is  94.1. 

(2)  Find  the  number  of  which  the  logarithm  is  3.7936. 

Look  for  7936  in  the  table.  It  cannot  be  found,  but  the  two  adjacent 
mantissas  between  which  it  lies  are  7931  and  7938  ;  their  difference  is  7, 
and  the  difference  between  7931  and  7936  is  6.  Therefore,  ^  of  the  differ- 
ence between  the  numbers  corresponding  to  the  mantissas,  7931  and  7938, 
must  be  added  to  the  number  corresponding  to  the  mantissa  7931. 

The  number  corresponding  to  the  mantissa  7938  is  6220. 

The  number  corresponding  to  the  mantissa  7931  is  6210. 

The  difference  between  these  numbers  is  10,  and 

6210  +  f  of  10  =  6217. 
Therefore,  the  number  required  is  6217. 

(3)  Find  the  number  of  which  the  logarithm  is  7.3882  —  10. 

Look  for  3882  in  the  table.  It  cannot  be  found,  but  the  two  adjacent 
mantissas  between  which  it  lies  are  3874  and  3892  ;  their  difference  is  18, 
and  the  difference  between  3874  and  3882  is  8.  Therefore,  ^j  of  the  dif- 
ference between  the  numbers  corresponding  to  the  mantissas,  3874  and 
3892,  must  be  added  to  the  number  corresponding  to  the  mantissa  3874. 

The  number  corresponding  to  the  mantissa  3892  is  2460. 

The  number  corresponding  to  the  mantissa  3874  is  2440. 

The  difference  between  these  numbers  is  10,  and 

2440  +  -^j  of  10  =  2444. 
Therefore,  the  number  required  is  0.002444. 

(4)  Find  the  number  of  which  the  logarithm  is  0.3664. 

The  two  adjacent  mantissas  between  which  the  given  mantissa  8664 
lies  are  3655  and  3674  ;  their  difference  is  19,  and  the  difference  between 
3655  and  3664  is  9. 

The  number  corresponding  to  the  mantissa  3655  is  2320. 

Therefore,  the  number  required  is  2.320  +  ^^  of  10  =  2.326. 
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Exercise  45 

Find,  from  the  table,  the  common  logarithm  of : 

1.  60.  4.   3780.  7.   70,633.  10.   0.0004523. 

2.  101.  6.    6432.  8.    12,028.  11.    0.01342. 

3.  999.  6.    9081.  9.    0.00987.  12.   0.19873. 

Find  antilogarithms  to  the  following  common  logarithms : 

13.  4.2488.  16.    1.9730.  19.    9.0410-10. 

14.  3.6330.  17.    0.1728.  20.   9.8420-10. 
16.   4.7317.                 18.   2.7635.                 21.   7.7423-10. 

Find  the  cologarithm  of : 

22.  428.         26.    4872.  28.    62,784.  31.   0.14964. 

23.  567.         26.    9645.  29.    18,657.  32.   0.000762. 

24.  841.         27.    0.478.         30.    0.00634.         33.    0.01783. 

316.   Computation  by  Logarithms. 

(1)  Find  the  product  of  908.4  x  0.05392  x  2.117. 

log     908.4  =  2.9583 
log0.05392  =  8.7818 -10 
log     2.117  =  0.3267 

2.0168  =  log  103.7. 

Therefore,  the  required  product  is  103.7. 

When  any  factor  is  negative  find  its  logarithm  without  regard  to  the 
sign  ;  write  n  after  the  logarithm  that  corresponds  to  a  negative  number. 
If  the  number  of  logarithms  so  marked  is  odd,  the  product  is  negative ; 
if  even,  the  product  is  positive, 

(2)  Find  the  product  of  4.52  x  (-  0.3721)  x  0.912. 

log     4.52  =  0.6551 
log0.3721  =  9.5706- 10  n 
log   0.912  =  9.9600  -  10 

0.1857n  =  log -1.534. 

Therefore,  the  required  product  is  —  1.534. 
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(3)  Find  the  cube  of  0.0497. 

log   0.0497  =  8.6964-10 

3 
6.0892  -  10  =  log  0.0001228. 

Therefore,  the  cube  of  0.0497  is  0.0001228. 

(4)  Find  the  fourth  root  of  0.00862. 

Iog0.00862  =  7.9355 -10 

30.  -  30 

4)37.9355-40 

9.4839 -10  =  log  0.3047. 

Therefore,  the  fourth  root  of  0.00862  is  0.3047. 

(5)  Find  the  value  of  ^3.1416  x  477lTx  2J18^, 

^30.13*  X  0.4343^  x  69.89* 

log  3.1416  =  0.4971  =    0.4971 

log4771.2  =  3.6786  =    3.6786 

J  log  2.718    =  J  (0.4343)  =    0.1448 

4colog30.13    =4(8.5210-10)=    4.0840-10 

i  colog  0. 4343  =  i  (0.3622)  =    0.1811 

4colog69.89    =4(8.1566-10)=    2.6224-10 

11.2080  -  20 

.30.  -  30 

6)41.2080-50 

8  2416-10  =  log0.01744. 

Therefore,  the  required  value  is  0.01744. 

317.  An  exponential  equation,  that  is,  an  equation  in  which 
the  exponent  involves  the  unknown  number,  is  easily  solved 
by  logarithms. 

Find  the  value  of  x  in  81^  =  10. 

81^  =  10. 
.-.  log  (81^)  =  log  10, 
X  log  81  =  log  10, 

log  81      1.9086 
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EzerciBe  46 


Find  by  logarithms : 

1.  948.76  X  0.043875. 

2.  3.4097x0.0087634. 

3.  830.75x0.0003769. 

4.  8.4395x0.98274. 
70654 


9. 

10. 

13. 
14. 
15. 
16. 


5.  7564  X  (- 0.003764). 

6.  3.765  X  (- 0.08345). 

7.  -  5.8404  X  (- 0.00178). 

8.  -8945x73.85. 
0.07654 


54013 

7.652 
-  0.06875 

1.1768^ 

1.3178^^ 

11*. 

my- 


11. 


83.947  X  0.8395 


212x  (-6.12)  X  (-2008) 
365  x(- 531)  X  2.576 


17. 
18. 
19. 
20. 


906.80*. 

(my- 


25.    VaO047G. 


26.    V^25. 


27. 
28. 
29. 
30. 
31. 
32. 


-  400)1 
0.00065)  ^ 

-  0.0084)*. 
0.00872)*. 
0.8756)  ^ 

-  0.4762)^ 


21.  2.5637^ 

22.  (8|)2-3. 

23.  (5^}y-^'. 

24.  (9JJ)*. 

36.  (-4762)^ 

37.  (4.861)^. 

38.  (-0.00222)*. 

39.  (-0.03654)*. 

40.  (-0.00008)^ 
(-4)^ 

2^ 

42.    (?)^. 


33.    V^8462. 


34.  VOASl, 

35.  (-286)^ 


43. 


44. 


-^^000052 
■v^.0068125 
4(0.6235)^ 
(-  257.14)'  * 
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_     ^  /0.008541"  X  8641  x  4.276*  x  0.0084 
45 


46 


47 


4 

^  0.00854*  X  182.63*  x  82*  x  487.27* 

g/0.0075433^  X  78.343  x  8172.4*  x  0.00052 
^      64285*  X  154.27*  x  0.001  x  586.79* 

710.03271'  X  53.429  x  0.77542» 
•   ^         32.769x0.000371* 


^g    Jj    7.1206  X  VO.13274  x  0.057389 

VO.43468  X  17.385  x  VO.0096372* 

Find  X  from  the  equations : 

49.  5^  =  12.         51.    7^  =  25.  53.    (0.4)"*  =  7. 

50.  4^  =  40.         52.    (1.3)^  =  7.2.         54.    (0.9)'*  =  (4.7)-*. 

318.  Change  of  System.     Logarithms  to  any  base  a  may  be 
converted  into  logarithms  to  any  other  base  b  as  follows : 

Let  N  be  any  number,  and  let 

n  =  log^iV  and  m  =  log^iV. 
Then,  N  =  d^  and  N  =  l/^. 

.•.a"  =  ft"». 

Taking  logarithms  to  any  base  r, 

n  log^a  =  m  log^6,  (§  300) 

or,  log^a  X  log^N  =  log^ft  x  log^iV, 

from  which  log^iV  may  be  found  when  log^a,  log^ft,  and  log^iV 
are  given ;  and  conversely,  log^iV  may  be  found  when  log^a, 
log^ft,  and  logjiV  are  given. 

319.  If  a  =  10,  ft  =  e,  r  =  10,  and  iV^  =  10, 

logiolO  X  logiolO  =  logioe  X  log,10.  (§  318) 

.•.log,10= 

logioe 
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From  tables,  logio^  =  0.4342945. 

.-.  log,  10  =  2.3025861. 

320.   If  a  =  10,  ^  =  e,  r  =  10,  and  N  is  any  number, 

logio  10  X  logio  N  =  logio  e  x  log,  N.  (§  318) 

.•.log,iV=— —  xlogioiV, 
■•^ogio  ^ 

and  logio  ^  =  logio  e  X  log,  N. 

Hence,  to  convert  common  logarithms  into  natural  loga- 
rithms, multiply  by  2.3025851 ;  and  to  convert  natural  loga- 
rithms into  common  logarithms,  multiply  by  0.4342945. 

Exercise  47 

Find  to  four  digits  the  natural  logarithm  of : 

1.  2.  3.   100.  5.   7.89.  7.   2.001. 

2.  3.  4.   32.5.  6.   1.23.  8.   0.0931. 

Find  to  four  digits  : 

9.   log27.  11.   log49.         13.   log98.         15.   log7l4. 

10.   log84.  12.   log67.         14.   log85.         16.   Iog6l02. 

17.  Find  the  logarithm  of  4  in  the  system  of  which  J  is 
the  base. 

18.  Find  the  logarithm  of  ^j  in  the  system  of  which  0.5 
is  the  base. 

19.  Find  the  base  of  the  system  in  which  the  logarithm 
of  8  is  §. 

20.  Find  the  base  of  the  system  in  which  the  logarithm 
of  I  is  -  f . 
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N 

0 

1 

2 

3 

4 

■5 

6 
0363 

7 
0294 

8 
0334 

9 

0374 

10 

0000 

0043 

0086 

0128 

0170 

oaia 

U 

o*u 

M53 

0492 

0531 

066B 

0TO7 

0646 

0682 

0719 

0756 

IS 

0703 

0828 

0884 

OBM 

0934 

0969 

1004 

1038 

1073 

1106 

11 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

u 

1481 

1492 

1523 

1553 

1684 

1614 

1644 

1673 

1703 

1732 

Iff 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1087 

2014 

18 

2041 

2068 

2095 

2122 

2148 

2176 

2201 

2227 

2263 

2279 

17 

2304 

2330 

2365 

2380 

2406 

2430 

2465 

2480 

2504 

2629 

18 

2653 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

IB 

27B8 

2810 

2833 

2856 

2878 

2900 

2923 

2946 

2067 

2989 

30 

3010 

3033 

3064 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3243 

3^84 

3304 

a324 

S345 

3366 

3386 

3404 

22 

it4Z4 

3444 

3464 

3483 

3502 

3582 

3541 

3500 

3570 

3598 

23 

3fll7 

3055 

36T4 

3692 

3711 

3720 

3747 

8766 

3784 

24 

3802 

3830 

3838 

3856 

3874 

3892 

3009 

3927 

3946 

3962 

25 

3978 

3907 

4014 

4031 

4048 

40(t& 

4082 

4099 

4116 

4133 

26 

4160 

4I6fi 

4183 

4200 

4218 

4232 

4249 

4205 

4281 

4298 

27 

4314 

4330 

4340 

43ti2 

4378 

4303 

4400 

4425 

4440 

4466 

28 

4472 

4487 

4602 

4518 

4633 

4548 

4564 

4579 

4504 

4600 

29 

4fi24 

4&39 

4654 

4660 

4083 

4698 

4713 

4728 

4742 

4767 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4880 

4000 

31 

4014 

4928 

4iM2 

4955 

4969 

40B3 

4097 

6011 

6024 

5038 

32 

5051 

6066 

5070 

500 

6105 

6119 

613^ 

6146 

5169 

5172 

33 

6186 

6108 

5211 

5224 

6237 

5  60 

6  63 

6    6 

6  89 

5302 

34 
35 

6:;i6 

6328 

5340 

6353 

6366 

6J  8 

"1 

411 

1416 

5428 

6551 

6441 

5453 

6466 

6478 

6400 

36 

5603 

5576 

6687 

5509 

6«11 

-^670 

37 

60S2 

5n!)4 

5705 

671 

5  29 

80 

38 

671)8 

5809 

5821 

683 

5843 

6809 

39 

6911 

5922 

5033 

5044 

5055 

am 

6075 

0085 

6096 

6107 

6010 
6117 

40 

B021 

6031 

004'> 

6053 

G0r4 

41 

0129 

fins 

6141 

6160 

6170 

6180 

6191 

6  01 

021" 

6222 

42 

0 

4 

0''74 

62S4 

6  04 

6304 

6314 

6.J26 

43 

03  r 

6385 

0395 

6415 

6415 

0425 

44 
4'- 

1    1 

6474 
6d71 

6484 

0493 

0503 

6513 

0522 

6690 

6590 

650ft 

6609 

6618 

48 

0(05 

0075 

0084 

0093 

6702 

6712 

47 

1ft 

6758 

6767 

6776 

678S 

6704 

6803 

48 

UH12 

ami 

6BiJ 

((839 

0848 

6857 

6866 

6875 

6884 

6803 

49 

6002 

601 1 

00  0 

fl9''8 

093 

0946 

6!I55 

ami 

0072 

6981 

ffO 

onno 

6  TO 

007 

016 

7024 

7033 

7042 

7060 

7069 

7007 

SI 

7070 

7084 

70113 

7101 

7110 

7118 

7126 

7135 

7143 

7153 

62 

71(iO 

7168 

7177 

7186 

7103 

7202 

7210 

7218 

7228 

7235 

63 

7243 

7251 

7269 

7287 

7276 

7284 

7202 

7300 

7S08 

7316 

64 

7324 

7332 

7340 

7348 

7358 

7304 

7372 

7380 

im. 

7396 
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N 

65 

56 
57 
58 
59 

60 

61 
62 
63 
64 

65 

66 
67 
68 
69 

70 

71 
72 
73 

74 

76 

76 

77 
78 
79 

80 

81 
82 
83 
84 

85 

86 
87 
88 
89 

90 

91 
92 
93 
94 

95 

96 
97 
98 
99 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

7404 

7482 
7669 
7634 
7709 

7412 
7490 
7666 
7642 
7716 

7419 
7497 
7674 
7649 
7723 

7427 
7606 
7682 
7667 
7731 

7436 
7613 
7589 
7664 
7738 

7443 
7620 
7697 
7672 
7746 

7461 

7628 
7604 
7679 

7762 

7469 
7636 
7612 
7686 
7760 

7466 
7643 
7619 
7694 
7767 

7474 
7661 
7627 
7701 
7774 

7782 
7863 
7924 
7993 
8062 

7789 
7860 
7931 
8000 
8069 

7796 
7868 
7938 
8007 
8076 

7803 

7876 
7946 
8014 
8082 

7810 
7882 
7962 
8021 

8089 

7818 
7889 
7969 
8028 
8096 

7825 
7896 
7966 
8036 
8102 

7832 
7903 
7973 
8041 
8109 

7839 
7910 
7980 
8048 
8116 

7846 
7917 
7987 
8066 
8122 

8129 
8196 
8261 
8326 

8388 

8136 
8202 
8267 
8331 
8396 

8142 
8209 
8274 
8338 
8401 

8149 
8216 
8280 
8344 
8407 

8166 

8222 
8287 
8361 
8414 

8162 
8228 
8293 
8367 
8420 

8169 
8236 
8299 
8363 
8426 

8176 
8241 
8306 
8370 
8432 

8182 
8248 
8312 
8376 
8439 

8189 
8254 
8319 
8382 
8446 

8461 
8613 
8673 
8633 
8692 

8467 
8619 
8679 
8639 
8698 

8463 
8626 
8686 
8646 
8704 

8470 
8631 
8691 
8651 
8710 

8476 
8637 
8697 
8667 
8716 

8482 
8643 
8603 
8663 
8722 

8488 
8649 
8609 
8669 

8727 

8494 
8666 
8616 
8675 
8733 

8600 
8661 
8621 
8681 
8739 

8506 
8567 
8627 
8686 
8745 

8761 
8808 
8866 
8921 
8976 

8766 
8814 
8871 
8927 
8982 

8762 
8820 
8876 
8932 
8987 

8768 
8826 
8882 
8938 
8993 

8774 
8831 
8887 
8943 
8998 

8779 
8837 
8893 
8949 
9004 

8786 
8842 
8899 
8964 
9009 

8791 
8848 
8904 
8960 
9016 

8797 
8854 
8910 
8965 
9020 

8802 
8859 
8915 
8971 
9026 

9031 
9086 
9138 
9191 
9243 

9036 
9090 
9143 
9196 
9248 

9042 
9096 
9149 
9201 
9263 

9047 
9101 
9164 
9206 
9268 

9063 
9106 
9169 
9212 
9263 

9068 
9112 
9165 
9217 
9269 

9063 
9117 
9170 
9222 
9274 

9069 
9122 
9175 
9227 
9279 

9074 
9128 
9180 
9232 
9284 

9079 
9133 
9186 
9238 
9289 

9294 
9346 
9396 
9446 
9494 

9299 
9360 
9400 
9460 
9499 

9304 
9366 
9406 
9466 
9604 

9309 
9360 
9410 
9460 
9609 

9316 
9366 
9416 
9466 
9613 

9320 
9370 
9420 
9469 
9618 

9326 
9376 
9426 
9474 
9623 

9330 
9380 
9430 
9479 
9628 

9336 
9386 
9486 
9484 
9533 

9340 
9390 
9440 
9489 
9638 

9642 
9690 
9638 
9685 
9731 

9647 
9696 
9643 
9689 
9736 

9662 
9600 
9647 
9694 
9741 

9667 
9606 
9662 
9699 
9746 

9662 
9609 
9657 
9703 
9760 

9666 
9614 
9661 
9708 
9764 

9671 
9619 
9666 
9713 
9759 

9676 
9624 
9671 
9717 
9763 

9581 
9628 
9675 
9722 
9768 

9686 
9633 
9680 
9727 
9773 

9777 
9823 
9868 
9912 
9966 

9782 
9827 
9872 
9917 
9961 

9786 
9832 
9877 
9921 
9966 

9791 
9836 
9881 
9926 
9969 

9796 
9841 
9886 
9930 
9974 

9800 
9845 
9890 
9934 
9978 

9806 
9860 
9894 
9939 
9983 

9809 
9864 
9899 
9943 
9987 

9814 
9869 
9903 
9948 
9991 

9818 
9863 
9908 
9962 
9996 

CHAPTER  XXI 

INTEREST  AND  ANNUITIES 

321.  Interest  is  money  paid  for  the  use  of  money. 

322.  PrincipaL     The  sum  loaned  is  the  principal, 

323.  Rate  of  Interest.  The  rate  of  interest  is  the  interest 
on  $1  for  one  year. 

324.  Amount.  The  sum  of  the  principal  and  interest  is  the 
amount, 

325.  Compound  Interest  Interest  is  compounded  when  it  is 
added  to  the  principal  and  becomes  a  part  of  the  principal  at 
specified  intervals. 

Compound  interest  is  compounded  annually,  semiannually, 
quarterly,  or  monthly  according  to  agreement.  Compound 
interest  is  understood  to  be  compounded  annually  unless 
otherwise  stated. 

326.  In  interest  problems  four  elements  are  considered: 
principal,  rate,  time,  and  interest  or  amount.  If  three  of 
the  elements  are  known,  the  fourth  may  be  found. 

327.  Let  r  stand  for  the  interest  on  $1  for  one  year ;  t  for 
the  time  in  years  between  two  successive  conversions  (com- 
poundmgs);  n  the  number  of  conversions;  Aq  the  original 
amount,  the  principal ;  A„  the  amount  after  n  conversions  of 
interest  into  principal;  and  /„  the  total  of  the  interest  con- 
verted in  the  n  conversions.     Then, 

A^  =  A,(l-hrt), 

A,  =  A,(l  +  rt)  =  A,(l  -h  rty, 

^3  =  ^2(1  +  rt)  =  ^o(l  +  rty, 
244 
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At  =  ^,(1  +rt)  =  At(l  +  rty, 


and  /„  =  A^  —  A^, 

If  -R  is  written  for  (1  +  rt),  these  equations  become 

A«  =  A,R«,  [1] 

and  I„  =  Ao(R»-l).  •  [2] 

Hence,  also,  log  A^  =  log  Aq  +  ti  log  (1  +  rt). 

In  the  case  of  simple  interest,  n  =  1. 

328.  If  there  should  occur  a  broken  period  whose  time  in 
years  is  t',  t'  being  less  than  t,  the  rate  of  increase  for  t'  is 
by  commercial  usage  taken  to  be  1  +  rt', 

329.  Sinking  Funds.  If  the  sum  set  apart  at  the  end  of 
each  year  to  be  put  at  compound  interest  is  represented  by  5, 

The  sum  at  the  end  of  the 

first  year      =  S, 
second  year  =  5  +  SR, 
third  year    =54  SR  +  SR% 

nth  year       =-3+  SR  +  SR^-^ h  5i2»-^ 

That  is,  the  amount  A  =  S  +  SR  +  SR^ -] h  5i2«-\ 

.-.  AR  =z  SR  -h  SR^  -}-  SR^  -{ h  SR\ 

.-.  AR  -  A  =  SR""  —  S, 

"^  R-1     ' 

.       S(R'-l) 
or,  A  =  — i: . 

(1)  If  $10,000  is  set  apart  annually,  and  put  at  6  per  cent 
compound  interest  for  10  years,  what  will  be  the  amount  ? 

5(JR"  -  1)  _  $10,000(1.0610  -  1) 
""         r         ""  0.06 

By  four-place  logarithms  the  amoant  is  $131,600. 
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(2)  A  county  owes  $60,000.  What  sum  must  be  set  apart 
annually,  as  a  sinking  fund,  to  cancel  the  debt  in  10  years, 
provided  money  is  worth  6  per  cent  ? 

Ar         $60,000x0.06      ^^^ro /x.    *  i       i        v 

8  = =  - — =  ^658  (by  four-place  logs.). 

Note.  The  amount  of  tax  required  yearly  is  $3600  for  the  interest 
and  $4558  for  the  sinking  fund  ;  that  is,  $8158. 

330.  Annuities.  A  sum  of  money  that  is  payable  yearly,  or 
in  parts  at  fixed  periods  in  the  year,  is  called  an  annuity. 

To  find  the  amount  of  an  unpaid  annuity  when  the  interest, 
time,  and  rate  jper  cent  are  given. 

The  sum  due  at  the  end  of  the 

first  year      =  S, 
second  year  =  5  +  SR, 
third  year     =  S -}-  SR -h  SR^, 
nth  year       =  S  +  SR  +  SR^  -] h  57?— \ 

That  is,  A  =  ^i^ 1 .  (§  329) 

An  annuity  of  $1200  was  unpaid  for  6  years.  What  was 
the  amount  due  if  interest  is  reckoned  at  6  per  cent  ? 

^      8(R^  - 1)      $1200(1.06«  - 1)      ^^^^^  ,^    .         ,1V 

A  =  — ^^ ^  = ^ ^  =  $8360  (by  four-place  logs.). 

r  0.06  ^  ^   ' 

331.  To  find  the  present  worth  of  an  annuity  when  the  time 
it  is  to  continue  and  the  rate  per  cent  are  given. 

Let  P  denote  the  present  worth.     Then,  the  amount  of  P  for 
n  years  is  equal  to  A,  the  amount  of  the  annuity  for  n  years. 
But  the  amoimt  of  P  for  n  years 

=  P  (1  +  r)»  =  Pi2%  (§  327) 

and  ^  =  ^^|j"/^'  (§330) 


INTEREST   AND  ANNUITIES  247 


•  •  ^^  R-1 

S       R»  —  1 


R»       R—  1 

This  equation  may  be  written 


As    n    increases    indefinitely,    the    expression    1  —  —   ap- 
proximates to  1. 

Therefore,  if  the  annuity  is  perpetual^ 

S  S 


P  = 


R-1       r 


(1)  Find  the  present  worth  of  an  annual  pension  of  $105, 
for  5  years,  at  4  per  cent  interest. 

„      S      R^-l      $105      1.046  _  1 

P  =  —  X =  ^^—-  X =  $466.20  (by  logs.). 

12»      R-1       1.046       1.04-1  \  J     6   f 

(2)  Find  the  present  worth  of  a  perpetual  scholarship  that 
pays  $300  annually,  at  6  per  cent  interest. 

r      0.06 

332.  To  find  the  present  worth  of  an  annuity  that  begins  in 
a  given  number  of  years,  tuhen  the  time  it  is  to  continue  and  the 
rate  per  cent  are  given. 

Let  p  denote  the  number  of  years  before  the  annuity  begins, 
and  q  the  number  of  years  the  annuity  is  to  continue. 

Then,  the  present  worth  of  the  annuity  to  the  time  it  termi- 

xV-F^-  (§331) 


RP  +  9  2J  - 1 
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(2)  On  a  shelf  are  7  English,  5  French,  and  9  German 
books.  In  how  many  different  ways  may  two  books^  not  in 
the  same  language,  be  selected  ? 

An  English  book  and  a  French  book  can  be  selected  in  7  x  6,  or  35, 
ways.  A  French  book  and  a  German  book  in  5  x  9,  or  45,  ways.  An 
English  book  and  a  German  book  in  7  x  9,  or  63,  ways. 

Hence,  there  is  a  choice  of  35  +  45  +  63,  or  143,  ways. 

(3)  Out  of  the  ten  figures  0,  1,  2,  3,  4,  5,  6,  7,  8,  9  how 
many  different  numbers  of  two  figures  each  can  be  formed  ? 

Since  0  has  no  valne  in  the  left-hand  place,  the  left-hand  place  can  be 
filled  in  9  ways. 

The  right-hand  place  can  be  filled  in  10  ways,  since  repetitions  of  the 
digits  are  allowed,  as  in  22,  33,  etc. 

Hence,  the  whole  number  of  numbers  is-9  x  10,  or  90. 

337.  By  successive  application  of  the  principle  of  §  336  it 
may  be  shown  that, 

If  one  thing  can  he  done  in  a  different  ways,  and  then  a 
second  thing  can  he  done  in  b  different  ways,  then  a  third  thing 
in  c  different  ways,  then  a  fourth  thing  in  d  different  ways, 
and  so  on,  the  number  of  different  ways  of  doing  all  the  things 
together  tsaxbxcxdx-- 

For,  the  first  and  second  things  can  be  done  together  in 
a  X  6. different  ways  (§  336),  and  the  third  thing  in  c  different 
ways ;  hence,  by  §  336,  the  first  and  second  things  and  the 
third  thing  can  be  done  together  in  {a  x  h)x  c  different  ways. 
Therefore,  the  first  three  things  can  be  done  in  a  x  h  x  c  dif- 
ferent ways.     And  so  on,  for  any  number  of  things. 

In  how  many  different  ways  can  four  Christmas  presents  be 
given  to  four  boys,  one  to  each  boy  ? 

The  first  present  may  be  given  to  any  one  of  the  boys ;  hence,  there 
are  4  ways  of  disposing  of  it. 

When  the  first  present  has  been  disposed  of,  the  second  present  may 
be  given  to  any  one  of  the  other  three  boys  ;  hence,  there  are  3  ways  of 
disposing  of  it. 
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When  the  first  and  second  presents  have  been  disposed  of,  the  third 
present  may  be  given  to  either  of  the  two  other  boys  j  hence,  there  are  2 
ways  of  disposing  of  it. 

When  the  first,  second,  and  third  presents  have  been  disposed  of,  the 
fourth  present  must  be  given  to  the  last  boy ;  hence,  there  is  only  1  way 
of  disposing  of  it. 

There  are,  then,  4  x  3  x  2  x  1,  or  24,  ways. 

338.  Combinations  and  Permutations.  (1)  In  how  many  dif- 
ferent ways  can  a  vowel  and  a  consonant  be  chosen,  assuming 
that  the  alphabet  contains  6  vowels  and  20  consonants  ? 

A  vowel  can  be  chosen  in  6  ways  and  a  consonant  in  20  ways,  and 
both  (§  336)  in  6  X  20,  or  120,  ways.     - 

(2)  In  how  many  different  ways  can  a  two-lettered  word  be 
made,  containing  one  vowel  and  one  consonant  ? 

The  vowel  can  be  chosen  in  6  ways  and  the  consonant  in  20  ways ; 
and  then  each  combination  of  a  Vowel  and  a  consonant  can  be  written  in 
2  ways ;  as,  oc,  ca. 

Hence,  the  whole  number  of  ways  is  6  x  20  x  2,  or  240. 

These  two  examples  show  the  difference  between  a  selection, 
or  combination,  of  different  things  and  an  arrangement,  or 
permutation,  of  the  same  things. 

Thus,  dc  forms  a  selection  of  a  vowel  and  a  consonant,  and  ac  and  ca 
form  two  different  arrangements  of  this  selection. 

From  (1)  it  is  seen  that  120  different  selections  can  be  made  with 
a  vowel  and  a  consonant;  and  from  (2)  it  is  seen  that  240  different 
arrangements  can  be  made  with  these  selections. 

Again,  a,  &,  c  is  a  selection  of  three  letters  from  the  alphabet.  This 
selection  admits  of  6  different  arrangements,  as  follows : 

abc  bca  cab 

acb  bac  cba 

A  selection,  or  combination,  of  any  number  of  things  is  a  group 
of  that  number  of  things  put  together  without  regard  to  their 
order. 

An  arrangement,  or  permutation,  of  any  number  of  things  is 
a  group  of  that  number  of  things  put  together  in  a  definite 
order. 
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339.  Permutations^  Things  all  Different.  The  number  of  dif- 
ferent arrangements  or  permutations  of  n  different  things 
taken  all  together  is 

n  (w  -  1)  (71  -  2)  (n  -  3)  X  •  •  •  X  3  X  2  X  1. 

For,  the  first  place  can  be  filled  in  n  ways,  then  the  second 
place  in  n  —  1  ways,  then  the  third  place  in  ?i  —  2  ways,  and 
so  on,  to  the  last  place,  which  can  be  filled  in  only  1  way. 

Hence  (§  337),  the  whole  number  of  arrangements  is  the 
.  continued  product, 

n(7i  -  1)  (71  -  2)  (71  -  3)  X  •  •  •  X  3  X  2  X  1. 

For  the  sake  of  brevity  this  product  is  often  written  \n 
or  n\  (read  factorial  n). 

Observe  that  lx2x--x(7i--l)X7i=[7i. 

How  many  different  arrangements  of  nine  letters  each  can 
be  formed  with  the  letters  in  the  word  Cambridge  ? 

There  are  nine  letters.  In  making  any  arrangement  any  one  of  the 
letters  can  be  put  in  the  first  place.  Hence,  the  first  place  can  be  filled 
in  9  ways. 

Then,  the  second  place  can  be  filled  with  any  one  of  the  remaining  eight 
letters  ;  that  is,  in  8  ways. 

In  like  manner,  the  third  place  can  be  filled  in  7  ways,  the  fourth  place 
in  6  ways,  and  so  on  ;  and,  lastly,  the  ninth  place  in  1  way. 

If  the  nine  places  are  indicated  by  Roman  numerals,  the  result  is  (§  337) 
as  follows : 

I    II  III  IV  V  VI  vn  VIII IX 

9x8x7x6x5x4x3x    2x1  =  362,880  ways. 
Hence,  there  are  362,880  different  arrangements  possible. 

340.  The  number  of  different  permutations  of  n  different 
things  taken  t  at  a  time  is 

n(n  —  1)  (n  —  2)  '"  to  r  factors, 
that  is,  71  (ti  —  1)  (ti  —  2)  •  •  •  [7i  —  (r  —  1)], 

or  n(n  —  V)  (n  —  2)  •  "  (n  —  r  -{-  V). 
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For,  the  first  place  can  be  filled  in  n  ways,  then  the  second 
place  in  71  —  1  ways,  then  the  third  place  in  n  —  2  ways,  and 
so  on,  and  then  the  rth  place  in  ti  —  (r  —  1)  ways. 

Let  P„^  ^  represent  the  number  of  arrangements  of  n  differ- 
ent things  taken  r  at  a  time.     Then, 

P„^  ^  =  71  (w  —  1)  (n  —  2)  •  •  •  to  r  factors 
=  n(n  —  V)(n  —  2)  '"  (n  —  r  -\-V), 

How  many  different  arrangements  of  four  letters  each  can 
be  formed  from  the  letters  in  the  word  Cambridge  ? 

There  are  nine  letters  and  four  places  to  be  filled. 

The  first  place  can  be  filled  in  9  ways.  Then,  the  second  place  can  be 
filled  in  8  ways ;  then,  the  third  place  in  7  ways ;  and  then,  the  fourth 
place  in  6  ways. 

K  the  places  are  indicated  by  I,  II,  III,  IV,  the  result  is  (§  337) 

I     II  III  IV 
9x8x7x6  =  3024  ways. 

Hence,  there  are  3024  different  arrangements  possible. 

341.  Combinations,  Things  all  Different.  The  number  of  dif- 
ferent selections  or  combinations  of  n  different  things  taken  r  at 

a  time  is 

n(n  —  V)(n  —  2)'"  (n  —  r  -\-V) 

\r 

To  prove  this,  let  C„  ,.  represent  the  number  of  different 
selections  or  combinations  of  n  different  things  taken  r  at  a 
time. 

Take  one  selection  of  r  things;  from  this  selection  [r 
arrangements  can  be  made  (§  339). 

Take  a  second  selection ;  from  this  selection  [r  arrangements 
can  be  made.     And  so  on,  for  each  of  the  C^,.  selections. 

Hence,  C„^  x  [^  is  the  number  of  arrangements  of  n  differ- 
ent things  taken  r  at  a  time. 

That  is,  C',,,x[7:  =  P„,,. 
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p 

.  ;i(7i  -  1)  (n  -  2)  •  •  ■  (n  -  r  +  1) 

In  how  many  dijfferent  ways  can  three  vowels  be  selected 
from  the  five  vowels  a,  e,  i,  o,  u? 

The  number  of  different  ways  in  which  we  can  arrange  3  vowels  out 
of  6  is  {§  340)  6  X  4  X  3,  or  60. 

These  60  arrangements  might  be  obtained  by  first  forming  all  the 
possible  selections  of  3  vowels  out  of  5,  and  then  arranging  the  3  vowels 
in  each  selection  in  as  many  ways  as  possible. 

Since  each  selection  can  be  arranged  in  [3,  or  6,  ways  (§  330),  the 
number  of  selections  is  ^^-^  or  10. 

The  formula  applied  to  this  problem  gives 

5x4^^ 
'        1x2x3 

342.  Combinations,  Second  Formula.  Multiplying  both  numer- 
ator and  denominator  of  the  expression  for  the  number  of 
combinations  in  the  last  example  by  2x1,  we  have 

5x4x3x2x1^  L? 
*•'   1x2x3x2x1   [3|2' 


In  general,  multiplying  both  numerator  and  denominator  of 
the  expression  for  C'„  ,.  in  §  341  by  \n  —  r,  we  have 

_  ^^  (^  —  1)  •  •  •  (^  —  ^  +  1)  (yZ'  —  ^)  •  •  •  1  __       VI 


n,r 


n  —  r 


r  x(n  —  r)'-  -1  [r 

This  second  form  is  more  compact  than  the  first  and  is 
more  easily  remembered. 

Note.     In  the  reduction  of  such  a  result  \n  —  r  cancels  all  the  factors 

112 

of  the  numerator  from  1  up  to  and  including  n  —  r.     Thus,  in  rrr^*  |7 

cancels  all  the  factors  of  [12  from  1  up  to  and  including  7  ;  so  that 

Q?  ^  12  X  11  X  10  X  9  X  8  ^  ^gg 
sT?         1x2x3x4x6 
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343.  Theorem.  The  number  of  combinations  of  n  things 
taken  t  at  a  time  is  the  same  as  the  number  of  combinations 
of  n  things  taken  n  —  i  at  a  time. 


\n  \n 

For,   C,  „    .  =  , r-^=—, r  =  1 — ^=-F-  =  a 


n,n—r 


n 


—  r\n  —  {71  —  r) 


n  —  r 


n,r' 


This  is  also  evident  from  the  fact  that  for  every  selection 
of  r  things  taken,  a  selection  ofn  —  r  things  is  left. 

Thus,  out  of  8  things,  3  things  can  be  selected  in  the  same  number  of 
ways  as  5  things  j  namely, 

L?        8x7x6      KA  ^„^o 
r-=f-  = =  56  ways. 

[3[5      1x2x3 

Out  of  10  things,  7  things  can  be  selected  in  the  same  number  of  ways 
as  3  things ;  namely, 

02       10  X  9  X  8 


7  3       1x2x3 


=  120. 


344.    Examples  in  Combinations  and  Permutations.      Of  the 

permutations  possible  with  the  letters  of  the  word.  Cambridge, 
taken  all  together : 

(1)  How  many  begin  with  a  vowel  ? 

In  filling  the  nine  places  of  any  arrangement  the  first  place  can  be 
filled  in  only  3  ways,  the  other  places  in  [8  ways. 

Hence,  the  answer  is  3  x  [8  =  120,960.  (§  337) 

(2)  How  many  both  begin  and  end  with  a  vowel  ? 

The  first  place  can  be  filled  in  3  ways,  the  last  place  in  2  ways  (one 
vowel  having  been  used),  and  the  remaining  seven  places  in  [7  ways. 
Hence,  the  answer  is  3  x  2  x  [7  =  30,240.  (§  337) 

(3)  How  many  begin  with  Cam  ? 

The  answer  is  evidently  [6,  since  our  only  choice  lies  in  arranging  the 
remaining  six  letters  of  the  word. 

(4)  How  many  have  the  letters  cam  standing  together  ? 

This  may  be  resolved  into  arranging  the  group  cam  and  the  last 
six  letters,  regarded  as  seven  distinct  elements,  and  then  arranging  the 
letters  c  a  ^a. 
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The  first  can  be  done  in  [7  ways,  and  the  second  in  |3  ways.  Hence, 
both  can  be  done  in  [7  x  [3  =  30,240  ways. 

In  how  many  ways  can  the  letters  of  the  word  Cambridge 
be  written : 

(5)  Without  changing  the  place  of  any  vowel  ? 

The  second,  sixth,  and  ninth  places  can  be  filled  each  in  only  1  way ; 
the  other  places  in  [6  ways. 

Therefore,  the  whole  number  of  ways  is  [6  =  720. 

(6)  Without  changing  the  order  of  the  3  vowels  ? 

The  vowels  in  the  different  arrangements  are  to  be  kept  in  the  order 
a,  i,  e. 

One  of  the  6  consonants  can  be  placed  in  4  ways :  before  a,  between 
a  and  i,  between  i  and  e,  and  after  e. 

Then,  a  second  consonant  ^an  be  placed  in  6  ways,  a  third  consonant 
in  6  ways,  a  fourth  consonant  in  7  ways,  a  fifth  consonant  in  8  ways,  and 
the  last  consonant  in  9  ways.     Hence,  the  whole  nuijiber  of  ways  is 

4x5x6x7x8x9,  or  60,480. 

(7)  Out  of  20  consonants,  in  how  many  ways  can  18  be 
selected  ? 

The  number  of  ways  in  which  the  18  can  be  selected  is 

|20        20  X  19 

^=-  -  =  190.  (§342) 


18  2  2 


(8)  In  how  many  ways  can  the  same  choice  be  made  so  as 
always  to  include  the  letter  h  ? 

Taking  b  first,  we  must  then  select  17  out  of  the  remaining  19  conso- 
nants.    This  can  be  done  in 

[1?        19x18      ,^,  ,^„^^^ 

^  =  -Y-  =  171  ways.  (§  342) 

(9)  In  how  many  ways  can  the  same  choice  be  made  so  as 
to  include  b  and  not  include  c  ? 

Taking  b  first,  we  have  then  to  choose  17  out  of  18,  c  being  excluded. 
This  can  be  done  in  18  ways. 
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(10)  From  20  Republicans  and  6  Democrats,  in  how  many 
ways  cati  5  different  oflB.ces  be  filled,  of. which  3  particular 
offices  must  be  filled  by  Republicans,  and  the  other  2  offices 
by  Democrats  ? 

The  first  3  offices  can  be  assigned  to  3  Republicans  in 

20  X  19  X  18  =  6840  ways. 
The  other  2  offices  can  be  assigned  to  2  Democrats  in 

6  X  5  =  30  ways. 
There  is,  then,  a  choice  of  6840  x  30  =  205,200  different  ways. 

(11)  Out  of  20  consonants  and  6  vowels,  in  how  many  ways 
can  we  make  a  word  consisting  of  3  different  consonants  and 
2  different  vowels  ? 

Three  consonants  can  be  selected  in =  1140  ways,  and 

6x5  1x2x3 

two  vowels  in =  15  ways.     Hence,  the  5  letters  can  be  selected  in 

1140  X  15  =  17,100  ways. 

When  5  letters  have  been  so  selected  they  can  be  arranged  in 
[5  =  120  different  orders.  Hence,  there  are  17,100  x  120  =  2,052,000 
different  ways  of  making  the  word. 

Observe  that  the  letters  are  first  selected  and  then  arranged. 

(12)  A  society  consists  of  50  members,  10  of  whom  are 
physicians.  In  how  many  ways  can  a  committee  of  6  mem- 
bers be  selected  so  as  to  include  at  least  1  physician  ? 

Six  members  can  be  selected  from  the  whole  society  in 

150 

Six  members  can  be  selected  from  the  whole  society,  so  as  to  include 
no  physician^  by  choosing  them  all  from  the  40  members  who  are  not 
physicians,  and  this  can  be  done  in 

140 

150  140 

Hence,  p=p .    |      is  the  number  of  ways  of  selecting  the  committee 

[6|44      |6[34 

so  as  to  include  at  least  1  physician. 
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345.   Greatest  Number  of  Combinations.      To  find  for   what 

value  of  r  the  number  of  selections  of  n  things,  taken  r  at  a 

time,  is  the  greatest. 

The  formula 

_n{n  —  l){n  —  2)'  "{n  —  r  -\-l) 

"•'•"  Ix2x3x-.r 

may  be  written 

_n      n  —  1      n  —  2  n  —  r  -\-l 

The  numerators  of  the  factors  on  the  right  side  of  this 
equation  begin  with  n,  and  form  a  descending  series  with 
the  common  difference  1 ;  and  the  denominators  begin  with  1, 
and  form  an  ascending  series  with  the  common  difference  1. 
Therefore,  from  some  point  in  the  series,  these  factors  become 
less  than  1.  Hence,  the  maximum  product  is  reached  when 
that  product  includes  all  the  factors  greater  than  1. 

1.  When  n  is  an  odd  number  the  numerator  and  the  denomi- 
nator of  each  factor  are  alternately  both  odd  and  both  even, 
so  that  the  factor  greater  than  1,  but  nearest  to  1,  is  the  factor 
whose  numerator  exceeds  the  denominator  by  2.  Hence,  in 
this  case,  r  must  have  such  a  value  that 

II  I   o  n  —  1 

n  —  r  -\- 1  =  r  -\-  z,  or  r  =  — - —  • 

2.  When  n  is  an  even  number  the  numerator  of  the  first 
factor  is  even  and  the  denominator  odd ;  the  numerator  of  the 
second  factor  is  odd  and  the  denominator  even;  and  so  on, 
alternately,  so  that  the  factor  greater  than  1,  but  nearest  to  1, 
is  the  factor  whose  numerator  exceeds  the  denominator  by  1.  ■ 
Hence,  in  this  case,  r  must  have  such  a  value  that 

71) 

71  —  ?'  +  1  =  ^'  +  1,  or  r  =  -  • 

(1)  What  value  of  r  will  give  the  greatest  number  of  com- 
binations out  of  7  things  ? 
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Here  n  is  odd,  and        r  = = =  3. 

2  2 

'        1x2x3 
le  A    *r.  n  7x6x5x4 

If  r  =  4,  then  C7. 4  = =  35. 

'1x2x3x4 

When  the  number  of  things  is  odd  there  are  two  equal  numbers  of 
combinations,  namely,  when  the  number  of  things  taken  together  is  just 
under  and  just  oner  one-half  of  the  whole  number  of  things. 

(2)  What  value  of  r  will  give  the  greatest  number  of  selec- 
tions out  of  8  things  ? 

Here  n  is  even,  g,nd      r  =  -  =  -  =  4. 
'  2      2 

-,  8x7x6x5      _^ 

.-,  Cs.  4  = =  70, 

^'        1x2x3x4         ' 

so  that,  when  the  number  of  things  is  even,  the  number  of  selections 
will  be  greatest  when  one-half  of  the  whole  are  taken  together. 

346.  Division  into  Two  Groups.  The  number  of  different 
ways  in  which  p  ■\-  q  things,  all  different,  can  be  divided  into 
two  groups  of  p  things  and  q  things  respectively  is  the  same 
as  the  number  of  ways  in  which  p  things  can  be  selected  from 

p  +  q  things,  or  -r— i—  • 

For,  to  each  selection  of  p  things  taken  corresponds  a  selec- 
tion of  q  things  left,  and  each  selection  therefore  effects  the 
division  into  the  required  groups. 

(1)  In  how  many  ways  can  18  men  be  divided  into  2  groups 
of  6  and  12  each  ? 

1-^^  =  18,664  ways. 
[6ll2 

(2)  A  boat's  crew  consists  of  6  men,  of  whom  2  can  row 
only  on  the  stroke  side  of  the  boat,  and  1  can  row  only  on  the 
bow  side.     In  how  many  ways  can  the  crew  be  arranged  ? 
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There  are  left  3  men  who  can  row  on  either  side  ;  1  of  these  must  row 
on  the  stroke  side,  and  2  on  the  bow  side. 

The  number  of  ways  in  which  these  3  can  be  selected  is 

j^  =  3way8. 

When  the  stroke  side  is  completed  the  3  men  can  be  arranged  in 
[3  ways ;  likewise,  the  3  men  of  the  bow  side  can  be  arranged  in  [3 
ways.     Hence,  the  arrangement  can  be  made  in 

3  x[3  x|3=  108  ways. 

347.  Division  into  Three  or  More  Groups.  The  number  of 
different  ways  in  which  p  -{-  q  +  r  things,  all  different,  can  be 
divided  into  three  groups  of  p  things,  q  things,  and  r  things 

respectively  is 


[P\l 
For,  p  -\-  q  -^  r  things  may  be  divided  into  two  groups  of  p 

\p  -\-  q  -\-r 
things  and  q  -{•  r  things  in  -t — i ways ;  then,  the  group 


P  q  +r 


ofq  +  r  things  may  be  divided  into  two  groups  of  q  things 

\q  -\-  r 
and  r  things  in  -i — i —  ways.     Hence,  the  division  into  three 

groups  may  be  effected  in 

\p  -}-q  -\-r       \q  -\-r        \p  -\-  q  -hr 


I     i  =  X  -1 — I —  or  — I — j — I ways ; 

[pq±r       \q\r  [p\q\r 


and  so  on,  for  any  number  of  groups. 

In  how  many  ways   can  a  company  of  100  soldiers  be 
divided  into  3  squads  of  50,  30,  and  20  respectively? 

1100 
The  answer  is 


60130  20  ^^^®' 


348.  When  the  number  of  things  is  the  same  in  two  or  more 
groups,  and  there  is  no  distinction  to  be  made  between  these 
groups,  the  number  of  ways  given  by  the  preceding  section  is 
too  large. 
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(1)  Divide  the  letters  a,  b,  c,  d  into  two  groups  of  2  letters 
each. 


LxixLuucx  Kji.  yrayo  ^ 

|2[2 

f    tuoac  yyayo  <u.\ 

I.   ab    cd. 

III.    ad    he. 

V.   6ci    ac. 

II.   ac    6d. 

IV.   6c    ad. 

VI.   cd    a6. 

Since  there  is  no  distinction  between  the  groups,  IV  is  the  same  as 
III,  V  the  same  as  II,  and  VI  the  same  as  I. 

1  |4 
Hence,  the  correct  answer  is  -  x  r^=?- ,  or  3. 

2  [2]2 

If,  however,  a  distinction  is  to  be  made  between  the  two  groups  in  any 
one  division,  the  answer  is  6. 

In  the  case  of  three  similar  groups  the  result  given  by  §  347 
is  to  be  divided  by  [3,  the  number  of  ways  in  which  three 
groups  can  be  arranged  among  themselves ;  in  the  case  of  four 
groups,  by  [4 ;  and  so  on,  for  any  number  of  groups. 

(2)  In  how,  many  ways  can  18  men  be  divided  into  two 
groups  of  9  each  ? 

118 
According  to  §  346,  the  answer  would  be  f==-- 

\9\9 

The  two  groups,  considered  as  groups,  have  no  distinction ;  therefore, 

permuting  them  gives  no  new  arrangement,  and  the  true  result  is  obtained 

118 
by  dividing  the  preceding  by  [2,  and  is  ■    |        • 

[2  [9  [9 

If  any  condition  is  added  that  will  make  the  two  groups  different,  —  if, 

for  example,  one  group  wear  red  badges  and  the  other  blue,  —  then  the 

118 
answer  will  be  r=-  • 

[9[9 

(3)  In  how  many  ways  can  a  pack  of  52  cards  be  divided 
equally  among  4  players,  A,  B,  C,  I)  ? 

Here  the  assignment  of  a  particular  group  to  a  different  player  makes 

the  division  different,  and  there  is,  therefore,  a  distinction  between  the 

152 
groups ;  the  answer  is  ■   ^,      , — j 


Ji"> 


••I 


..   T     -    -■-     --.IIT       -    TSiSL    "D^mitr   JL 


..^.  ...;     :__r   :__::i-.-r  i  r    -^=r  "ilh.  -at£*^  niii^'  ifr 


'.'  .S'  \.  .:..«*:      r    ■  -^  -  -T._r-  ni  ,r  i  —  -  jinbets-  "akiaL  4 

>  .     ..r-    ...H..  -L"    .r    ■    Zl^imillLIIi    JIT   I    lUTI^'lSk  'SUB3L 

^        ^    zi^  '.'.    .    \.  '„      J'lL.:  I. 

"  -^^    .  .:;.., :^r     r     ■  ni..:iLiir:i.iii    if    i   dungSv   ^akmL  r 

•v-'-       :?<<:.*<-    mil  i:t-f  "It*  xiic!3*h:  jf  ^)Tninnagiumf  Tyhtffl. 

<••>    >i-.--.     .rif-r ;;»-■•.       7*1111  i    liui   • 


.• 


-:  :5f  ■  f-     t"   -a/'i. .  *    :e]ii:£   Leolu  tu  rSBiiii.  2«a:s]n*  aiay 

,f  r^rsMfi  v.   :.-^.iL.-r  I-T   :i:"jti'.:T3  incu  lutai  ^uh.  luc 
.'  ^-r-rs,      'z,  -ii'v  zuiT  wa'Ts  tsaiL  xSist  luis  bit 
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349.  Permutations^  Repetitions  allowed.  Suppose  we  have 
n  letters,  which  are  all  different,  and  that  repetitions  are 
allowed. 

Then,  in  making  any  arrangement,  the  first  place  can  be 
filled  in  n  ways. 

When  the  first  place  has  been  filled  the  second  place  can 
be  filled  in  n  ways,  since  repetitions  are  allowed.  Hence,  the 
first  two  places  can  be  filled  mnxn,  or  n^,  ways  (§  336). 

Similarly,  the  first  three  places  can  be  filled  in  nx  nxn, 
or  <  ways  (§  337). 

In  general,  r  places  can  be  filled  in  ti*"  ways ;  or,  the  number 
of  arrangements  of  n  different  things  taken  n  at  a  time,  when 
repetitions  are  allowed,  is  n'. 

(1)  How  many  three-lettered  words  can  be  made  from  the 
alphabet  when  repetitions  are  allowed. 

Here  the  first  place  can  be  filled  in  26  ways ;  the  second  place  in  26 
ways  ;  and  the  third  place  in  26  ways.  The  number  of  words  is,  there- 
fore, 268  =  17,576. 

(2)  In  the  common  system  of  notation  how  many  num- 
bers can  be  formed,  each  number  consisting  of  not  more  than 
5  figures  ? 

Each  of  the  possible  numbers  may  be  regarded  as  consisting  of  5  fig- 
ures, by  prefixing  zeros  to  the  numbers  consisting  of  less  than  5  figures. 
Thus,  247  may  be  writteii  00247. 

Hence,  every  possible  arrangement  of  6  figures  out  of  the  10  figures, 
except  00000,  will  give  one  of  the  required  numbers,  and  the  answer  is 
106  -  1  =  99^999^  that  is,  all  the  numbers  between  0  and  100,000. 

350.  Permutations,  Things  Alike,  All  together.  Consider  the 
number  of  arrangements  of  the  letters  a,  a,  5,  b,  b,  c,  d. 

Suppose  the  a's  to  be  different  and  the  6's  to  be  different,  and  dis- 
tinguish them  by  ai,  Oj,  6i,  62*  &8- 

The  7  letters  can  now  be  arranged  in  [7  ways  (§  339). 

Now  suppose  the  two  a's  to  become  alike,  and  the  three  6's  to  become 
alike.     Then,  where  we  before  had  [2  arrangements  of  the  a* a  among 
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themselves,  we  now  have  but  one  arrangement,  aa ;  and  where  we  before 
had  [3  arrangements  of  the  &'s  among  themselves,  we  now  have  but  one 
arrangement,  bbb.  .- 

Hence,  the  number  of  arrangements  is  r-=p-  =  420. 

In  general,  the  number  of  arrangements  of  n  things,  of  which 
p  are  alike,  q  others  are  alike,  and  r  others  are  alike,  -• ',  is 

\n 


\p[q\r"- 

(1)  In  how  many  ways  can  the  letters  of  the  word  college 

be  arranged  ? 

If  the  two  Ts  were  different  and  the  two  e's  were  different,  the  number 
of  ways  would  be  [7.  Instead  of  two  arrangements  of  the  two  Ts,  we  have 
but  one  arrangement,  II ;  and  instead  of  two  arrangements  of  the  two  e's, 
we  have  but  one  arrangement,  ee.     Hence,  the  number  of  ways  is 

|7 
i-hf-  =  1260. 

(2)  In  how  many  ways  can  the  letters  of  the  word  Missis- 
sippi be  arranged  ^  i  ^ 

I  V-.    =  34,650. 

[Ml 

(3)  In  how  many  different  orders  can  a  row  of  4  white  balls 
and  3  black  balls  be  arranged  ? 

|7 
I — p-  =  35. 

[in 

351.  Combinations,  Repetitions  allowed.  We  shall  illustrate 
by  two  examples  the  method  of  solving  problems  which  come 
under  this  head. 

(1)  In  how  many  ways  can  a  selection  of  3  letters  be  made 
from  the  letters  a,  h,  c,  d,  e,  if  repetitions  are  allowed  ? 
The  selections  will  be  of  three  classes : 

(a)  All  three  letters  alike. 

(b)  Two  letters  alike. 

(c)  The  three  letters  all  different. 
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(a)  There  will  be  6  selections,  since  any  one  of  the  6  letters  may  be 
taken  3  times. 

(b)  Any  one  of  the  5  letters  may  be  taken  twice,  and  with  these  may 
be  put  any  one  of  the  other  4  letters.     Hence,  the  number  of  selections 

is  5  X  4,  or  20. 

6x4x3 

(c)  The  number  of  selections  (§  341)  is  »  or  10. 

1  X  ^  X  o 

Hence,  the  total  number  of  selections  is  6  +  20  +  10  =  36. 

(2)  How  many  different  throws  can  be  made  with  4  dice? 
The  throws  may  be  divided  into  five  classes : 

(a)  All  four  dice  alike. 

(b)  Three  dice  alike. 

(c)  Two  dice  alike,  and  the  other  two  alike. 

(d)  Two  dice  alike,  and  the  other  two  different. 

(e)  The  four  dice  different. 

(a)  There  are  6  throws. 

(b)  Any  of  the  6  numbers  may  be  taken  3  times,  and  with  these  may 
be  put  any  one  of  the  other  6  remaining  numbers.  Hence,  the  number  of 
throws  is  6  X  6,  or  30. 

(c)  Any  two  of  the  6  pairs  of  doublets  may  be  selected.     Hence,  the 

6x6 

number  of  throws  is ,  or  16. 

1x2 

(d)  Any  pair  of  doublets  may  be  put  with  any  selection  of  2  different 
numbers  from  the  remaining  5.     Hence,  the  number  of  throws  is 

a      6x4      _^ 

6  X =  60. 

1x2 

(e)  The  number  of  throws  is  =  16. 

^ '  1x2x3x4 

The  answer  is,  then,  0  +  30  +  15  +  60  +  16  =  126. 

352.  Combinations  and  Permutations,  Things  Alike.  We  shall 
illustrate  by  an  example  the  method  of  solving  problems 
which  come  under  this  head. 

How  many  selections  of  4  letters  each  can  be  made  from 
the  letters  in  the  word  proportion  ?  ,How  many  arrangements 
of  4  letters  each  ? 
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There  are  10  letters  as  follows : 

0      p      r      t      i      n 
0      p      r 

0 

Selections :  The  selections  may  be  divided  into  four  classes : 

(a)  Three  letters  alike. 

(b)  Two  letters  alike,  two  others  alike. 

(c)  Two  letters  alike,  other  two  different. 

(d)  Four  letters  different. 

(a)  With  the  3  o's  we  may  put  any  cix^  of  the  5  other  letters,  giving 
6  selections. 

(b)  We  may  choose  any  2  out  of  the  3  pairs,  o,  o;  p,  p;  r,  r. 

=  3  selections. 

1x2 

(c)  With  any  one  of  the  3  pairs  we  can  put  any  two  of  the  6  remaining 
letters  in  the  first  line. 

5x4 

3  X =  30  selections. 

1x2 

/jv  6  X  5  X  4  X  3      ,_     ,    ^. 

(d^  =  1-5  selections. 

^  '  1x2x3x4 

Hence,  the  total  number  of  selections  is  5  +  3  +  30  +  15  =  63. 


Arrangements :   (a)  Each  selection  can  be  aiTanged  in 

5  X  4  =  20  arrangements. 

li 

(b)  Each  selection  can  be  arranged  m  r^rr  =  6  ways. 

3  X  6  =  18  arrangements. 

4 

(c)  Each  selection  can  be  arranged  in  nr  =  12  ways. 

30  X  12  =  360  arrangements. 

(d)  Each  selection  can  be  arranged  in  [4  =  24  ways. 

15  X  24  =  360  arrangements. 

Hence,  the  total  number  of  arrangements  is 

20  +  18  +  360  +  380  =  768. 


4 

=  =  4  ways. 

o 
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353.  Total  Number  of  Combinations.  I.  The  whole  number  of 
ways  in  which  a  combination  (of  some,  or  all)  can  be  made  from, 
n  different  things  is  2^  —  1, 

For,  each  thing  can  be  either  taken  or  left ;  that  is,  can  be 
disposed  of  in  2  ways. 

There  are  n  things ;  hence  (§  337),  they  can  all  be  disposed 
of  in  2**  ways.  But  among  these  ways  is  included  the  case  in 
which  all  are  rejected ;  and  this  case  is  inadmissible. 

Hence,  the  number  of  ways  of  making  a  selection  is  2"  —  1. 

(1)  In  a  shop  window  20  different  articles  are  exposed  for 
sale.     What  choice  has  a  purchaser  ? 

The  number  of  ways  in  which  a  purchaser  may  make  a  selection  is 

220  -  1  =  1,048,676. 

(2)  How  many  different  amounts  can  be  weighed  with 
1-pound,  2-pound,  4-pound,  8-pound,  and  16-pound  weights? 

The  number  of  different  amounts  that  can  be  weighed  is 

2S  -  1  =  31. 

Note.     Let  the  student  write  out  the  31  weights. 

II.  The  whole  number  of  ways  in  which  a  selection  can  be 
made  from  p  -f-  c[  +  r  -f-  •  *  •  things,  of  which  p  are  alike,  q  are 
alike,  r  are  alike,  -- -,  is  ^ (p  -f  1) (q  +  1) (r  +  1) •  •  •  |  —  1. 

For,  the  set  of  p  things  may  be  disposed  of  in  ^  4- 1  ways, 
siQce  none  of  them  may  be  taken,  or  1,  2,  3,  •  •  •,  or  p,  may  be 
taken. 

In  like  manner,  the  q  things  may  be  disposed  of  in  q  -\-l 
ways ;  the  r  things  in  r  -f  1  ways ;  and  so  on. 

Hence  (§  337),  all  the  things  may  be  disposed  of  in 

(^  -f  1)  (S'  +  1)  (^  +  1)  •  •  •  ways. 
But  the  case  in  which  all  the  things  are  rejected  is  inad- 
missible ;  hence,  the  whole  number  of  ways  is 


2r^  I'l  r.r  Ftsr^    -±Jl«z:E33^ 


In   jTT^r  naxLT   w  i'/  *    th  1   jur  4    lL^tio!   'mcvsb.  ^aiCBB  10 


-f  fcl  &Likcf.  IT  icclc*  4^  iZiis,  fiiiL  :!!.'  i«»£aiss  *-  •'^v^-^ 


SrT'-  i»  3**  JI  -nil.':!  :ae  ±3*  ■>jy  ^Jpg  TtTWF    HBt. 

flEtsnxfi  viy  "mn  ii.^zz^.  Tn^  jt  z'*:«f£SftL 

11  A  jj  t  il-i  = 


X   A  zail~*itT  nn;^"  '2iia  3  iz!zi&  suI  ^ttiin.  im  nxv  laike  4 

«      —  <■ 

'i-jf^^T^an.z  pcKniuL*.  zL'!lra:~TT.T  Tii*  prsrianL  n:  z«!SL    H-?w  aBaay 

^.  ffr.Tr  niaaiT  rlziaL?  :2iiL  ce  n*ie  whri  7  faasw  of  which 
2r  *f»>  r*^-  T  TT?.:*^.  5J  11- r--  and  1  yellow,  always  cisfk!l»r«d  all 
^//lP^i,if^  xvA  ''x.^,  ^rxrr^:  ac':iil€r  ? 

7,  >r»  >y/w  r«;ir.T  wij?  r-an  o  lec^i?is  be  ^eleroed  from  ««  *, 
«,  ^,  ^,  /.  15  <::irf^h  >^»r^<*T  naj  be  takea  czffe,  twiee.  thiee  nmes, 
Ifl^r  tifti<!P*,  ''/?  f.r*;  zizsJOi,  izL  sialdng  the  seLe^icn? 

^,  f  j^  i^»//ir  miabAT  w^ts  caa  6  mgs  be  selected  aft  a  shop 
#lrtnr^  tir//  km^*  o»f  m^^*  are  sold? 

It    lf//9r  »;2^r»7  <l/'ym;rj,io«  are  there  m  a  set  niimbered  fom 


CHOICE  275 

10.  In  how  many  ways  can  3  letters  be  selected  from  n  dif- 
ferent letters,  when  repetitions  are  allowed  ? 

11.  Five  flags  of  different  colors  can  be  hoisted  either 
singly,  or  any  number  at  a  time,  one  above  another.  How 
many  different  signals  can  be  made  with  them? 

12.  If  there  are  m  kinds  of  things,  and  1  thing  of  the  first 
kind,  2  of  the  second,  3  of  the  third,  and  so  on,  in  how  many 
ways  can  a  selection  be  made  ? 

13.  How  many  selections  of  6  letters  each  can  be  made 
from  the  letters  in  the  word  democracy  ?  How  many  arrange- 
ments of  6  letters  each? 

14.  li  oi  p  -\'  q  -\-  r  things,  p  are  alike,  and  q  are  alike,  and 
the  rest  different,  show  that  the  total  number  of  selections  is 
{p  +  l){q  +  l)2r-l. 

15.  Show  that  the  total  number  of  arrangements  oi  2n 
letters,  of  which  some  are  a's  and  the  rest  6's,  is  greatest 
when  the  number  of  a's  is  equal  to  the  number  of  &'s. 

16.  If  in  a  given  number  the  prime  factor  a  occurs  m  times, 
the  prime  factor  b,  n  times,  the  prime  factor  c,  p  times,  and 
these  are  all  the  factors,  find  the  number  of  different  divisors 
of  the  given  number. 

17.  If  P„  represents  the  total  number  of  permutations  of  n 
different  letters,  ai,  aj?  ^s?  •  "j^n?  ^^^  Q„  represents  the  number 
of  arrangements  in  which  no  letter  occupies  the  place  denoted 
by  its  index  (the  complete  disarranr/ement),  show  that 

Q2  =  P2  -  2  Pi  +  Po,  Po  =  1, 

Q3  =  P3-3P2-f-3Pi-Po, 

Q4  =  A  -  4  Pa  +  6P2  -  4Pi  +  Po, 

_    .  ,  7i'  ,  n(n  —  1)  ^ 

and,  m  general,  Q^  =  P„  -  j  P„_i  4-     \^2       "-« 

n(n-l)(n-2) 

1x2x3        ^»-8  +  --- 


CHAPTER  XXin 

CHANCE 

354.  Definitions.  If  an  event  can  happen  in  a  ways  and  fail 
in  b  ways,  and  all  these  a  -\-h  ways  are  equally  likely  to  occur ; 
if,  also,  one,  and  only  one,  of  these  a  -\-h  ways  can  occur,  and 
one  must  occur;  then,  the  chance  of  the  event  happening  is 

— — T  >  and  the  chance  of  the  event  failing  is  7  • 

Thus,  let  the  event  be  the  throwing  of  an  even  number  with  a  single 
die. 

The  event  can  hapx>en  in  3  ways,  by  the  die  turning  up  a  two,  a  four, 
or  a  six ;  and  fail  in  3  ways,  by  the  die  turning  up  a  one,  a  three,  or  a 
five  ;  and  all  these  6  ways  are  equally  likely  to  occur. 

Moreover,  one,  and  only  one,  of  these  6  ways  can  occur,  and  one  mutt 
occur  (for  it  is  assumed  that  the  die  is  to  be  thrown). 

Consequently,  by  the  definition,  the  chance  of  throwing  an  even  num- 

3  1 

ber  is »  or  - ;   and  the  chance  of  throwing  a  number  not  even,  that 

3+3  2  ®  ' 

is,  odd,  is »  or  - . 

'        '     3+3         2 

The  above  may  be  regarded  as  giving  a  definition  of  the 
term  change  as  that  term  is  used  in  mathematical  works. 
Instead  of  chance,  probability  is  often  used. 

355.  Odds.  In  the  case  of  the  event  in  §  354  the  odds  are 
said  to\y&  a  \^  b  in  favor  of  the  event,  if  a  is  greater  than  b ; 
and  b  to  a  against  the  event,  if  b  is  gi'eater  than  a, 

li  a  =  b,  the  odds  are  said  to  be  eve7i  on  the  event. 

Thus,  the  odds  are  5  to  1  against  throwing  a  six  in  one  throw  with  a 
single  die,  since  there  are  6  unfavorable  ways  and  1  favorable  way,  and 
all  these  6  ways  are  equally  likely  to  occur. 

276 
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356.  Rules.     From  the  definitions  it  is  evident  that, 

The  chance  of  an  event  happening  is  expressed  by  the  fraction 
of  which  the  numerator  is  the  number  of  favorable  ways,  and  the 
denominator  the  whole  number  of  ways  favorable  and  unfavor- 
able. 

For  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  favorable  ways  is  1 ;  the  whole  number  of  ways  is  6.  Hence,  the 
chance  of  throwing  a  six  with  a  single  die  is  |. 

The  chance  of  an  event  not  happening  is  expressed  by  the 
fraction  of  which  the  numerator  is  the  number  of  unfavorable 
ways,  and  the  denominator  the  whole  number  of  ways  favorable 
and  unfavorable. 

For  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  unfavorable  ways  is  6  ;  the  whole  number  of  ways  is  6.  Hence, 
the  chance  of  not  throwing  a  six  with  a  single  die  is  f . 

357.  Certainty.  If  the  event  is  certain  to  happen,  there  are 
no  ways  of  failing,  and  b  =  0,  The  chance  of  the  event  hap- 
pening is  then =  1.     Hence,  certainty  is  expressed  by  1. 

It  is  to  be  observed  that  the  fraction  which  expresses  a 
chance  or  probability  is  less  than  1,  unless  the  event  is  cer- 
tain to  happen,  in  which  case  the  chance  of  the  event  happen- 
ing is  1. 

358.  Since  — ^  -f  — ^  =  1, 


a  -}-  b      a  -{-  b 

b  ^  a 


we 


have  — — r  =  1  — 


a  -\-  b  a  -\-  b 


Hence,  if  p  is  the  chance  of  an  event  happening,  1  —  ^  is 
the  chance  of  the  event  failing. 

359.  Examples;  Simple  Event  (1)  What  is  the  chance  of 
throwing  double  sixes  in  one  throw  with  2  dice  ? 

Each  die  may  fall  in  6  ways,  and  all  these  ways  are  equally  likely  to 
occur.     Hence,  the  2  dice  may  fall  in  6  x  6,  or  36,  ways  {§  336),  and 
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these  36  ways  are  all  equally  likely  to  occur.     Moreover,  only  om  of  the 
36  ways  can  occur,  and  one  must  occur. 

There  is  only  one  way  which  will  give  double  sixes.  Hence,  the 
chance  of  throwing  double  sixes  is  ^^. 

Remark.  It  may  seem  as  though  the  number  of  ways  in  which  the 
dice  can  fall  ought  to  be  21,  the  number  of  different  throws  that  can  be 
made  with  two  dice.  These  throws,  however,  are  not  all  equally  likely 
to  occur. 

To  obtain  ways  that  are  equally  likely  to  occur  we  must  go  back  to  the 
case  of  a  single  die.  One  die  can  fall  in  6  ways,  and  from  the  construction 
of  the  die  it  is  evident  that  these  6  ways  are  all  equally  likely  to  occur. 

Also  the  second  die  can  fall  in  6  ways,  all  equally  likely  to  occur. 
Hence,  the  2  dice  can  fall  in  36  ways,  all  equally  likely  to  occur  (§  336). 

In  this  case  the  throw,  first  die  five,  second  die  six,  is  considered  a 
different  throw  from  first  die  six,  second  die  five.  Consequently,  the 
chance  of  throwing  a  five  and  a  six  is  -^^  or  3^,  while  the  chance  of 
throwing  double  sixes  is  only  ■^^.  This  verifies  the  statement  already 
made,  that  the  21  different  throws  are  not  all  equally  likely  to  occur. 

(2)  What  is  the  chance  of  throwing  one,  and  only  one,  five 
in  one  throw  with  two  dice  ? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  in  which  the 
dice  can  fall  is  86.  In  6  of  these  36  ways  the  first  die  will  be  a  five,  and 
the  second  die  not  a  five ;  in  five  of  these  36  ways  the  second  die  will  be 
a  five,  and  the  first  not  a  five.  Hence,  in  10  of  these  ways  one  die,  and 
only  one  die,  will  be  a  five ;  and  the  required  chance  is  JJ,  or  /j. 

The  odds  are  13  to  5  against  the  event. 

(3)  In  the  same  problem  wliat  is  the  chance  of  throwing  at 
least  one  five  ? 

Here  we  have  to  include  also  the  way  in  which  both  dice  fall  fives,  and 
the  required  chance  is  J- J. 

The  odds  are  25  to  11  against  the  event. 

(4)  What  is  the  cliance  of  throwing  a  total  of  5  in  one 
throw  with  2  dice  ? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  in  which  the 
dice  can  fall  is  36.  Of  these  ways  4  give  a  total  of  6 ;  viz.,  1  and  4,  2 
and  3,  3  and  2,  4  and  1.     Hence,  the  required  chance  is  ^,  or  i. 

The  odds  are  8  to  1  against  the  event. 
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(5)  From  an  urn  containing  5  black  and  4  white  balls, 
3  balls  are  to  be  drawn  at  random.     Find  the  chance  that 

2  balls  will  be  black  and  1  white. 

There  are  9  balls  in  the  urn.     The  whole  number  of  ways  in  which 

3  balls  can  be  selected  from  9  is ,  or  84. 

1x2x3        5^4 

From  the  5  black  balls  2  can  be  selected  in  ,  or  10,  ways  ;  from 

1x2  '       ^    * 

the  4  white  balls  1  can  be  selected  in  4  ways ;  hence,  2  black  balls  and 

1  white  ball  can  be  selected  in  10  x  4,  or  40,  ways. 

The  required  chance  is  |  J  =  Jf . 

The  odds  are  11  to  10  against  the  event. 

(6)  From  a  bag  containing  10  balls  4  are  drawn  and  re- 
placed ;  then  6  are  drawn.  Find  the  chance  that  the  4  first 
drawn  are  among  the  6  last  drawn. 

The  second  drawing  could  be  made  altogether  in 

110 
r=p-  =  210  ways. 

M 

But  the  drawing  can  be  made  so  as  to  include  the  4  first  drawn  in 

i-=F-  =  15  ways, 

since  the  only  choice  consists  in  selecting  2  balls  from  the  6  not  previously 
drawn.     Hence,  the  required  chance  is  ^^q  =  ^. 

(7)  If  4  coppers  are  tossed,  what  is  the  chance  that  exactly 

2  will  turn  up  heads  ? 

Since  each  coin  may  fall  in  2  ways,  the  4  coins  may  fall  in  2*  =  16 

ways  (§  337).     The  2  coins  to  turn  up  heads  can  be  selected  from  the  4 

4x3 
coins  in =  6  ways.     Hence,  the  required  chance  is  -f^  =  |. 

1  X  ^ 
The  odds  are  5  to  3  against  the  event. 

(8)  In  one  throw  with  2  dice,  which  sum  is  more  likely  to 
be  thrown,  9  or  12  ? 

Out  of  the  36  possible  ways  of  falling,  four  give  the  sum  9  (namely, 
6  +  3,  3  +  6,  5  +  4,  4  +  5),  and  only  one  way  gives  12  (namely,  6  +  6). 
Hence,  the  chance  of  throwing  9  is  four  times  that  of  throwing  12. 
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Note.  It  will  be  observed  in  the  above  examples  that  we  sometimes 
use  arrangements  and  sometimes  use  selections.  In  some  problems  the 
former,  in  some  problems  the  latter,  will  give  the  ways  which  are  all 
equally  likely  to  occur. 

In  some  problems  we  can  use  either  selections  or  arrangements. 

Ezerciae  51 

1.  The  chance  of  an  event  happening  is  ^.  What  are  the 
odds  in  favor  of  the  event  ? 

2.  If  the  odds  are  10  to  1  against  an  event,  what  is  the 
chance  of  the  event  happening  ? 

3.  The  odds  against  an  event  are  3  to  1.  What  is  the 
chance  of  the  event  happening  ? 

4.  The  chance  of  an  event  happening  is  f .  Find  the  odds 
against  the  event. 

5.  In  one  throw  with  a  pair  of  dice  what  number  is  most 
likely  to  be  thrown?  Find  the  odds  against  throwing  that 
number. 

6.  Find  the  chance  of  throwing  doublets  in  one  throw  with 
a  pair  of  dice. 

7.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  there  will  be  1  of  each  suit  ? 

8.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  all  be  hearts  ? 

9.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

10.  If  10  persons  form  a  ring,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

11.  Three  balls  are  to  be  drawn  from  an  urn  containing 
5  black,  3  red,  and  2  white  balls.  What  is  the  chance  of 
drawing  1  red  ball  and  2  black  balls? 
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12.  In  a  bag  are  5  white  and  4  black  balls.  If  4  balls 
are  drawn,  what  is  the  chance  that  they  will  all  be  of  the 
same  color  ? 

13.  If  2  tickets  are  drawn  from  a  package  of  20  tickets 
marked  1,  2,  3,  •  •  • ,  what  is  the  chance  that  both  will  be 
marked  with  odd  numbers  ? 

14.  A  bag  contains  3  white,  4  black,  and  5  red  balls  ;  3  balls 
are  drawn.  Find  the  odds  against  the  3  being  of  three  dif- 
ferent colors. 

15.  Show  that  the  odds  are  35  to  1  against  throwing  16  in 
a  single  throw  with  3  dice. 

16.  There  are  10  tickets  numbered  1,  2,  •••,  9,  0.  Three 
tickets  are  drawn  at  random.  Find  the  chance  of  drawing  a 
total  of  22, 

* 

17.  Find  the  probability  of  throwing  15  in  one  throw  with 
3  dice. 

18.  With  3  dice,  what  are  the  relative  chances  of  throwing 
a  doublet  and  a  triplet  ? 

19.  If  3  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  be  king,  queen,  and  knave  ? 

360.  Dependent  and  Independent  Events.  Thus  far  we  have 
considered  only  single  events.  We  proceed  to  cases  in  which 
there  are  two  or  more  events. 

Two  or  more  events  are  dependent  or  independent,  according 
as  the  happening  (or  failing)  of  one  event  does  or  does  not 
affect  the  happening  (or  failing)  of  the  other  events. 

Thus,  throwing  a  six  and  throwing  a  five  in  any  particular  throw  with 
one  die  are  dependent  events,  since  the  happening  of  one  excludes  the 
happening  of  the  other. 

But,  with  2  dice,  throwing  a  six  with  one  die  and  throwing  a  five  with 
the  other  are  independent  events,  since  the  happening  of  one  has  no  effect 
upon  the  happening  of  the  other. 
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361.  Events  mutually  Exclusive.  When  several  dependent 
events  are  so  related  that  one,  and  only  one,  of  the  events  can 
happen,  the  events  ai'e  said  to  be  mutually  exclusive. 

Thus,  let  a  single  die  be  thrown,  and  regard  its  falling  one  up,  two 
up,  three  up,  and  so  on,  as  six  different  events.  Then,  these  six  events 
are  evidently  mutually  exclusive. 

362.  If  there  are  several  eoents  of  tvhich  one,  and  only  one, 
can  happen,  the  chance  that  one  will  happen  is  the  sum  of  the 
respective  chances  of  happening. 

To  prove  this,  let  a,  a',  a",  •  •  •  be  the  number  of  ways 
favorable  to  the  first,  second,  third,  •  •  •  events  respectively, 
and  m  the  number  of  ways  unfavorable  to  all  the  events, 

these  a  4-  a'  -f  a"  H -\-  m  ways  bemg  all  equally  likely  to 

occur,  and  such  that  one  triust  occur. 

Represent  by  n  the  sum  a  +  »'  +  »"  +  •••  4-  ^» 

Of  the  n  ways  which  may  occur,  a,  a\  a'\  •  •  •  ways  are 
favorable  to  the  first,  second,  third,  •  •  •  events  respectively. 

Hence,  the  respective  chances  of  happening  are 


a    a'    a 

_,  — ,  — , 

n     n     n 


Of  the  n  ways  which  may  occur,  a  +  a'  +  a"  +  •  • .  ways  are 
favorable  to  the  happening  of  some  one  of  the  events.  Hence, 
the  chance  that  some  one  of  the  events  will  happen  is 

a  H-  tt'  +  a"  +  •  •  •  a       a'      a" 

i    or  — h  —  +  —  +  •  •  • 

n  n      n        n 

If,  then,  p,  2j\  p^\  •  •  •  are  the  respective  chances  of  happen- 
ing of  the  first,  second,  third,  •  •  •  of  several  mutually  exclusive 
events,  the  chance  that  some  one  of  the  events  will  happen 
is  j9  -\- p^  -i-p"  H 

Thus,  let  the  throwing  of  two,  a  four,  and  a  six,  with  a  single  die,  b© 
three  events.     These  three  events  are  evidently  mutually  exclusive. 
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There  are  6  ways,  all  equally  likely  to  occur,  in  which  the  die  can  fall ; 
of  these  6  ways,  one  must  occur,  and  only  one  can  occur. 

The  chance  of  throwing  a  two  is  i  ;  of  throwing  a  four,  J  ;  of  throwing 
a  six,  J  ;  since  there  is  but  one  favorable  way  in  each  case. 

The  chance  of  throwing  an  even  nuniber  is  f ,  since  3  out  of  the  6  ways 
are  favorable  ways.     . 

But  J  =  J  +  J  +  J  ;  hence,  |  is  the  sum  of  the  respective  chances  of 
throwing  a  two,  a  four,  a  six.     (Compare  §  364.) 

363.  Compound  Events.  If  there  are  two  or  more  events, 
the  happening  of  them  together,  or  in  succession,  may  be 
regarded  as  a  compound  event. 

Thus,  the  throwing  of  double  sixes  with  a  pair  of  dice  may  be  regarded 
as  a  compound  event  compounded  of  the  throwing  of  a  six  with  the  first 
die  and  the  throwing  of  a  six  with  the  second  die. 

364.  Concurring  Independent  Events.  The  chance  that  two  or 
more  independent  events  will  happen  together  is  the  product  of 
the  respective  chances  of  happening. 

To  prove  this,  let  a  and  a'  be  the  number  of  ways  favorable 
to  the  first  and  second  events  respectively,  and  h  and  5'  the 
number  of  ways  unfavorable  to  the  first  and  second  events 
respectively  ;  the  a  +  ^  ways  being  all  equally  likely  to  occur, 
and  such  that  one  must  occur,  and  only  one  can  occur ;  and 
the  a'-f-  i'  ways  being  all  equally  likely  to  occur,  and  such  that 
one  must  occur,  and  only  one  can  occur. 

Theu,  the  respective  chances  of  happenings  are 7  and 

a'                                     .                                                      b 
-: — -  ;  and  the  respective  chances  of  failing  are  r  and 

b^ 
—  — T^-     llejyresent  the  former  by  p  and  p^  \  then,  the  latter 

will  be  1  —  7>  ami  1  —  p^- 

Consider  the  compound  event.  It  is  evident,  by  §  336,  that 
there  are  (a  +  V)  (cV  +  ^')  ways,  all  equally  likely  to  occur.  Of 
these,  one  must  occur,  and  only  one  can  occur. 
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In  how  many  ways  can  2  boys  divide  between  them  10 
oranges  all  alike^  15  apples  all  alike^  and  20  peaches  all  alike  ? 

Here  the  case  in  which  the  first  boy  takes  none,  and  the  case  in  which 
the  second  boy  takes  none,  must  be  rejected. 

Therefore,  the  answer  is  one  less  than  the  result,  according  to  II. 

11  X  16  X  21  -  2  =  3694. 


Exercise  50 

1.  How  many  three-lettered  words  can  be  made  from  the 
6  vowels  when  repetitions  are  allowed  ? 

2.  A  railway  signal  has  3  arms,  and  each  arm  may  take  4 
different  positions,  including  the  position  of  rest.  How  many 
signals  in  all  can  be  made  ? 

3.  In  how  many  different  orders  can  a  row  of  7  white  balls, 
2  red  balls,  and  3  black  balls  be  arranged  ? 

4.  In  how  many  ways  can  the  letters  of  the  word  mathe- 
matics, taken  all  together,  be  arranged  ? 

5.  How  many  different  signals  can  be  made  with  10  flags, 
of  which  3  are  white,  2  red,  and  the  rest  blue,  always  hoisted 
all  together  and  one  above  another? 

6.  How  many  signals  can  be  made  with  7  flags,  of  which 
2  are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all 
together  and  one  above  another? 

7.  In  how  many  ways  can  5  letters  be  selected  from  a,  b, 
c,  d,  6,  /,  if  each  letter  may  be  taken  once,  twice,  three  times, 
four  times,  or  five  times,  in  making  the  selection  ? 

8.  In  how  many  ways  can  6  rugs  be  selected  at  a  shop 
where  two  kinds  of  rugs  are  sold  ? 

9.  How  many  dominos  are  there  in  a  set  numbered  from 
double  blank  to  double  ten  ? 
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10.  In  how  many  ways  can  3  letters  be  selected  from  n  dif- 
ferent letters,  when  repetitions  are  allowed  ? 

11.  Five  flags  of  different  colors  can  be  hoisted  either 
singly,  or  any  number  at  a  time,  one  above  another.  How 
many  different  signals  can  be  made  with  them? 

12.  If  there  are  m  kinds  of  things,  and  1  thing  of  the  first 
kind,  2  of  the  second,  3  of  the  third,  and  so  on,  in  how  many 
ways  can  a  selection  be  made  ? 

13.  How  many  selections  of  6  letters  each  can  be  made 
from  the  letters  in  the  word  democracy  ?  How  many  arrange- 
ments of  6  letters  each  ? 

14.  li  oi  p  -\'  q  -\-  r  things,  p  are  alike,  and  q  are  alike,  and 
the  rest  different,  show  that  the  total  number  of  selections  is 

15.  Show  that  the  total  number  of  arrangements  of  2/i 
letters,  of  which  some  are  a's  and  the  rest  6's,  is  greatest 
when  the  number  of  a's  is  equal  to  the  number  of  &'s. 

16.  If  in  a  given  number  the  prime  factor  a  occurs  m  times, 
the  prime  factor  b,  n  times,  the  prime  factor  c,  p  times,  and 
these  are  all  the  factors,  find  the  number  of  different  divisors 
of  the  given  number. 

17.  If  P„  represents  the  total  number  of  permutations  of  n 
different  letters,  ai,  aj?  ^s?  •  •  v«^«j  and  Q„  represents  the  number 
of  arrangements  in  which  no  letter  occupies  the  place  denoted 
by  its  index  (the  complete  disarranr/ement),  show  that 

Q2  =  P2  -  2  Pi  +  Po,  ^0  =  1, 

Q4  =  ^4  -  4P3  4-  6P2  -  4Pi  -f  Po, 

1       .  ^  ^    T^  .     ^  (^  --   1) 

and,  in  general,  (2n  =  ^»  -  J  ^n-i  +     \      2       »»-« 


X 

n(n-l)(n-2) 
1x2x3 


/^n-8  + 


CHAPTER  XXIII 

CHANCE 

354.  Definitiona  If  an  event  can  happen  in  a  ways  and  fail 
in  h  ways,  and  all  these  a  -\-h  ways  are  equally  likely  to  occur ; 
if,  also,  one,  and  only  one,  of  these  a  +  6  ways  can  occur,  and 
one  must  occur;  then,  the  chance  of  the  event  happening  is 

r  J  and  the  chance  of  the  event  f ailing  is  r  • 

Thus,  let  the  event  be  the  throwing  of  an  even  number  with  a  single 
die. 

The  event  can  happen  in  3  ways,  by  the  die  turning  up  a  two,  a  four, 
or  a  six ;  and  fail  in  3  ways,  by  the  die  turning  up  a  one,  a  three,  or  a 
five  ;  and  all  these  6  ways  are  equally  likely  to  occur. 

Moreover,  one,  and  only  one,  of  these  6  ways  can  occur,  and  one  must 
occur  (for  it  is  assumed  that  the  die  is  to  be  thrown). 

Consequently,  by  the  definition,  the  chance  of  throwing  an  even  num- 

3  1 

ber  is »  or  - ;   and  the  chance  of  throwing  a  number  not  even,  that 

3+3  2  ^  ' 

3  1 

is,  odd,  is  - — - »  or  - . 
3  +  3         2 

The  above  may  be  regarded  as  giving  a  definition  of  the 
term  chance  as  that  term  is  used  in  mathematical  works. 
Instead  of  chance,  probability  is  often  used. 

355.  Odds.  In  the  case  of  the  event  in  §  354  the  odds  are 
said  to  be  a  to  ft  in  favor  of  the  event,  if  a  is  greater  than  b ; 
and  b  to  a  against  the  event,  if  b  is  greater  than  a. 

If  a  =  b,  the  odds  are  said  to  be  even  on  the  event. 

Thus,  the  odds  are  5  to  1  against  throwing  a  six  in  one  throw  with  a 
single  die,  since  there  are  5  unfavorable  ways  and  1  favorable  way,  and 
all  these  6  ways  are  equally  likely  to  occur. 

276 
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356.  Rules.     From  the  definitions  it  is  evident  that, 

The  chance  of  an  event  happening  is  expressed  hy  the  fraction 
of  which  the  numerator  is  the  number  of  favorable  ways,  and  the 
denominator  the  whole  number  of  ways  favorable  and  unfavor- 
able. 

For  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  favorable  ways  is  1 ;  the  whole  number  of  ways  is  6.  Hence,  the 
chance  of  throwing  a  six  with  a  single  die  is  J. 

The  chance  of  an  event  not  happening  is  expressed  by  the 
fraction  of  which  the  numerator  is  the  nuniber  of  unfavorable 
ways^  and  the  denominator  the  whole  number  of  ways  favorable 
and  unfavorable. 

For  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  unfavorable  ways  is  5  ;  the  whole  number  of  ways  is  6.  Hence, 
the  chance  of  not  throwing  a  six  with  a  single  die  is  f . 

357.  Certainty.  If  the  event  is  certain  to  happen,  there  are 
no  ways  of  failing,  and  b  =  0,  The  chance  of  the  event  hap- 
pening is  then =  1.     Hence,  certainty  is  expressed  by  1. 

It  is  to  be  observed  that  the  fraction  which  expresses  a 
chance  or  probability  is  less  than  1,  unless  the  event  is  cer- 
tain to  happen,  in  which  case  the  chance  of  the  event  happen- 
ing is  1. 

358.  Since  — ^  +  — ^  =  1, 


a  -\-  b      a  -{-  b 

b  ^  a 


we 


have  — — r  =  1  — 


a  -{-  b  a  -{-  b 

Hence,  if  p  is  the  chance  of  an  event  happening,  1  —  ^  is 
the  chance  of  the  event  failing. 

359.  Examples;  Simple  Event.  (1)  What  is  the  chance  of 
throwing  double  sixes  in  one  throw  with  2  dice  ? 

Each  die  may  fall  in  6  ways,  and  all  these  ways  are  equally  likely  to 
occur.     Hence,  the  2  dice  may  fall  in  6  x  6,  or  36,  ways  (§  336),  and 


278  COLLEGE    ALGEBRA 

these  36  ways  are  all  equally  likely  to  occur.     Moreover,  only  one  of  the 
36  ways  can  occur,  and  one  must  occur. 

There  is  only  one  way  which  will  give  double  sixes.  Hence,  the 
chance  of  throwing  double  sixes  is  ^. 

Remark.  It  may  seem  as  though  the  number  of  ways  in  which  the 
dice  can  fall  ought  to  be  21,  the  number  of  different  throws  that  can  be 
made  with  two  dice.  These  throws,  however,  are  not  all  equally  likdy 
to  occur. 

To  obtain  ways  that  are  equally  likely  to  occur  we  must  go  back  to  the 
case  of  a  single  die.  One  die  can  fall  in  6  ways,  and  from  the  construction 
of  the  die  it  is  evident  that  these  6  ways  are  all  equally  likely  to  occur. 

Also  the  second  die  can  fall  in  6  ways,  all  equally  likely  to  occur. 
Hence,  the  2  dice  can  fall  in  36  ways,  all  equally  likely  to  occur  (§  336). 

In  this  case  the  throw,  first  die  five,  second  die  six,  is  considered  a 
different  throw  from  first  die  six,  second  die  five.  Consequently,  the 
chance  of  throwing  a  five  and  a  six  is  -^,  or  ^,  while  the  chance  of 
throwing  double  sixes  is  only  -^^.  This  verifies  the  statement  already 
made,  that  the  21  different  throws  are  not  all  equally  likely  to  occur. 

(2)  What  is  the  chance  of  throwing  one,  and  only  one,  five 
in  one  throw  with  two  dice  ? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  in  which  the 
dice  can  fall  is  36.  In  5  of  these  36  ways  the  first  die  will  be  a  five,  and 
the  second  die  not  a  five ;  in  five  of  these  36  ways  the  second  die  will  be 
a  five,  and  the  first  not  a  five.  Hence,  in  10  of  these  ways  one  die,  and 
only  one  die,  will  be  a  five ;  and  the  required  chance  is  J  J,  or  j\. 

The  odds  are  13  to  5  against  the  event. 

(3)  In  the  saine  problem  what  is  the  chance  of  throwing  at 
least  one  five  ? 

Here  we  have  to  include  also  the  way  in  which  both  dice  fall  fives,  and 
the  required  chance  is  J  J. 

The  odds  are  25  to  11  against  the  event. 

(4)  What  is  the  chance  of  throwing  a  total  of  5  in  one 
throw  with  2  dice  ? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  in  which  the 
dice  can  fall  is  36.  Of  these  ways  4  give  a  total  of  6  ;  viz.,  1  and  4,  2 
and  3,  3  and  2,  4  and  1.     Hence,  the  required  chance  is  ^\,  or  J. 

The  odds  are  8  to  1  against  the  event. 


CHANCE  279 

(5)  From  an  urn  containing  5  black  and  4  white  balls, 
3  balls  are  to  be  drawn  at  random.     Find  the  chance  that 

2  balls  will  be  black  and  1  white. 

There  are  9  balls  in  the  urn.     The  whole  number  of  ways  in  which 

9x8x7 

3  balls  can  be  selected  from  9  is  ,  or  84. 

1x2x3       5^4 

From  the  5  black  balls  2  can  be  selected  in  — ; — ,  or  10,  ways  ;  from 

i.  X  ^ 

the  4  white  balls  1  can  be  selected  in  4  ways ;  hence,  2  black  balls  and 

1  white  ball  can  be  selected  in  10  x  4,  or  40,  ways. 

The  required  chance  is  f  J  =  ^J. 

The  odds  are  11  to  10  against  the  event. 

(6)  From  a  bag  containing  10  balls  4  are  drawn  and  re- 
placed ;  then  6  are  drawn.  Find  the  chance  that  the  4  first 
drawn  are  among  the  6  last  drawn. 

The  second  drawing  could  be  made  altogether  in 

110 
r=i=-  =  210  ways. 

But  the  drawing  can  be  made  so  as  to  include  the  4  first  drawn  in 

^  =  15  ways, 

since  the  only  choice  consists  in  selecting  2  balls  from  the  6  not  previously 
drawn.     Hence,  the  required  chance  is  ^^j^  =  ^. 

(7)  If  4  coppers  are  tossed,  what  is  the  chance  that  exactly 

2  will  turn  up  heads  ? 

Since  each  coin  may  fall  in  2  ways,  the  4  coins  may  fall  in  2*  =  16 

ways  (§  337).     The  2  coins  to  turn  up  heads  can  be  selected  from  the  4 

4x3 
coins  in =  6  ways.     Hence,  the  required  chance  is  -^  =  }. 

1    X   ii 

The  odds  are  5  to  3  against  the  event. 

(8)  In  one  throw  with  2  dice,  which  sum  is  more  likely  to 
be  thrown,  9  or  12  ? 

Out  of  the  36  possible  ways  of  falling,  four  give  the  sum  9  (namely, 
6  +  3,  3  -f  6,  5  +  4,  4  +  5),  and  only  one  way  gives  12  (namely,  6  +  6). 
Hence,  the  chance  of  throwing  9  is  four  times  that  of  throwing  12. 
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Note.  It  will  be  observed  in  the  above  examples  that  we  sometimes 
use  arrangements  and  sometimes  use  selections.  In  some  problems  the 
former,  in  some  problems  the  latter,  will  give  the  ways  which  are  all 
equally  likely  to  occur. 

In  some  problems  we  can  use  either  selections  or  arrangements. 

Exercise  51 

1.  The  chance  of  an  event  happening  is  ^.  What  are  the 
odds  in  favor  of  the  event  ? 

2.  If  the  odds  are  10  to  1  against  an  event,  what  is  the 
chance  of  the  event  happening  ? 

3.  The  odds  against  an  event  are  3  to  1.  What  is  the 
chance  of  the  event  happening  ? 

4.  The  chance  of  an  event  happening  is  |.  Find  the  odds 
against  the  event. 

5.  In  one  throw  with  a  pair  of  dice  what  number  is  most 
likely  to  be  thrown?  Find  the  odds  against  throwing  that 
number. 

6.  Find  the  chance  of  throwing  doublets  in  one  throw  with 
a  pair  of  dice. 

7.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  there  will  be  1  of  each  suit  ? 

8.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  all  be  hearts  ? 

^  9.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

10.  If  10  persons  form  a  ring,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

11.  Three  balls  are  to  be  drawn  from  an  urn  containing 
5  black,  3  red,  and  2  white  balls.  What  is  the  chance  of 
drawing  1  red  ball  and  2  black  balls? 
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12.  In  a  bag  are  5  white  and  4  black  balls.  If  4  balls 
are  drawn,  what  is  the  chance  that  they  will  all  be  of  the 
same  color  ? 

13.  If  2  tickets  are  drawn  from  a  package  of  20  tickets 
marked  1,  2,  3,  •  •  ■ ,  what  is  the  chance  that  both  will  be 
marked  with  odd  numbers  ? 

14.  A  bag  contains  3  white,  4  black,  and  5  red  balls  ;  3  balls 
are  drawn.  Find  the  odds  against  the  3  being  of  three  dif- 
ferent colors. 

15.  Show  that  the  odds  are  35  to  1  against  throwing  16  in 
a  single  throw  with  3  dice. 

16.  There  are  10  tickets  nimibered  1,  2,  •••,  9,  0.  Three 
tickets  are  drawn  at  random.  Find  the  chance  of  drawing  a 
total  of  22, 

4 

17.  Find  the  probability  of  throwing  15  in  one  throw  with 
3  dice. 

18.  With  3  dice,  what  are  the  relative  chances  of  throwing 
a  doublet  and  a  triplet  ? 

19.  If  3  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  be  king,  queen,  and  knave  ? 

360.  Dependent  and  Independent  Events.  Thus  far  we  have 
considered  only  single  events.  We  proceed  to  cases  in  which 
there  are  two  or  more  events. 

Two  or  more  events  are  dependent  or  independent,  according 
as  the  happening  (or  failing)  of  one  event  does  or  does  not 
affect  the  happening  (or  failing)  of  the  other  events. 

Thus,  throwing  a  six  and  throwing  a  five  in  any  particular  throw  with 
one  die  are  dependent  events,  since  the  happening  of  one  excludes  the 
happening  of  the  other. 

But,  with  2  dice,  throwing  a  six  with  one  die  and  throwing  a  five  with 
the  other  are  independent  events,  since  the  happening  of  one  has  no  effect 
upon  the  happening  of  the  other. 
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361.  Events  mutually  Exclusive.  When  several  dependent 
events  are  so  related  that  one,  and  ojily  one,  of  the  events  can 
happen,  the  events  are  said  to  be  mutually  exclusive. 

Thus,  let  a  single  die  be  thrown,  and  regard  its  falling  one  up,  two 
up,  three  up,  and  so  on,  as  six  different  events.  Then,  these  six  events 
are  evidently  mutually  exclusive. 

362.  If  there  are  several  events  of  which  ons,  and  only  one, 
can  hapj^en,  the  chance  that  one  to  ill  happen  is  the  sum  of  the 
respective  chances  of  happening. 

To  prove  this,  let  a,  a\  a",  •  •  •  be  the  number  of  ways 
favorable  to  the  first,  second,  third,  •••  events  respectively, 
and  m  the  number  of  ways  unfavorable  to  all  the  events, 

these  a  +  a'  +  a"  H -\-  in  ways  being  all  equally  likely  to 

occur,  and  such  that  one  7nust  occur. 

Represent  by  n  the  sum  a  +  a'  +  a"  +  •  •  •  +  m. 

Of  the  n  ways  which  may  occur,  a,  a\  a",  •  •  •  ways  are 
favorable  to  the  first,  second,  third,  •  •  •  events  respectively. 

Hence,  the  respective  chances  of  happening  are 


a    a'    a 

— ,  — ,  — ,  . . . 

n     n     n 


Of  the  n  ways  which  may  occur,  a  +  a'  +  a"  +  •  •  •  ways  are 
favorable  to  the  happening  of  some  one  of  the  events.  Hence, 
the  chance  that  some  one  of  the  events  will  happen  is 

a  -\-  a'  -{-  a"  -\-  " '  a       a'      a" 

9    or  — h~H h--* 

n  nun 

If,  then,  />,  />',  p'\  '"  are  the  respective  chances  of  happen- 
ing of  the  first,  second,  third,  •  •  •  of  several  mutually  exclusive 
events,  the  chance  that  sonie  one  of  the  events  will  happen 
is^  +/>'  +^"  H 

Thus,  let  the  throwing  of  two,  a  four,  and  a  six,  with  a  single  die,  be 
three  events.     These  three  events  are  evidently  mutually  exclusive. 
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There  are  6  ways,  all  equally  likely  to  occur,  in  which  the  die  can  fall  j 
of  these  6  ways,  one  must  occur,  and  only  one  can  occur. 

The  chance  of  throwing  a  two  is  ^  ;  of  throwing  a  four,  J  ;  of  throwing 
a  six,  I  ;  since  there  is  but  one  favorable  way  in  each  case. 

The  chance  of  throwing  an  even  number  is  |,  since  3  out  of  the  6  ways 
are  favorable  ways. 

But  I  =  i  +  J  +  i  ;  hence,  |  is  the  sum  of  the  respective  chances  of 
throwing  a  two,  a  four,  a  six.     (Compare  §  354.) 

363.  Compound  Events.  If  there  are  two  or  more  events, 
the  happening  of  them  together,  or  in  succession,  may  be 
regarded  as  a  compound  event. 

Thus,  the  throwing  of  double  sixes  with  a  pair  of  dice  may  be  regarded 
as  a  compound  event  compounded  of  the  throwing  of  a  six  with  the  first 
die  and  the  throwing  of  a  six  with  the  second  die. 

364.  Concurring  Independent  Events.  The  chance  that  two  or 
more  independent  events  will  happen  together  is  the  product  of 
the  respective  chances  of  happening. 

To  prove  this,  let  a  and  a'  be  the  number  of  ways  favorable 

to  the  first  and  second  events  respectively,  and  b  and  b'  the 

number  of  ways  unfavorable  to  the  first  and  second  events 

respectively ;  the  a-{-b  ways  being  all  equally  likely  to  occur, 

and  such  that  one  must  occur,  and  only  one  can  occur ;  and 

the  a'  -f  ^'  ways  being  all  equally  likely  to  occur,  and  such  that 

one  must  occur,  and  only  one  can  occur. 

Then,  the  respective  chances  of  happenings  are and 

7  a  -{-  b 

a'                                                                    .                     b 
;  and  the  respective  chances  of  failing  are  r  and 

b' 
—- — —'     llejyresent  the  former  by  p  and  p' ;  then,  the  latter 

will  be  1  —  7>  and  1  —  p'. 

(Consider  the  compound  event.  It  is  evident,  by  §  336,  that 
there  are  (a  -\-  b)  (a'  -\-  b')  ways,  all  equally  likely  to  occur.  Of 
these,  one  must  occur,  and  only  one  ca/t  occur. 
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The  number  of  ways  in  which  both  events  can  happen  is 
aa' ;  hence,  the  chance  that  both  events  will  happen  is 

(a  +  b)  (a'  +  b')  ^  a  +  b  ^  a^  -\-V  ^  ^^  ' 
Similarly,  the  chance  that  both  events  will  fail  is 

the  chance  that  the  first  will  happen  and  the  second  fail  is 

ab' n  ^    '^ 

(a -{- b) (a' +  b')      ^^       ^^' 

the  chance  that  the  first  will  fail  and  the  second  happen  is 

(a  +  b)  (a'  +  b')  ^  ^^  "^^^'• 

Similarly  for  three  or  more  events. 

365.  Successive  Dependent  Events.  By  a  slight  change  in 
the  meaning  of  the  symbols  of  §  364,  we  can  find  the  chance 
of  the  happening  together  of  two  or  more  dependent  events. 

For,  suppose  that,  after  the  first  event  has  happened,  the 
second  event  can  follow  in  a'  ways  and  not  follow  in  6'  ways. 


aa^ 


Then  the  two  events  can  happen  in  •; ,.  .  , — r-r  ways ;  and 

so  on,  as  m  §  364.  \   -^  J\    -^    J 

Hence,  if  p  is  the  chance  that  the  first  event  will  happen, 
and  jo'  the  chance  that  after  the  first  event  has  happened  the 
second  will  follow,  pp^  is  the  chance  of  both  happening ; 
(1  —p)(l  —p^,  the  chance  of  both  failing;  and  so  on. 

Similarly  for  three  or  more  events. 

366.  Examples.  (1)  What  is  the  chance  of  throwing  double 
sixes  in  one  throw  with  2  dice  ? 

Regard  this  as  a  compound  event.  The  chance  that  the  first  die  will 
turn  up  a  six  is  J  ;  the  chance  that  the  second  die  will  turn  up  a  six  is  J ; 
the  chance  that  each  die  will  turn  up  a  six  is  J  x  J,  or  ^. 

The  events  are  here  independent.  In  Example  (1),  §  369,  the  throwing 
of  double  sixes  is  regarded  as  a  simple  event. 
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(2)  What  is  the  chance  of  throwing  one,  and  only  one,  five 
in  a  single  throw  with  2  dice  ? 

The  chance  that  the  first  die  will  be  a  five,  and  the  second  not  a  five, 
is  J  X  I  =  y\  ;  the  chance  that  the  first  die  will  not  be  a  five,  and  the 
second  die  a  five,  is  |  x  J  =  /^.  These  two  events  are  dependent  and 
mutually  exclusive,  and  the  chance  that  one  or  the  other  of  them  will 
happen  is  (§  362)  /^  +  /^  =  ^j.     (Compare  Example  (2),  §  359.) 

(3)  What  is  the  chance  of  throwing  a  total  of  5  in  one 
throw  with  2  dice  ? 

There  are  four  ways  of  throwing  5  :  1  and  4,  2  and  3,  3  and  2,  4  and  1. 
The  chance  of  each  of  these  ways  happening  is  •^^.  The  events  are  mutu- 
ally exclusive ;  hence,  the  chance  of  some  one  happening  is  (§  362) 
^  +  ^\  +  -h  +  Ts  =  i'     (Compare  Example  (4),  §  359.) 

(4)  A  bag  contains  3  balls,  2  of  which  are  white ;  another 
bag  contains  6  balls,  5  of  which  are  white.  If  a  person  is  to 
draw  1  ball  from  each  bag,  what  is  the  chance  that  both  balls 
drawn  will  be  white  ? 

The  chance  that  the  ball  drawn  from  the  first  bag  will  be  white  is  | ; 
the  chance  that  the  ball  drawn  from  the  second  bag  will  be  white  is  |. 
The  events  are  independent;  hence,  the  chance  that  both  balls  will  be 
white  is  }  X  I  =  f  (§  364). 

(5)  In  the  last  example,  if  all  the  balls  are  in  one  bag,  and 
2  balls  are  to  be  drawn,  what  is  the  chance  that  both  balls 
will  be  white  ? 

The  chance  that  the  first  ball  will  be  white  is  J ;  the  chance  that,  after 
1  white  ball  has  been  drawn,  the  second  will  be  white  is  f ;  the  chance  of 
drawing  2  white  balls  is  (§  365)  J  x  f  =  -j^j. 

(6)  The  chance  that  A  can  solve  this  problem  is  f ;  the 
chance  that  B  can  solve  it  is  -j^.  If  both  try,  what  is  the 
chance  (1)  that  both  solve  it ;  (2)  that  A  solves  it,  and  B  fails ; 
(3)  that  A  fails,  and  B  solves  it ;   (4)  that  both  fail  ? 

A's  chance  of  success  is  f ;  A's  chance  of  failure  is  |. 
B's  chance  of  success  is  ^^^ ;  B's  chance  of  failure  is  ^j. 
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Therefore,         the  chance  of  (1)  is  f  x  ^2  ==  }?  ; 

the  chance  of  (2)  is  |  x  ^^  =  J  J ; 
the  chance  of  (3)  ia  }  x  ^^  =  ^\  ; 
the  chance  of  (4)  is  J  x  j^j  =  3^. 

The  sum  of  these  four  chances  is  Jg  +  |J  +  /^  4-  ^\  =  1,  as  it  ought  to 
be,  since  one  of  the  four  results  is  certain  to  happen. 

(7)  In  Example  (6)  what  is  the  chance  that  the  problem 
will  be  solved  ? 

The  chance  that  both  fail  is  /^.  Hence,  the  chance  that  both  do  not 
failj  or  that  the  problem  will  be  solved,  is  1  —  /^  =  |f  (§  358). 

(8)  From  an  urn  containing  5  black  and  4  white  balls, 
3  balls  are  to  be  drawn  at  random.  Find  the  chance  that  of 
the  3  balls  drawn  2  will  be  black  and  1  white. 

There  are  9  balls  in  the  urn.  Suppose  the  balls  to  be  drawn  one  at  a 
time.  The  white  ball  may  be  either  the  first,  second,  or  third  ball  drawn. 
In  other  words,  1  white  ball  and  2  black  balls  may  be  drawn  in 

il  =  3  ways  (§  346). 

The  chance  of  the  order,  white  black  black,  is  J  x  f  x  ^  =  Jf . 
The  chance  of  the  order,  black  white  black,  is  f  x  }  x  ^  =  JJ. 
The  chance  of  the  order,  black  black  white,  isfx|xf=^J. 
Hence,  the  required  chance  is  iJ  +  ij  +  i?  =  J?  (§  362). 
The  method  of  Example  (5),  §  359,  is,  however,  recofnm ended  for 
problems  of  this  nature. 

(9)  When  6  coins  are  tossed  what  is  the  chance  that  one, 
and  onltj  one,  will  fall  with  the  head  up  ? 

The  chance  that  the  first  alone  falls  with  the  head  up  is  (§  364) 
5  X  i  X  J  X  J  X  J  X  ^  =  ^\ ;  the  chance  that  the  second  alone  falls  with 
the  head  up  is  ^ ;  and  so  on,  for  each  of  the  6  coins. 

Hence,  the  chance  that  some  one  coin,  and  only  one  coin,  falls  with 
the  head  up  is  ^\  +  ^^  +  ^V  +  ii  +  -ii  +  ^\  =  z\  =  A- 

(10)  When  6  coins  a,re  tossed  what  is  the  chance  that  at 
least  one  will  fall  with  the  head  up  ? 

The  chance  that  all  will  fall  heads  down  isjxixjxjxjxi  =  ^. 
Hence,  the  chance  that  this  will  not  haj^en  is  1  —  ^  =  f|. 
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(11)  A  purse  contains  9  silver  dollars  and  1  gold  eagle,  and 
another  contains  10  silver  dollars.  If  9  coins  are  taken  out 
of  the  first  purse  and  put  into  the  second,  and  then  9  coins  are 
taken  out  of  the  second  and  put  into  the  first  purse,  which 
purse  now  is  the  more  likely  to  contain  the  gold  coin  ? 

The  gold  eagle  will  not  be  in  the  second  purse  unless  it  (1)  was  among 
the  9  coins  taken  out  of  the  first  and  put  into  the  second  purse ;  (2)  and 
not  among  the  9  coins  taken  out  of  the  second  and  put  into  the  first  purse. 
The  chance  of  (1)  is  ^^,  and  when  (1)  has  happened  the  chance  of  (2) 
is  }§.  Hence,  the  chance  of  both  happening  is  ^jj  x  ^  =  j^.  Therefore, 
the  chance  that  the  eagle  is  in  the  second  purse  is  y\,  and  the  chance  that 
it  is  in  the  first  purse  is  1  —  ^^  =  |g.  Since  |f  is  greater  than  ^5,  the 
gold  coin  is  more  likely  to  be  in  the  first  purse  than  in  the  second. 

Note.  The  expectation  from  an  uncertain  event  is  the  product  of  the 
chance  that  the  event  will  happen  by  the  amount  to  be  realized  in  case 
the  event  happens. 

(12)  In  a  bag  are  2  red  and  3  white  balls.  A  is  to  draw  a 
ball,  then  B,  and  so  on  alternately ;  and  whichever  draws  a 
white  ball  first  is  to  receive  $10.     Find  their  expectations. 

A's  chance  of  drawing  a  white  ball  at  the  first  trial  is  f .  B's  chance 
of  having  a  trial  is  equal  to  A's  chance  of  drawing  a  red  ball,  or  |.  In 
case  A  drew  a  red  ball,  there  would  be  1  red  and  3  white  balls  left  in  the 
bag,  and  B's  chance  of  drawing  a  white  ball  would  be  J.  Hence,  B's 
chance  of  having  the  trial  and  drawing  a  white  ball  is  f  x  f  =  j% ;  and 
B's  chance  of  drawing  a  red  ball  is  J  X  f  =  -j^. 

A's  chance  of  having  a  second  trial  is  equal  to  B's  chance  of  drawing 
a  red  ball,  or  ^jj.  In  case  B  drew  a  red  ball,  there  would  be  3  white  balls 
left,  and  A's  chance  of  drawing  a  white  ball  would  be  certainty,  or  1. 

A's  chance,  therefore,  is  J  +  ^^^  =  xV  >  ^^^  ^^^  chance  is  ^^. 

A's  expectation,  then,  is  $7,  and  B's 


367.  Repeated  Trials.  Given  the  chance  of  an  event  hap- 
pening in  one  trial,  to  find  the  chance  of  its  happening  exactly 
once,  twice,  •  •  •,  r  times  in  n  trials. 

Let  2^  be  the  chance  of  the  event  happening,  and  q  the 
chance  of  the  event  failing,  in  one  trial ;  so  that  q  =  1  —p* 
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In  n  trials  tlie  event  may  happen  exactly  n  times^  n  —  1 
times,  n  —  2  times,  •  •  •  down  to  no  times.  The  respective 
chances  of  happening  are  as  follows: 

n  times.     The  required  chance,  by  §  364,  is  p*. 

n  —  1  times.  The  one  failure  may  occur  in  any  one  of  the 
n  trial  sj  that  is,  in  n  ways.  The  chance  of  any  particular  way 
occurring  is  p*~^q ;  the  required  chance  is,  therefore,  np^—^q, 

n  —  2  times.  The  two  failures  may  occur  in  any  two  of  the 
n  trials;  that  is,  in  —  -i^^; — ^  ways.     The  chance  of  any  par- 

ticular  way  occurring  is  p*''^q^)  the  required  chance  is,  there- 
n{n  —  V) 

'"^2 — ^      ^ 

r  times.     The  n  —  r  failures  may  occur  in  any  n  —  r  of  the 

\n 
n  trials;  that  is,  in  r p  ways.     The  chance  of  any  particu- 


n^r 


lar  way  occurring  is  ^'■^**~'";  the  required  chance  is,  therefore, 

l2 


n  —  r 


prqn-r 


\n 

Similarly,  the  chance  of  exactly  r  failures  is  r    .     —  p*~''cr. 

\r\n  —  r 

The  coefficients  of  the  chance  of  r  successes  and  of  r  failures 

are  the  same^  by  §  343. 

If,  then,  (jp  -f  qY  is  expanded  by  the  binomial  theorem,  it 
is  evident  that  the  successive  terms  are  the  chances  that  the 
event  will  happen  exactly  n  times,  n  —  1  times,  •  •  •  down  to 
no  times. 

The  chances  that  the  event  will  happen  at  least  r  times  in 

n  trials  is  evidently  p^  +  np^'~^q  4-  •  •  •+ 1 p  p^q* 


n  —  rVr 


»»*^« — r 


Note.     Since  p  +  g  =  1,  we  have,  whatever  the  value  of  n, 

1  =  |)»»  +  np^—^q  +  •  •  •  +  npq"^-^  +  ^, 
a  somewhat  remarkable  equation  inasmuch  as  there  exists  but  one 
relation  between  p  and  g,  viz.,  p  +  9  =  1* 
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368.  Examples.  (1)  What  is  the  chance  of  throwing  with 
a  single  die  a  six  exactly  3  times  in  5  trials  ?  at  least  3 
times  ? 

There  are  to  be  2  failures.     The  2  failures  may  occur  in  any  2  of 

6x4 
the  5  trials  ;  that  is,  in ,  or  10,  ways.     In  any  particular  way  there 

will  be  3  sixes  and  2  failures,  and  the  chance  of  this  way  occurring  is 
(iV  (1)^  >  the  chance  of  throwing  exactly  3  sixes  is,  therefore, 

l\8/5\2      126 


io(i)75y=_^ 

\6/  \6/       3888 


3888 

The  chance  of  throwing  at  least  3  sixes  is  found  by  adding  the  respec- 
tive chances  of  throwing  5  sixes,  4  sixes,  3  sixes ;  and  is 

(2)  A's  skill  at  a  game,  which  cannot  be  drawn,  is  to  B's 

skill  as  3  to  4.     If  they  play  3  games,  what  is  the  chance  that 

A  will  win  more  games  than  B  ? 

Their  respective  chances  of  winning  a  particular  game  are  ^  and  |. 
For  A  to  win  more  games  than  B,  he  must  win  all  3  games  or  2  games. 
The  chance  that  A  wins  all  3  games  is  (f  )8  =  ^.  The  chance  that  A 
wins  any  particular  set  of  2  games  out  of  the  3  games,  and  that  B  wins 
the  third  game,  is  (f)^  x  (i).  As  there  are  3  ways  of  selecting  a  set  of 
2  games  out  of  3,  the  chance  that  A  wins  2  games,  and  B  wins  1  game, 
is  3  X  (f  )2  X  t  =  HI*     Hence,  the  chance  that  A  wins  more  than  B  is 

AV  +  m  =  Ml . 

(3)  In  the  last  example  find  B's  chance  of  winning  more 
games  than  A. 

B's  chance  of  winning  all  3  games  is  (1)^  =  ■^.  The  chance  that  B 
wins  2  games,  and  A  wins  1  game,  is  3  x  (f )2  x  f  =  J|J.  Hence,  B's 
chance  of  winning  more  games  than  A  is  -^  +  JJ|  =  JJf. 

Notice  that  A's  chance  added  to  B's  chance,  J}|  +  Jff »  ^  1*  ^^7 
should  this  be  so  ? 

(4)  A  and  B  throw  with  a  single  die  alternately,  A  throw- 
ing first ;  and  the  one  who  throws  an  ace  first  is  to  receive  a 
prize  of  $110.     What  are  their  respective  expectations  ? 
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The  chance  of  winning  the  prize  at  the  first  throw  is  J ;  of  winning  at 
the  second  throw,  J  X  J  ;  of  winning  at  the  third  throw,  ( J)^  x  J ;  of  win- 
ning at  the  fourth  throw,  (|)^  x  } ;  and  so  on. 

Hence,  A's  chance  is  i  +  (f)^J  +  (f)*J  +  •  •  •,  and  B's  chance  is 
(i)i  +  (f)*i  +  (J)*i  +  •  •  •  Evidently  B's  chance  is  J  of  A's  chance. 
Since  A's  chance  +  B's  chance  =  1,  A's  chance  is  j\  and  B's  -^j.  A's 
expectation  is  ^  of  $110,  or  $60;  and  B's  ^^  of  $110,  or  $50. 


Zazercise  52 

1.  One  of  two  events  must  happen.  If  the  chance  of  the 
first  is  §  that  of  the  other,  find  the  odds  against  the  first. 

2.  There  are  three  events,  A,  B,  C,  of  which  one  must  hap- 
pen, and  only  one  can  happen.  The  odds  are  3  to  8  on  A,  and 
2  to  5  on  B.     Find  the  odds  on  C. 

3.  In  one  bag  are  9  balls  and  in  another  6  ;  and  in  each 
bag  the  balls  are  marked  1,  2,  3,  and  so  on.  If  one  ball  is 
drawn  from  each  bag,  what  is  the  chance  that  the  two  balls 
will  have  the  same  number  ? 

4.  What  is  the  chance  of  throwing  at  least  one  ace  in  2 
throws  with  one  die? 

5.  Find  the  probability  of  throwing  a  number  greater  than 
9  in  a  single  throw  with  a  pair  of  dice. 

6.  The  chance  that  A  can  solve  a  certain  problem  is  J,  and 
the  chance  that  B  can  solve  it  is  ^  What  is  the  chance  that 
the  problem  will  be  solved  if  both  try  ? 

7.  A,  B,  C  have  equal  claims  for  a  prize.  A  says  to  B : 
"  You  and  C  draw  lots,  and  the  winner  shall  draw  lots  with 
me  for  the  prize."     Is  this  fair  ? 

8.  A  bag  contains  5  tickets  numbered  1,  2,  3,  4,  5.  Three 
tickets  are  drawn  at  random,  the  tickets  not  being  replaced 
after  drawing.     Find  the  chance  of  drawing  a  total  of  10. 
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9.  A  bag  contains  10  tickets,  5  marked  1,  2,  3,  4,  5,  and 
5  blank.  Three  tickets  are  drawn  at  random,  each  being 
replaced  before  the  next  is  drawn.  Find  the  probability  of 
drawing  a  total  of  10. 

10.  Find  the  probability  of  drawing  in  Example  9  a  total 
of  10  when  the  tickets  are  not  replaced. 

11.  A  bag  contains  four  $10  gold  pieces  and  six  silver 
dollars.  A  person  is  entitled  to  draw  2  coins'  at  random. 
Find  the  value  of  his  expectation. 

12.  Six  $5  gold  pieces,  four  $3  gold  pieces,  and  5  coins  which 
are  either  all  gold  dollars  or  all  silver  dimes  are  thrown  together 
into  a  bag.  Assuming  that  the  unknown  coins  are  equally 
likely  to  be  dimes  or  dollars,  what  is  a  fair  price  to  pay  for 
the  privilege  of  drawing  at  random  a  single  coin  ? 

13.  A  bag  contains  six  $5  gold  pieces,  and  4  other  coins 
which  all  have  the  same  value.  The  expectation  of  drawing 
at  random  2  coins  is  worth  $8.40.  Find  the  value  of  each 
of  the  unknown  coins. 

14.  Find  the  probability  of  throwing  at  least  one  ace  in  4 
throws  with  a  single  die. 

15.  A  copper  is  tossed  3  times.  Find  the  chance  that  it 
will  fall  heads  once  and  tails  twice. 

16.  What  is  the  chance  of  throwing  double  sixes  at  least 
once  in  3  throws  with  a  pair  of  dice  ? 

17.  Two  bags  contain  each  4  black  and  3  white  balls.  A 
ball  is  drawn  at  random  from  the  first  bag,  and  if  it  is  white, 
it  is  put  into  the  second  bag,  and  a  ball  drawn  at  random  from 
that  bag.     Find  the  odds  against  drawing  two  white  balls. 

18.  A  and  B  play  at  chess,  and  A  wins  on  an  average  2 
games  out  of  3.  Find  the  chance  of  A's  winning  exactly 
4  games  out  of  the  first  6,  di-awn  games  being  disregarded. 
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19.  At  tennis  A  on  an  average  beats  B  2  games  out  of  3. 
If  they  play  one  set,  find  the  chance  that  A  will  win  by  the 
score  of  6  to  2. 

20.  A  and  B,  two  players  of  equal  skill,  are  playing  tennis. 
A  needs  2  games  to  win  the  set,  and  B  needs  3  games.  Find 
the  chance  that  A  will  win  the  set. 

21.  If  n  coins  are  tossed  up,  what  is  the  chance  that  one, 
and  only  one,  will  turn  up  head  ? 

22.  A  bag  contains  n  balls.  A  person  takes  out  one  ball, 
and  then  replaces  it.  He  does  this  n  times.  What  is  the 
chance  that  he  has  had  in  his  hand  every  ball  in  the  bag  ? 

23.  If  on  an  average  9  ships  out  of  10  return  safely  to  port, 
what  is  the  chance  that  out  of  5  ships  expected  at  least  3  will 
safely  return  ? 

24.  At  tennis  A  beaAs  B  on  an  average  2  games  out  of  3 ; 
if  the  score  is  4  games  to  3  in  B's  favor,  find  the  chance  of 
A's  winning  6  games  before  B  does. 

25.  The  odds  against  a  certain  event  are  5  to  4,  and  the  odds 
for  another  independent  event  are  6  to  5.  Find  the  chance 
that  at  least  one  of  the  events  will  happen. 

26.  A  draws  5  times  (replacing)  from  a  bag  containing  3 
white  and  7  black  balls,  drawing  each  time  one  ball;  every 
time  he  draws  a  white  ball  he  is  to  receive  $1,  and  every  time 
he  draws  a  black  ball  he  is  to  pay  60  cents.  What  is  his 
expectation  ? 

27.  From  a  bag  containing  2  eagles,  3  dollars,  and  3  quarter- 
dollars,  A  is  to  draw  1  coin  and  then  B  3  coins ;  and  A,  B,  and 
C  are  to  divide  equally  the  value  of  the  remainder.  What 
are  their  expectations  ? 

28.  What  is  the  chance  of  throwing  with  a  single  die  a  five 
at  least  twice  in  four  throws  ? 


CHANCE  293 

369.  Existence  of  Causes.  In  the  problems  thus  far  con- 
sidered we  have  been  concerned  only  with  future  events ;  we 
now  proceed  to  a  different  class  of  problems,  problems  of 
which  the  following  is  the  general  type. 

An  event  has  happened.  There  are  several  possible  causes, 
of  which  one  must  have  existed,  and  only  one  can  have  existed. 
From  the  several  possible  causes  a  particular  cause  is  selected ; 
required  the  chance  that  this  was  the  true  cause. 

Before  proceeding  to  the  general  problem  we  shall  consider 
some  examples. 

(1)  Ten  has  been  thrown  with  2  dice.  Required  the  chance 
that  the  throw  was  double  fives. 

Ten  can  be  thrown  in  3  ways  :  6,  4  ;  4,  6  ;  5,  5.  One  of  these  three 
ways  must  have  occurred,  and  only  one  can  have  occurred. 

Before  the  event  the  chances  that  these  respective  ways  would  occur 
were  all  equal. 

We  shall  dssume  that  after  the  event  the  chances  that  these  respective 
ways  have  occurred  are  all  equal. 

Then,  precisely  as  in  §  354,  the  chance  that  the  throw  was  double  fives 
is  i,  and  the  chance  that  the  throw  was  a  six  and  a  four  is  ^  +  ^  =  f . 

(2)  Fifteen  has  been  thrown  with  3  dice.  Required  the 
chance  that  the  throw  was  3  fives. 

Fifteen  can  be  thrown  in  10  ways  : 

654     546     456     663     366 
645     564     465     636     555 

One  of  these  10  ways  must  have  occurred,  and  only  one  can  have 
occurred. 

Before  the  event  the  chances  that  these  respective  ways  would  occur 
were  all  equal. 

We  shall  assume  that  after  the  event  the  chances  that  the  respective 
ways  have  occurred  are  all  equal. 

Then,  precisely  as  in  §  354,  the  chance  that  the  throw  was  8  fives  is  ^. 

(3)  A  box  contains  4  white  balls  and  2  black  balls.  Two 
balls  are  drawn  at  random  and  put  into  a  second  box.    From 
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the  second  box  1  ball  is  then  drawn  and  found  to  be  white. 
Required  the  chance  that  the  two  balls  in  the  second  box  are 
both  white. 

Before  the  event  there  were  three  cases  which  might  exist.     These 
cases,  with  the  respective  chances  of  existence,  were  as  follows: 
The  second  box  might  contain : 

(a)  2  white  balls,  of  which  the  chance  was  |. 

(b)  1  white  and  1  black  ball,  of  which  the  chance  was  ^^. 

(c)  2  black  balls,  of  which  the  chance  was  -^^, 

Since  1  white  ball  has  been  drawn,  (c)  is  impossible ;  we  have,  there- 
fore, only  (a)  and  (b)  to  consider. 

Supposing  (a)  to  exist,  the  chance  of  drawing  a  white  ball  from  the 
second  box  was  1 ;  supposing  (b)  to  exist,  the  chance  of  drawing  a  white 
ball  from  the  second  box  was  i. 

Hence,  the  chance  before  the  event  that  (a)  exists,  and  we  draw  a  white 
ball,  that  is,  the  chance  that  we  draw  a  white  ball  from  2  white  balls, 
was  f  X  1  =  f ;  the  chance  before  the  event  that  (b)  exists,  and  we  di-aw  a 
white  ball,  that  is,  the  chance  that  we  draw  a  white  ball  from  a  white 
ball  and  a  black  ball,  was  ^^  x  ^  =  ^s- 

Represent  by  Qi  the  chance  after  the  event  that  (a)  existed,  and  by  Q2 
the  chance  after  the  event  that  (b)  existed. 

We  shall  assume  that  Qi  and  Q2  are  proportional  to  the  chance  before 
the  event  that  a  white  ball  would  be  drawn  from  (a),  and  the  chance 
before  the  event  that  a  white  ball  would  be  drawn  from  (b). 

This  assumption  corresponds  to  the  assumption  in  Examples  (1)  and  (2), 
in  which  the  cases  were  equally  likely  to  occur.     We  assume,  then,  that 

Qi:Q2  =  f:A,  or|  =  :^. 

.  Qi  ^  Q2  ^  Q1  +  Q2 

"  i     tS     i  +  jS' 

But  Qi  +  Q2  =  1,  since  either  (a)  or  (b)  must  exist ;  also  f  +  ^  =  |. 

.  91  =  ^  =  1 

"  I     A    1' 

.-.  Qi  =  f ,  and  Qa  =  i 
The  chance  that  both  balls  are  white  is  |. 

370.  In  general,  let  Pi,  P2,  P^,  •  •  •  be  the  chance  before  the 
event  that  the  first,  second,  third,  •  •  •  cause  exists  j  and  px,  j>2} 
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jPs,  •  •  •  the  chance  before  the  event  that,  when  the  first,  second, 
third,  •  •  •  cause  exists,  the  event  will  follow.     Let  Qi,  Q2;  Qsj 

•  •  •  be  the  chance  after  the  event  that  the  first,  second,  third, 

•  •  •  cause  existed. 

Then  P^Vi  is  the  chance  before  the  event  that  the  event 
will  happen  from  the  first  cause ;  P^V^^  *^®  chance  before  the 
event  that  the  event  will  happen  from  the  second  cause ;  and 
so  on. 

AVe  shall  assume  that  Qi,  ^2?  Qsj  "'  ^'^e,  respectively,  pro- 
portional to  PiPu  P2P2)  PzPzi  '" 

mu    1.  •  Qi  Q2  Qs 

That  IS,  -- —  =  — —  =  — —  =  . . . 

^ii?i      P2P2      PzPz 

Therefore,  by  §  245, 

Qi  Q2  Qs  Qi  +  Q2  +  Qz  +  -" 


Pijpi      P2P2      PsPb  PiPi -\- P2P2  +  PzPz -i 

But  Qi  4-  Q2  +  Qs  4-  •  •  •  =  1,  since  some  one  of  the  causes 
must  exist.     Hence, 

PiPi      P2P2      Pspz  PiPi  4-  P2P2  +  PzPs  H ' 

from  which  Qi,  Q2,  Qz,  •  •  •  may  readily  be  found. 

Ezercise  53 

1.  An  even  number  greater  than  6  has  been  thrown  with 

2  dice.     What  is  the  chance  that  doublets  were  thrown  ? 

2.  A  number  divisible  by  3  has  been  thrown  with  2  dice. 
What  is  the  chance  that  the  number  was  odd  ? 

3.  Fourteen  has  been  thrown  with  3  dice.     Find  the  chance 
that  one,  and  only  one,  of  the  dice  turned  up  a  six. 

4.  An  even  number  greater  than  10  has  been  thrown  with 

3  dice.     Find  the  chance  that  the  number  was  14. 
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« 

6.  From  a  bag  containing  6  white  and  2  black  balls  a  per- 
son draws  3  balls  at  random  and  places  them  in  a  second  bag. 
A  second  person  then  draws  from  the  second  bag  2  balls  and 
finds  them  to  be  both  white.  Find  the  chance  that  the  third 
ball  in  the  second  bag  is  white. 

6.  A  bag  contains  4  balls,  each  of  which  is  equally  likely  to 
be  white  or  black.  A  person  is  to  receive  $12  if  all  four  are 
white.     Find  the  value  of  his  expectation. 

Suppose  he  draws  2  balls  and  finds  them  to  be  both  white. 
What  is  now  the  value  of  his  expectation  ? 

7.  A  and  B  obtain  the  same  answer  to  a  certain  problem. 
It  is  found  that  A  obtains  a  correct  answer  11  times  out  of 
12,  and  B  9  times  out  of  10.  If  it  is  100  to  1  against  their 
making  the  saihe  mistake,  find  the  chance  that  the  answer 
they  both  obtain  is  correct. 

8.  From  a  pack  of  52  cards  one  has  been  lost;  from  the 
imperfect  pack  2  cards  are  drawn  and  found  to  be  both  spades. 
Required  the  chance  that  the  missing  card  is  a  spade. 

371.  Expectation  of  Life.  The  subjoined  table  gives  the 
mortality  experience  of  thirty-five  life  insurance  companies. 
Columns  A  show  the  age-year ;  columns  D  show  the  number 
of  deaths  during  the  correspondmg  age-years  in  columns  A ; 
and  columns  S  show  the  number  who  survive  at  the  end  of 
the  year;  that  is,  the  number  who  attain  the  full  age  in 
columns  A. 

Thus,  out  of  1000  healthy  persons  who  attain  the  age  of  10  years,  4  die 
at  that  age,  that  is,  during  their  11th  year,  and  996  survive  to  attain  the 
full  age  of  11  years.  Again,  looking  opposite  the  31  in  column  A,  we 
find  that  of  the  1000  persons  arriving  at  the  age  of  10  years,  7  die  during 
their  31st  year  and  883  survive  to  attain  the  full  age  of  31.  Hence,  890 
out  of  the  1000  must  have  survived  to  the  full  age  of  30,  and  110  had  died 
without  attaining  that  age. 
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(1)  What  is  the  chance  that  a  person  who  has  just  completed 
his  51st  year  dies  before  he  is  52  ? 

Out  of  every  707  healthy  persons  who  complete  the  51st  year  of  their 
lives,  12  die  during  their  62d  year  and  606  survive.  Hence,  the  chance 
of  the  death  during  bis  52d  year  of  the  person  in  queetion  is  -^. 

(2)  What  is  the  chance  that  a  person  aged  20  lives  till  he 
ia50? 

Out  of  every  056  persons  who  attain  the  age  of  20  years,  718  survive  to 
attain  the  full  age  of  50.  Hence,  the  chance  that  the  person  in  question 
liveHUllbeis60U  Ji|. 

(3)  What  is  the  expectation  of  life  of  a  person  who  has  just 
completed  his  90th  year  ? 

Tlie  chance  that  he  will  die  during  his  Olat  year  is  ^,  during  his 
92d  year  ^^'j,  during  his  03d  year  -f^^,  during  his  94th  year  ^,  and  so 
on  as  per  table.    But  if  he  dies  during  his  Slat  year,  be  may  die  with 
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equal  probability  in  any  part  of  it ;  hence,  his  expectation  of  life  is  ^  year. 
So  if  he  dies  during  his  92d  year,  his  expectation  will  be  1^  years.  If  he 
dies  during  his  93d  year,  his  expectation  will  be  2^  years,  and  so  on. 
Hence,  his  whole  expectation  will  be 

44x14-33x3+25x5+18x7  +  13x9+9x11  +  6x13+4x15+3x174-2x19 

157x2 
=  f  1 J  =  ^m  years  of  life. 

(4)  What  is  the  expectation  of  life  of  a  person  who  has  just 
completed  his  80th  year  ? 

The  chance  that  he  will  die  during  his  81st  year  is  ^_^2i  ^^  ^^d  year  is 
j^j,  his  83d  year  is  jYj,  and  so  on.  His  expectation  of  life  prior  to  the 
completion  of  his  90th  year  is 

20  X  1  +  18  X  3  +  17  X  5  +  15  X  7  +  13  X  9  +  ♦  •  •  +  5.3  X  19 

142x2 

=  Iff*  =  3.5. 

The  chance  that  he  will  survive  his  90th  year  is  jjV^.  Therefore,  his 
expectation  of  life  subsequent  to  his  90th  year  is 

T¥2V(10  4-m)  =  l-4, 
the  10  years  being  added  to  the  result  of  Example  (3). 
Hence,  his  whole  expectation  is  3. 5  +  1. 4  =  4. 9  years. 

Exercise  54 

1.  If  B  has  just  attained  the  age  of  21,  what  is  the  chance  of 
his  death  within  a  year  ?    Within  5  years  ?    Within  10  years  ? 

2.  If  A  is  just  25  years  old,  what  is  the  chance  of  his  living 
till  he  is  50  ?     Till  he  is  60  ?     Till  he  is  75  ? 

3.  B  and  C  are  twins  just  18  years  old.  What  is  the  chance 
that  they  will  both  attain  the  age  of  50  ?  That  one,  but  not 
both,  will  die  before  the  age  of  50  ? 

4.  A  bridegroom  of  24  marries  a  bride  of  21.  What  is  the 
chance  that  they  will  live  to  celebrate  their  golden  wedding  ? 

5.  What  is  the  expectation  of  life  of  a  person  who  has 
attained  the  age  of  75?     Of  70?     Of  60? 
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VARIABLES   AND  LIMITS 

372.  Constants  and  Variables.  A  number  that;  under  the 
conditions  of  the  problem  into  which  it  enters,  may  take 
different  values  is  called  a  variable. 

A  number  that,  under  the  conditions  of  the  problem  into 
which  it  enters,  has  2^  fixed  value  is  called  a  constant. 

Variables  are  generally  represented  by  x,  y,  z,  etc.;  con- 
stants, by  the  Arabic  numerals,  and  by  a,  b,  c,  etc. 

373.  Functions.  Two  variables  may  be  so  related  that  a 
change  in  the  value  of  one  produces  a  change  in  the  value 
of  the  other.  In  this  case  the  second  variable  is  said  to  be  a 
function  of  the  first. 

Thus,  if  a  man  walks  on  a  road  at  a  uniform  rate  of  a  miles  per  hour, 
the  number  of  miles  he  walks  and  the  number  of  hours  he  walks  are  both 
variables,  and  the  first  is  a  function  of  the  second.  If  2/  is  the  number 
of  miles  he  has  walked  at  the  end  of  x  hours,  y  and  x  are  connected  by 

y 

the  relation  y  =  ax,  and  y  is  a  function  of  x.    Also,  x  =  - ;  hence,  x  is 
also  a  function  of  y. 

When  one  of  two  variables  is  a  function  of  the  other,  the 
relation  between  them  is  generally  expressed  by  an  equation. 
If  any  value  of  the  variable  is  assumed,  the  corresponding 
value  or  values  of  the  function  can  be  found  from  the  given 
equation. 

The  variable  of  which  the  value  is  assumed  is  generally 
called  the  independent  variable;  and  the  function  is  called 
the  dependent  variable. 
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374.  \imaftM,  As  st  TaziabLe  e!iaz!ges  its  Tsuoe.  it 
aqp^prcai!lh  tome  constant;  if  the  xairiable  can  be  nade  to 
af^proa^  the  ecnstant  «#  Abeor  «#  w  pUtuej  the  Taziahle  is 
'Uml  to  ayproaek  iht  c^mMUimt  as  «  /«««/.  and  die  constant  is 
eatled  the  Umit  of  the  rariable. 


Let  s  RfRseBt  the  flom  of  m  terns  of  the  infinite 


Then  (f  27^, 


x=*!liil=?:iil  =  2-    ^ 


i  - 1      »•- 1  »»-i 


flappcmtntoiDcreame;  then,  -— —  decieaKs,  and 

^ — * 


Since  we  can  take  as  many  terms  of  the  aenes  as  we  pic  aw,  m,  can  be 
aiade  as  large  as  we  pleaae ;  therefore,  — —-  can  be  made  as  small  as  we 

pkaae,  and  x  can  be  made  to  approach  2  as  near  as  we  please. 

If  we  take  an  j  a»9iQned  positiTe  constant,  as  ^Aww^  ^^  ^'^^  make  the 
difference  between  2  and  z  less  than  this  assigned  constant ;  for  we  haTe 

onhr  to  take  n  so  large  that is  less  than ;  that  is,  that  2*— *  is 

2«-i  10000 

greater  than  10,000 :  this  is  accomplished  by  taking  n  as  large  as  15. 
Himilarly,  by  taking  n  large  enoo^  we  can  make  the  difference  between 
2  and  x  letm  than  any  assigned  positive  constant. 

Hince  2  —  z  can  be  made  as  small  as  we  please,  it  follows  that  the  sum 

of  n  terms  of  the  series  1  +  i  +  i  +  iH ,asiiis  constantly  increased, 

approaches  2  as  a  limit, 

.\  375.   Test  for  a  Limit     In  order  to  prove  that  a  variable 

approaches  a  constant  as  a  limit,  it  is  necessary  and  sufficient 
U)  prove  that  the  difference  in  absolute  value  between  the 
variable  and  the  constant  can  become  and  remain  less  than 
any  assigned  constant ,  however  small. 
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A  vaxiable  may  approach  a  constant  without  approaching  it 

dS  d  IXTTllt, 

Thus,  in  the  last  example  x  approaches  3,  but  not  as  a  limit ;  for  3  —  x 
cannot  be  made  as  near  to  0  as  we  please,  since  it  cannot  be  made  less 
than  1. 

376.  Infinitesimals.  As  a  variable  changes  its  value,  it  may 
constantly  decrease  in  absolute  value ;  if  the  variable  can 
become  and  remain  less  in  absolute  value  than  any  assigned 
constant  however  small,  the  variable  is  said  to  decrease  with- 
out limit,  or  to  decrease  indefinitely.  In  this  case  the  variable 
approaches  zero  as  a  limit. 

When  a  variable  that  approaches  zero  as  a  limit  is  conceived 
to  become  and  remain  less  in  absolute  value  than  any  assigned 
constant  however  small,  the  variable  is  said  to  become  infini- 
tesimal ;  such  a  variable  is  called  an  infinitesimal  nwmher,  or 
simply  an  infinitesimal.  ,^.>   : ..^s>-;'c  .'v,^-^*^ '  ' 

377.  Infinites.  As  a  variable  changes  'its  value,  it  may 
constantly  increase  in  absolute  value ;  if  the  variable  can 
become  greater  in  absolute  value  than  any  assigned  constant 
however  great,  the  variable  is  said  to  increase  without  limit, 
or  to  increase  indefinitely. 

When  a  variable  is  conceived  to  become  and  remain  greater 
in  absolute  value  than  any  assigned  constant  however  great, 
the  variable  is  said  to  become  infinite  ;  such  a  variable  is  called 
an  infinite  number,  or  simply  an  infinite. 

Infinites  and  infinitesimals  are  variables,  not  constants. 
There  is  no  idea  of  fi^ed  value  implied  in  either  an  infinite 
or  an  infinitesimal. 

A  constant  whose  absolute  value  can  be  shown  to  be  less 
than  the  absolute  value  of  any  assigned  constant  however 
small  can  have  no  other  value  than  zero. 

378.  Finites.  A  number  that  cannot  become  an  infinite 
or  an  infinitesimal  is  said  to  be  a  finite  number,  or  simply  a 
finite. 
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379.  Relations  between  Infinites  and  Infinitesimals. 

1,  Jf  X  is  infinitesimal  and  a  is  finite  and  not  0,  then  ax 
is  infinitesimal. 

For,  ax  can  be  made  less  in  absolute  value  than  any  assigned 
constant  since  x  can  be  made  less  than  any  assigned  constant. 

II.  If  IL  is  infinite  and  a  is  finite  and  not  0,  then  aX  is 
infinite. 

For,  aX  can  be  made  larger  in  absolute  value  than  any 
assigned  constant  however  large  since  X  can  be  made  larger 
in  absolute  value  than  any  assigned  constant  however  large. 

IT  I.  If  X  is  infinitesimal  and  a  is  finite  and  not  0,  then  — 
is  infinite. 

For,  -   can  be  made  larger   in   absolute   value   than  any 

assigned  constant  however  large  since  x  can  be  made  less  in 
absolute  value  than  any  assigned  constant  however  small. 

IV.  If  X  is  infinite  and  a  is  finite  and  not  0,  then  —  is 
infinitesimal. 

For,  -—  can  be  made  less  in  absolute  value  than  any  assigned 

constant  however  small  since  X  can  be  made  larger  in  abso- 
lute value  than  any  assigned  constant  however  large. 

I7i  the  above  theorems  a  may  he  a  constant  or  a  variable  ;  the 
only  restriction  on  the  value  of  2^  is  that  it  shall  not  become 
either  infinite  or  zero. 

380.  From  §  197  one  root  of  the  quadratic  equation 
ax^  -{-hx  -{-  c  =^0  is  infinite  when  a  is  infinitesimal,  and 
both  roots  are  infinite  when  a  and  b  are  both  infinitesimal. 

381.  Abbreviated  Notation.  An  infinite  is  often  represented 
by  00.     In  §  379,  III  and  IV  are  sometimes  written 

a  ^       A 

0  =  ^.       ^  =  0. 
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The  expression  -  cannot  be  interpreted  literally  since  we  cannot  divide 
by  0 ;  neither  can  —  =  0  be  interpreted  literally  since  we  can  find  no 

00 

number  such  that  the  quotient  obtained  by  dividing  a  by  that  number  is 

zero. 

fL  a 

-  =  00  is  simply  an  abbreviated  way  of  writing :   if     =  X,  and  x 
0  ^ 

approaclies  0  as  a  limits  X  increases  without  limit. 

CI  a 

—  =  0  is  simply  an  abbreviated  way  of  writing :   if  —  =  il  and  X 

increases  without  limits  x  approaches  0  as  a  limit. 

The  symbol  =  is  used  for  the  phrase  approaches  as  a  limit. 
Thus,  X  ==  a  means  and  is  read  as  x  approaches  a  as  a  limit. 

382.  Approach  to  a  Limit.  When  a  variable  approaches  a 
limit  it  may  approach  its  limit  in  one  of  three  ways : 

1.  The  variable  may  be  always  less  than  its  limit. 

2.  The  variable  may  be  always  greater  than  its  limit. 

3.  The  variable  may  be  sometimes  less  and  sometimes  greater 
than  its  limit. 

If  X  represents  the  sum  of  n  terms  of  the  series  1  +  i  +  i  +  iH , 

X  is  always  less  than  its  limit  2. 

If  X  represents  the  sum  of  n  terms  of  the  series  3  —  ^  —  i-  —  •!■  —  •••, 
X  is  always  greater  than  its  limit  2. 

If  X  represents  the  sum  of  n  terms  of  the  series  3  —  f  +  -|  —  |  +  •  •  • ,  we 
have  (§  276) 

1  +  i  ^    ' 

As  71  is  indefinitely  increased,  x  evidently  approaches  2  as  a  limit. 

If  71  is  even,  x  is  less  than  2  ;  if  n  is  odd,  x  is  greater  than  2.  Hence, 
if  n  is  increased  by  taking  each  time  one  more  term,  x  is  alternately  less 
than  and  greater  than  2.     If,  for  example, 

n  =  2,  3,  4,  6,  6,  7, 

»=li,  2i,  IJ,  2A,         Ifi,         2^^. 

In  whatever  way  a  variable  approaches  a  constant,  the  test 
for  a  limit  given  in  §  375  always  applies. 
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383.  Equal  Variables.  If  two  variables  are  always  equal, 
and  eOfCh  approaches  a  limit,  then  their  limits  are  equal. 

Let  X  and  t/  be  increasing  variables,  a  and  b  their  limits. 

Now,  a  =  x  -{-x'  and  h  =  y  -\-y\  (§  375) 

where  »'  and  y'  are  variables  which  approach  0  as  a  limit. 
Then,  since  the  equation  x  =  y  always  holds  true, 

a  —  b  =  x^  —  y\ 

But  x^—y^  can  be  made  less  than  any  assigned  constant  since 
x^  and  y'  can  each  be  made  less  than  any  assigned  constant. 

Since  x'  —  y'  is  always  equal  to  the  constant  a  —  b,  x^  —  y^ 
must  be  a  constant.  But  the  only  constant  which  is  less  than 
any  assigned  constant  is  0.  (§  337) 

Therefore,  a'  —  y'  =  0. 

Hence,  a  —  b  =  0,  or  a  =  b, 

384.  Limit  of  a  Sum.  The  limit  of  the  algebraic  sum  of 
a^y  finite  number  of  variables  is  the  algebraic  sum  of  their 
limits. 

Let  Xyyj  z,'"  be  variables,  and  a,  5,  c,  •  •  •  their  limits.  Then, 
a  —  x,  b  —  y,  c  —  z,  •  •  •  are  variables  which  can  each  be  made  less 
than  any  assigned  constant  (§  375).  Then,  (a  —  x)-\-(b  —  y) 
-\-(c  —  z)-\ can  be  made  less  than  any  assigned  constant. 

For,  let  V  be  the  numerically  greatest  of  the  variables  a  —  x,  6  —  y, 
c  —  z^  •  •  •,  and  n  the  number  of  variables. 

Then,    (a  —  x)  4-  (6  —  y)  +  (c  —  2)  4-  •  •  •  <  t?  + 1?  +  t?  •  •  •  to  7i  terms. 

But  t?  +  t?  4- 1?  •  •  •  to  n  terms  =  nv. 

Now  no  can  be  made  less  than  any  assigned  constant  since  n  is  finite, 
and  V  can  be  made  less  than  any  assigned  constant  (§  879, 1). 

Therefore,  (a  —  «)  +  (^  —  y)  +  (c  —  «)  H ,  vsrhich  is  less  than  nu,  can 

be  made  less  than  any  assigned  constant. 

.*.  (a  +  5  -f-  c  H )  —  (aj  +  y  +  «  +  •  •  •)  can  be  made  less  than 

any  assigned  constant. 

.\a-\-b  -{-c-\ is  the  limit  oi  {x -\- y  -{-  z  -\ ).     (§  375) 
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385.  Limit  of  a  Product     The  limit  of  the  product  of  two  or 
more  variables  is  the  product  of  their  limits. 

Let  X  and  y  be  variables,  a  and  b  their  limits. 
To  prove  that  ab  is  the  limit  of  xy. 

Put  X  =  a  —  x',  y  =  b  —  y'  I  then  x'  and  y'  are  variables  that 
can  be  made  less  than  any  assigned  constant.  (§  375) 

Now,  xy  =(a  —  x')  (b  —  y') 

=  ab-—  ay'  ~  bx'  +  x'y\ 
.*.  ab  —  xy  =  ay'  +  bx'  —  x'y'. 

Since  every  term  on  the  right  contains  x'  or  y'y  the  right 
member  can  be  made  less  than  any  assigned  constant.   (§  384) 
Hence,  ab  —  xy  can  be  made  less  than  any  assigned  constant. 
Therefore,  ab  is  the  limit  of  xy.  (§  375) 

Similarly  for  three  or  more  variables. 

386.  Limit  of  a  Quotient     The  limit  of  the  quotient  of  two 
variables  is  the  quotient  of  their  limits,  if  the  divisor  =^  zero. 

Let  X  and  y  be  variables,  a  and  b  their  limits. 
Put  a  —  X  =  x',  and  b  —  y  =  y'  \  then  x'  and  y'  are  varia- 
bles with  limit  0.  (§  375) 

X      a  —  x' 


We  have  x  =  a  —  x',  y  =  b  —  y',  and  -  = 


y      h-'y' 


-_  a      aJ_£      a  —  x'  _  bx'  —  ay' 

•^^^'  b~y'^'b~b-y'~b{b-y')' 


The  numerator  of  the  last  expression  approaches  0  as  a 
limit,  and  the  denominator  approaches  h^  as  a  limit;  hence, 
the  expression  approaches  0  as  a  limit.  (§  379, 1) 

Therefore,  t approaches  0  as  a  limit 

Therefore,  ^  is  the  limit  of  -•  (§  375) 
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387.  Vanishing  Fractions.  When  variables  are  involved  in 
both  numerator  and  denominator  of  a  fraction  it  may  happen 
that  for  certain  values  of  the  variables  the  numerator  and  the 
denominator  both  vanish.      The  fraction  then  assumes  the 

form  -7  a  form  without  meaning;  as  even  the  interpretation 

of  §  381  fails,  since  the  numerator  is  0.     If,  however,  there  is 
but  one  variable  involved,  we  may  obtain  a  value  as  follows : 
Let  X  be  the  variable,  and  a  the  value  of  x  for  which  the 

fraction  assumes  the  form  -•     Give  to  a;  a  value  a  little  greater 

than  a,  ss  a  +  z ;  the  fraction  now  has  a  definite  value.  Find 
the  limit  of  this  last  value  as  z  is  indefinitely  decreased. 
This  limit  is  called  the  limiting  value  of  the  fraction. 

3^2  Q^2 

(1)  Find  the  limiting  value  of  as  x  ==  a. 

X    (a/ 

When  X  has  the  value  a  the  fraction  assumes  the  form  -. 
Put  x  =  a-]-  z;  the  fraction  becomes 

(g  -f-  2)2  -  gg  _  2  az  +  z^ 
(g  -f-  «)  —  g  "~        z 

Since  z  is  not  0,  we  divide  by  z  and  obtain  2  a  -\-  z. 

As  z  is  indefinitely  decreased,  this  approaches  2  g  as  a  limit. 

Hence,  2  g  is  the  limiting  value  of  the  traction  as  x  ==  g. 

(2)  Find  the  limiting  value  of  ^  3  ,  9   2    \   when  a;  =5=  oo  . 

^   ^  2x«-  4x  +  5  x2     x^ 

We  have  — - — — — — -  = —  • 

3x8  +  2x2-1  2       1 

o-\ 

X        X^ 

As  X  increases  indefinitely,  — »  — »  -  >  —  approach  0  as  a  limit  (§  379, 

x2    X*    X    x' 
2 
IV),  and  the  fraction  approaches  -  as  a  limit. 

o 
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Exercise  55 

Find  the  limiting  value  of : 

1.  ^   -    , — TT -. — -  when  X  Decomes  innnitesimaL 

7  05*  —  6  05  +  4 

2.  ^^ *  ^   „^ ^  when  x  becomes  infinite. 

.r*  +  35 

3.  •^^— r — ^  when  x  becomes  infinitesimal. 

X^  -{-  4: 

4.  -i; — 7i 77,  when  x  approaches  3. 

5c^  —  7  a:  H-  12  ^^ 

aj2  _<) 
^'   -; — t;, — ^ — tt;  when  x  approaches  —  3. 

a;  (.t'^  +  4  a;  +  3) 

6.      ,  ^  ^    » ^  when  x  approaches  —  1. 

a;«  + 3aj2  + 5a;H-3  ^^ 

,.     ,    •-'+/- 2     ^  .hen  .  approaches  1. 
a;*  +  2  x^  —  2  a;  —  1  ^^ 

^     4a;  H- Va;  —  1      ,  .       . 

8.   ,  when  x  approaches  1. 

2aj-Va;  +  l 

9.  — ,  ,  when  x  approaches  1. 

.7^2  _  4 

10.  — /  — -  when  x  approaches  2. 

Vx  +  2- V3a;-2 

/'^     Va;  —  a  4-  V^  —  Va      ,  , 

11.   —         when  X  approaches  a, 

Va;^  —  a^ 

12.  It  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer, 
show  that  the  limit  of  aj"  is  a". 

13.  If  a;  approaches  a  as  a  limit,  and  a  is  not  0,  show  that 
the  limit  of  aj"  is  a**,  where  n  is  a  negative  integer. 
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equal  probability  in  any  part  of  it ;  hence,  his  expectation  of  life  is  i  year. 
So  if  he  dies  during  his  92d  year,  his  expectation  will  be  1^  years.  If  he 
dies  during  his  93d  year,  his  expectation  will  be  2^  years,  and  so  on. 
Hence,  his  whole  expectation  will  be 

44x1+33x3+25x5+18x7  +  13x9+9x11  +  6x13+4x15+3x17+2x19 

157x2 
=  f i J  =  2f?f  years  of  life. 

(4)  What  is  the  expectation  of  life  of  a  person  who  has  just 
completed  his  80th  year  ? 

The  chance  that  he  will  die  during  his  81st  year  is  ^^-o^,  his  82d  year  is 
^^,  his  83d  year  is  -^^^^  and  so  on.  His  expectation  of  life  prior  to  the 
completion  of  his  90th  year  is 

20  X  1  +  18  X  3  +  17  X  5  +  15  X  7  +  13  X  9  +  .  ■ .  +  5.3  X  19 

142x2 

=  !m=3.5. 

The  chance  that  he  will  survive  his  90th  year  is  xW^-  Therefore,  his 
expectation  of  life  subsequent  to  his  90th  year  is 

the  10  years  being  added  to  the  result  of  Example  (3). 
Hence,  his  whole  expectation  is  3. 5  +  1. 4  =  4. 9  years. 

Ezercise  54 

1.  If  B  has  just  attained  the  age  of  21,  what  is  the  chance  of 
bis  death  within  a  year  ?    Within  5  yeai's  ?    Within  10  years  ? 

2.  If  A  is  just  25  years  old,  what  is  the  chance  of  his  living 
till  he  is  50  ?     Till  he  is  60  ?     Till  he  is  75  ? 

3.  B  and  C  are  twins  just  18  years  old.  What  is  the  chance 
that  they  will  both  attain  the  age  of  50  ?  That  one,  but  not 
both,  will  die  before  the  age  of  50  ? 

'     4.    A  bridegroom  of  24  marries  a  bride  of  21.     What  is  the 
chance  that  they  will  live  to  celebrate  their  golden  wedding  ? 

5.  What  is  the  expectation  of  life  of  a  person  who  has 
attained  the  age  of  75?     Of  70?     Of  60? 


CHAPTER  XXIV 

VARIABLES   AND  LIMITS 

372.  Constants  and  Variables.  A  number  that,  under  the 
conditions  of  the  problem  into  which  it  enters,  may  take 
different  values  is  called  a  variable. 

A  number  that,  under  the  conditions  of  the  problem  into 
which  it  enters,  has  2,  fixed  value  is  called  a  constant. 

Variables  are  generally  represented  by  oj,  y,  z,  etc.;  con- 
stants, by  the  Arabic  numerals,  and  by  a,  by  c,  etc. 

373.  Functions.  Two  variables  may  be  so  related  that  a 
change  in  the  value  of  one  produces  a  change  in  the  value 
of  the  other.  In  this  case  the  second  variable  is  said  to  be  a 
function  of  the  first. 

Thus,  if  a  man  walks  on  a  road  at  a  uniform  rate  of  a  miles  per  hour, 
the  number  of  miles  he  walks  and  the  number  of  hours  he  walks  are  both 
variables,  and  the  first  is  a  function  of  the  second.  If  y  is  the  number 
of  miles  he  has  walked  at  the  end  of  z  hours,  y  and  x  are  connected  by 

y 

the  relation  y  =  ax,  and  y  is  a  function  of  x.     Also,  x  =  - ;  hence,  x  is 
also  a  function  of  y. 

When  one  of  two  variables  is  a  function  of  the  other,  the 
relation  between  them  is  generally  expressed  by  an  equation. 
If  any  value  of  the  variable  is  assumed,  the  corresponding 
value  or  values  of  the  function  can  be  foxmd  from  the  given 
equation. 

The  variable  of  which  the  value  is  assumed  is  generally 
called  the  independent  variable;  and  the  function  is  called 
the  dependent  variable. 

299 
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397.  If  an  infinite  series  is  convergent,  the  nth  term  is 
an  infinitesimal  when  n  increases  indefinitely. 

For  S  —  5„_i  is  an  infinitesimal,  (§  396) 

also  5  —  5^  is  an  infinitesimal. 

Hence,  S  —  5„_i  —  (^  —  5„)  is  an  infinitesimal, 

or,  S^  —  »S^„_i  is  an  infinitesimaL 

But  S^  -  S,_,  =  u„. 

Therefore,  u^  is  an  infinitesimal. 

398.  If  an  infinite  series  is  convergent,  m  can  he  made  so 
large  that  the  sum  of  p  consecutive  terms  beginning  with  the 
(m  H-  V)th  will  he  an  infinitesimal,  however  great  p  may  be 
made. 

Let  S  =  the  sum  of  the  series, 

S^  =  the  sum  of  the  first  m  terms, 
and  S^^j,  =  the  sum  of  the  first  m  -\-p  terms. 

Then,    5  —  5„  =  the  sum  of  all  the  terms  after  the  mth, 
and        S  —  S^^p  =  the  sum  of  all  the  terms  after  the  (m  +  j3)th. 

Hence,  S-S^-(S-  ^Vp)  =  ^m+i  +  Wm+2  +  •  •  •  +  u,^+p, 

Let  m-\-p  =  n.  [2] 

Then  [1]  becomes    5„  —  5„  =  w^+j  +  if„+2  H -}-  w„.        [3] 

Now  let  p  increase  indefinitely. 

Then,  by  [2]  n  must  also  increase  indefinitely, 

and  limit  S^  =  S, 

Then  [3]  becomes 

Now  let  m  be  made  to  increase  indefinitely. 

Then,  S  —  S^is  an  infinitesimal.  (§  396) 

Therefore,  J^™^^  (^m+i  +  ^m+2  +  •*  0  ^^  ^'^  infinitesimaL 
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Therefore,  by  making  m  large  enough  we  can  make 

an  infinitesimal,  however  large  p  may  be. 

399.  If  in  an  infinite  series  the  sum  of  p  consecutive  terms 
beginning  with  the  (m  -\-V)th  is  an  infinitesimal^  however  great 
p  m,ay  he  made,  then  the  series  is  convergent. 

Let  e  represent  any  positive  number  taken  as  small  as  we 
please. 

Since  by  hypothesis 

is  an  infinitesimal,  then 

^^m+l  +  ^'m  +  2  +  ^m  +  a  +  '  *  *  +  U„  +  p  <  ^'  (§  376) 

•*•  '^m+p  -"  ^m'^^'  [2] 

Let  m  +  ^  =  71.  [3] 

Then  [2]  becomes         S^  —  S„<e.  [4] 

Now  let  p  increase  indefinitely. 
^y  [3]  ^  must  also  increase  indefinitely, 
and  limit  5„  =  S. 

Then  [4]  becomes  S-  S^<e,  [5] 

Since  by  [5]  S  —  S^is  an  infinitesimal, 

5  =  limit  ^^.  (§375) 

Therefore,  the  series  is  convergent.  (§  390) 

400.  If  an  infinite  series  is  convergent,  the  residue  R„  is  an 
infinitesimal. 

For,  when  p  is  made  to  increase  indefinitely  (§  399), 

^m+i  H-  u^+2  +  ^m+8  H 1"  ««m+p  ^s  au  infinitesimal. 

But      w„  +  i  +  t^^+2  +  M^+3  H h  w^^.^  =  R^, 

Therefore,  R^  is  an  infinitesimal. 
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401.  The  theorems  of  §§  399  and  400  may  be  stated^ 

Jf  the  residue  B^  of  an  infinite  series  is  an  infinitesimal,  the 
series  is  convergent;  and,  conversely ,  if  an  infinite  series  is 
convergent,  R„  is  an  infinitesimal, 

402.  If  an  infinite  series  ha^  positive  terms  only  and  S, 
rcTiiains  less  than  a  known  finite  magnitude  M,  however  great 
n  may  he  made,  then  the  series  is  convergent. 

VoT,  if  the  series  could  be  divergent^ 

limit  8n      ^ 

and  it  wotdd  be  possible  to  make  n  so  great  that  S^  would  be 
greater  than  M,  which  is  contrary  to  the  hypothesis. 
Therefore,  the  series  is  convergent. 

403.  If  the  infinite  series  Vi  +  V2  +  "^s  +  *  *  •  ^^'^  positive  terms 
only  and  is  convergent,  and  if  Jrom  a  definite  term  onwards 

Un  =  v^  or  Ua  <  Vn,  then  the  series  Uj  +  u,  +  Uj  H is  also 

convergent. 

Let  F,  =  Vx  +  Vj  +  Vj  H f-  v^ 

and  ^»  =  t*i  +  Wj  4-  ^8  H H  w». 

Since  the  first  series  is  convergent  by  hypothesis,  we  can 
take  m  so  great  that 

v«+i  4-  v^+a  4-  v«+8  H h  v«+p  <  e, 

however  great  p  may  be  made.  (§398) 

But    tt„+i  >  v^+y   tt„+,  >  v^+j,   .  • .,   u^^p  >  v^^p. 

Hence,  w^+i  4-  Wm+2  4-  •  •  •  4-  u^+p  <  e. 

Therefore,  the  series  Wi  + 1^  4-  Wg  4 is  convergent.  (§  399) 

404.  If  tJie  infinite  series  Vj  4-  Vj  4-  Vg  4-  •  •  •  has  positive 
terms  only  and  is  divergent,  and  if  from  a  definite  term  onwards 
Un  =  v^  or  Un  >  v^,  then  the  series  Uj  4-  u,  4-  u,  4-  •  •  •  is  also 
divergent. 


For,  if  the  «  eeriea  could  be  convergent,  then,  since  by  V 
hypotheais  «,  >m^  the  v  series  by  §  403  would  be  conveigent,^ 
which  is  contrary  to  the  hypothesis.  n\   , 

Therefore,  the  aeries  wi  +  wi  +  w,  H is  divergent  \    ■■ 

/405.   If  the  it\(inite  series  Ui  +  u,  +  u,  H has  positive,^  eH 

terms  only,  and  if  from,  a  given  term  onwards,  say  from,  the       Vi*^vJ 

li 
H 
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nth,  ^^^*^  >  k  <  1,  where  k  is  a  constant  independent  of  n,  then  y-  - 
the  series  is  convergent. 

By  hypothesis,  after  the  «th  term  ^^^^  >  k  for  every  value  ^ 
of  n.  "■ 

Hence,  n^+i  t  m»^  ^Ov  every  value  of  n. 

Therefore,  w&  may  make  the  following  table ; 


«-+■ 

>ujc, 

«-+. 

1  >w« 

*lk 

>«j'; 

«-  +  ! 

,  >«„ 

.^ 

J-".*", 

We  see  that  each  term  of  the  series 

«-  +  «»  +  !  +  «.,+  .  +  '(»+>  +  ■■■  [1] 

is  not  greater  than  the  corresponding  term  of  the  series 

«„  +  w„A  +  «^» +  «„*'  +  ■■■  [2]       -    ^ 

But  series  [2]  is  a  geometrical  pr<^es8ion  whose  ratio  is  k,  ^■^ 

and,  since  by  hypothesis  k<l,  the  precession  is  a  decreasing  ;> 

geometrical  progression,  and  therefore  convergent.        (§  390)  "" 

Hence,  aeries  [1]  is  convergent                                   (§  403)  (vi 

Therefore,  the  series  it,  +  «,  +  u,  H —  -is  also  convergent 

406,    If  the  infinite  series  u,  +  Oj  +  u,  +  ■  ■  ■  Atw  positive  terms  y 

only,  and  if  from  a.  d^nite  term  onwards,  say  from  the  nth,  \ 

-^^  <  1,  the  series  is  divergent.  — ! 

For  all  values  of  n  less  than  m,  h_.^i  <  «^  N 
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Therefore,  we  may  make  the  following  table : 

^m+l  <  ^mj 

•  •  *  • 

Now  the  series  u„  +  u,„  -\-  u^  +  u^  is  divergent.  (§  392) 

Hence,  the  series  u^  +  w„,^.i  +  u„^2  H is  divergent.  (§  404) 

Hence,  the  series  Ui  +  U2  +  •  --  -\-  Um-\-  w„,^i  +  W;„+2+  •  •  •  is 
also  divergent. 

^^fllSL  ^n  infinite  series  that  contains  both  positive  and  nega- 
tive  terms  is  convergent  if  the  series  consisting  of  the  absolute 
values  of  its  terms  is  convergent. 

Let  the  given  series  be 

^i  +  ^2  +  ^3  H 1-  ^n>  [1] 

and  let         5„,+p  -  5,„  =  w,„^i  +  «,„^2  H h  ^m+p.    '        [2] 

Let  |w„|  represent  the  absolute  value  of  u^,  and  let 

2  =  |i^,|  +  |w2|+'h^3|+---  [3] 

Then,  since  series  [3]  is  convergent  by  hypothesis,  by  §  398, 

^m+p  -  2,„  =  |w™+,|  +  h^„  +  2|  +  •  •  •  +  |^^„.+p1  <  e.         [4] 

Let    W^+i  +  W^  +  2  +  ^r  +  3H \-'^r  +  p  [p'] 

contain  all  the  positive  terms  in  series  [2], 
and  let         u,^^  +  u,^^  +  ^.  +  3  +  •  •  •  +  u.^p  [6] 

contain   the  absolute   values  of  all  .the   negative  terms   in 
series  [2]. 

Since  [5]  contains  only  a  part  of  the  terms  in  [4], 

Since  [6]  contains  only  a  part  of  the  terms  in  [4], 


CONVERGENCY  OF  SERIES  816 

Hence, 

or,        M^+1  +  i*r+2  +  •  •  •  +  "^r^p  ~  ^.+1  ^  ^.+2 «*,+!>  <  «.  [10] 

Since  [10]  contains  all  the  terms  in  [2], 

Therefore,  u^ -\- u^ -\- u^ '\ -\-u^\q  convergent.        (§  399) 

408.  If  the  absolute  values  of  the  terms  of  a  given  series 
form  a  convergent  series,  the  given  series  is  said  to  be  abso- 
lutely convergent. 

409.  Special  Case.  If  the  terms  of  an  infinite  seizes  are 
alternately  positive  and  negative,  and  if  the  terms  contin- 
ually decrease  and  the  limit  of  the  nth  term  is  zero,  then  the 
series  is  convergent. 

Consider  the  infinite  series,  • 

^1  -  ^2  H-  ^8  —  ^4  H T  ««„  ±  ^^n+i  ^  w»+2  ±  •  •  •• 

The  sum  of  the  terms  after  the  /ith  term  is 

±[^n  +  l  -  (Wn  +  2  -  ^n  +  8)-(^«  +  4  -  '^n  +  5) ];     that  is, 

±.[(^«  +  l  -  '^«  +  2)  +  K  +  8-  «*«  +  4)  +  (w„  +  5  -  W„  +  6)  +•••]• 

Since  the  terms  are  continually  diminishing,  each  group  in 
either  form  of  expression  is  positive,  and  the  value  of  the 
required  sum  is  seen,  from  the  first  expression,  to  be  less  than 
u^^i\  and  from  the  second  expression,  to  be  greater  than 
^n+i-"^n  +  2-  ^^t  both  w„^i  and  w„^.2  approach  zero  as  n 
increases  indefinitely;  hence  the  sum  of  the  series  after  the 
nth  term  approaches  zero  and  the  series  is  convergent.  (§  399) 

Thus  the  series  1 1 ■\-  *  "  ±-T ±  •  •  •  is  convergent 

2      3      4  n     n  +  1 

For,  we  may  write  the  series 

(1  -  i)  +  U  -  i)  +  (i  -  4) +  •••,  or  l-(i-})-(i -«-..., 

which  shows  that  its  sum  is  greater  than  \  and  less  than  1. 

u 
This  test  applies  to  series  in  which  -^^^  approaches  1  or  —  L 
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Exercise  56 

Determine  whether  the  following  infinite  series  are  conver- 
gent or  divergent : 


3*        «»        Xl 

X^       x^ 

'•   l  +  *+[2  +  [3  +  - 

X^        05*        05' 

^'   ^-|2  +  (i-(6+- 

X*   ,   x^       x^   , 

*•  ^      3+6       7  + 

V  '-'^Ihj 

3 

■  4 

6 

,  1.3. 5    x'  , 
"^2.4.6*  7  "^"* 

factorial' BINOMIAL   THEOREM 

410.  Factorial  Notation.  The  expression  w!'',  in  which  r  is 
a  positive  integer,  denotes  the  product 

1  X  w  X  (w  —  1)  X  (n  —  2)  X  •  •  •  X  (n  —  r  +  2)  X  (ri  —  r  +  1), 

and  is  read  factorial  n  of  order  r ;  w  is  the  primitive  (factor), 
and  r  is  the  index  of  the  order.     If  the  primitive  and  the  index 
of  the  order  are  equal,  the  latter  is  omitted. 
Thus,  nl»  is  written  simply  n!. 

.  In  writing  out  a  factorial  as  a  product,  the  initial  unit- 
multiplicand  is  usually  omitted,  so  that  the  general  practice 
is  to  write 

w!''  =  w  (n  —  1)  (w  —  2)  •  •  •  (w  —  r  -|- 1), 
and  n\  =  n  (ti  —  1)  (ti  —  2)  •  •  •  3  •  2  •  1. 

However,  inserting  the  initial  unit-multiplicand  gives  at 
once  the  interpretation  of  the  zero  index,  w!®  =  l,  and  the 
extension  to  negative  indices, 

^*  (n  +  l)(w  +  2)...(7i  +  r) 

Thug,  a  1»  =5^x5x4  =  120;  and5!  =  5x4x3x2xl  =  120. 
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Exercise  57 

Find  the  value  of 

• 
• 

1. 
2. 

7!^. 
7\\ 

* 

7.    ■ 

r! 

3. 

7!. 

8. 

(-  2)  !^ 

4. 

5!« 
3! 

9. 
10. 

(-  i)  J'. 

5! 

11. 

mi 

5. 

2!3! 

12. 

(Si)l\ 

6. 

8! 
4!4! 

13. 
14. 

16.  3!-«. 

16.  0!-*. 

17.  (-5)!-*. 

18.  (i)!-». 

19.  n!*". 

20.  (n  +  l)(7i!'-). 

21.  n(7i  + 1)^(71 -1)!''|. 

22.  (n -\- 1) (n  +  2) (n\). 

Assuming  that  Formula  [A],  §  288,  is  true  and  that  to  is  a 
positive  integer,  show  that : 

23.    (x  +  yy  =  x^  +  j^x^-'y-\--^x^-y-\-''' 


+  —  ^'""y  + 


ri 


X' 


24.    (aj  +  y)"  =  n !  -<  — :  + 


x^~^y 


+ 


a;"-V 


?i!  '   (7i-l)!l!   '   (to-2)!2! 


4- 


+ 


(n 


I  —  r)!r!  J 


25.    (aj  +  y)»  =  a;"  +  nl^O!- V-y  -f-  wI^OMa;'— y  H 


411.   Show  that  4'  +  ,^^  =  ^^^^'. 

r!       (r  — 1)!  r! 


n\ 


fr-l 


Now     4-^fo->-+l)fa!-'),and,       ,„ 
r!  rl  (r— 1)! 


^r        n]r'^         (to  -  r  +  1)  (yi!*-^  -f-  r (n!^-^) 
*  *  rl       (r  —  1)1  r! 

^  (to  4- 1)  (to!'--^)  _  (to  +  1)  I^ 
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412.   The  Factorial  Binomial  Theorem.      If  r  is  a  positive 
integer  and  m  and  n  any  numbers  whatever, 

By  successive  multiplications  we  obtain  the  following 
identities : 

The  proper  method  of  obtaining  the  expanded  forms  on  the 
right  is  as  follows : 

tn -^ n^  m,  +  n 

m  +  n  — 1  =  (m  —  1)  +  n ;  m  +  (n  —  1) 
m  (m  —  1)    +  WW 

+win, -f  n  (n  -- 1) 

.•.(m  +  n)I*  =  m!2  +2mn  +n\^  (i) 

m  +  n-"2  =  (7n-2)+n;  (m~l)-Kn~l);  mH-(n-2) 

mI2(m-2)  +  2mn(m-l)+m(nl2)  (ii) 

+m!gn  +2mn(n-l)H-nl3(n-2)    (iii) 

.•.(m  +  n)I8  =  mI8  +3wI2n!i         +3mlin!2        H-nl^  (iv) 

In  the  preceding  multiplication  the  line  (ii)  is  formed  by 
multiplying  the  first  term  of  line  (i)  by  (m  —  2),  the  second 
term  by  (m  —  1),  and  the  third  term  by  m.  Line  (iii)  is 
formed  by  multiplying  the  first  term  of  line  (i)  by  n,  the 
second  term  by  (n  —  1),  and  the  third  term  by  (n  —  2). 
Hence,  line  (iv),  which  is  the  sum  of  lines  (ii)  and  (iii), 
contains  the  first  term  of  line  (i)  multiplied  by  (m  —  2)  +  n, 
the  second  term  multiplied  by  (m  —1)  -\-(n  —  1),  and  the  third 
term  multiplied  by  m  +  (n  —  2).  Therefore,  line  (iv)  is  equal 
to  line  (i)  multiplied  hj  (m  +  n  —  2). 
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Continuing  this  process  to  form  a  line  (v)  by  multiplying 
the  first  term  of  line  (iv)  by  (m  —  3),  the  second  term  by 
(m  —  2),  the  third  term  by  (m  —  1),  and  the  fourth  term  by  m  j 
and  a  line  (vi)  by  multiplying  the  first  term  of  line  (iv)  by  w, 
the  second  term  by  (n  —  1),  the  third  term  by  (w  —  2),  and 
the  fourth  term  by  (n  —  3),  we  have 

{:m^-nY?  =  m\^  +3m!2nli  +3m!inl2  +n!8         (iv) 

m  +  n - 3  =(m-3)H-n;  (m-2)H-(n~l);  (m-l)  +  (n-2);  m-Kn-3) 

ml*  +3m!8n!i         H-3m!27i!2        +   m\^n\^  (▼) 

+   misyil^        +3m!gn!g        H-3m!inl»+n!*    (vi) 

.•.(m  +  n)!*=m!*  H-4»i!8w!i         -f-fiml^n!^         H-4?nIin!8+nI*  (vii) 

These  expansions  may  be  written  in  a  form  better  adapted 
to  show  the  formation  of  the  coefficients  of  their  terms : 


2  2 

3  3 

4  4 


m.%!2  + 


1 
4 


+ 


1 
4 


2 
3 


2 
3 


2 


3       ' 


m!^7i!* 


3 
21 


34 


711 


t* 


Comparing  these  expansions  with  those  of  the  powers  of 
(a  H-  Z>)  as  given  in  §  285,  we  observe  that  corresponding 
terms  up  to  the  fourth  order  and  the  fourth  power  have 
the  same  coefficients  and  have  the  same  indices  of  order  as 
exponents. 

To  prove  that  the  corresponding  coefficients  and  indices  of 
order  are  the  same  as  the  coefficients  and  exponents  in  the 
expansion  of  the  Binomial  Theorem  for  all  positive  integral 
values  of  index  of  order  and  exponent,  we  proceed  exactly  as  in 
§  288.  We  assume  that  laws  1,  2,  and  3  (§  286)  hold  true  up 
to  a  given  value,  r,  of  the  index  of  order,  and  prove  that  in  such 
case  they  hold  true  for  the  value  r  +  1  of  the  index  of  order. 
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Let  it  be  granted  that 

(m  +  n)!'"  =  mr  +  -m\^-^n\^+-^ ^-m\^-Hl^  + . .  •  +  —  ml'^'nlH--  [1] 

1  1*2  t\ 

Multiply  the  first  term  on  the  right  of  [1]  by  (m  —  r),  the 
second  term  by  (m  —  r  +  1),  the  third  term  by  (m  —  r  -f-  2), 
and  so  on ;  writing  the  partial  products  in  order  in  a  line. 

Form  a  second  line  by  multiplying  the  first  term  on  the 
right  of  [1]  by  n,  the  second  term  by  (n  —  1),  the  third  term 
by  (n  —  2),  and  so  on ;  writing  the  first  partial  product  of  this 
line  under  the  second  partial  product  of  the  first  line. 

Add  the  two  lines  of  partial  products,  simplifying  the  coeffi- 
cients of  the  sum  by  §  411,  and  we  obtain  the  product  of  the 
right  member  of  [1]  by  (m  +  w  —  r).     Thus : 

mr  +  -ml'^inli  +  ^^^  ~  ^^  ml^Hl^  +  •  •  •  +  —  ml^«nl«  +  •  •  • 

1  1-2  t\ 

{m-r)+n;   (m-r+l)  +  (n-l) ;    (m-rH-2)  +  (n-2) ;   {m-r-j-t)  +  {n'-t) 

1  1-2  t\ 

+  mKnli  +  -mr-inl^  + f-  — '- mK+i-'n!'    +  •  •  . 

_J (<-!)! 

1  1.2  ^! 

=  (m  +  n)  r+i.  [2] 

Hence,  if  the  expansion  [1]  is  true  for  any  given  positive 
integer  r,  it  is  true  for  (r  +  1).  Now  expansion  [1]  is  true  for 
r  =  4,  as  shown  on  page  319.  Therefore,  it  is  true  for  r  =  5 ; 
and,  being  true  for  r  =  5,  it  is  true  for  r  =  6  ;  and  so  on.  In 
short,  Formula  [1]  is  true  for  all  positive  integral  values  of 
the  index  of  order. 

Hence,  for  all  positive  integral  values  of  r, 

(m  +  n)I'  =  ml'  +  nnl'-*nl*  +  ^^^""^^  m!'-«n!«  +  • . 

It 
+  ^mI'-*nI*H 

Note.  Theorem  [1],  §  412,  is  often  named  Vandermonde's  Factorial 
Theorem,  and  Theorem  [A],  §  288,  Newton^s  Binomial  Theorem. 
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413.  Binomial  Theorem ;  Any  Exponent.  Let  m  and  n  be  an}^ 
two  scalar  numbers  and  let  the  value  of  x  be  so  taken  as  to 
render  convergent  each  of  the  three  series 

l+«^  +  !Li|lzll^.  +  ...  +  ^*^.  +  ...,  (ii) 

IH T — x^-^ ^-^—r ^x^ h^^ — 7j— ^x*..-   (ill) 

Then,  series  (iii)  is  the  product  of  series  (i)  and  series  (ii). 

For,  on  forming  the  product  of  series  (i)  and  series  (ii)  and 
arranging  it  according  to  descending  powers  of  x,  the  coeffi- 
cient of  X*  is 

mV         mV~^n  m\*~'^n\^        m\*~'^n\^ 

7r+(^_- 1)1111  ■^(jj-.2)!2!'^(^-3)!3! 

tl  \  1  1.  •  Z 


^         1-2-3 


(m  +  n)\'  ,,  .  .-^ 

=  ^    T,   ^    •  (§  412) 


Hence,  if  x  is  so  taken  as  to  make  all  three  series  con- 
vergent, we  may  write 

m         m(m  —  l)  1  /         n        n(n  —  l)    .  ,        \ 

'^-^J^-^       1.2     ^^'  +  ---||l  +  i^  +  -V2      "^  "^••'J 
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414.  If  m  is  any  positive  integer,  then  by  §  291  series  (i) 
is  equal  to  (1  +  «)"•.  If  n  =  —  m,  so  that  7t  -f-  m  =  0, 
Formula  [1],  §  413,  becomes 

Divide  by  (1  +  a?)"*, 

^         .       ^  .       ^( ^    1)         «       .  1  •-•         .  V 

i+— ^+— 1:2 — ^-"+-=(rT^=(i+-)-" 

^  1.2.3  L  -J 

Comparing  this  theorem  with  Formula  [A],  §  288,  we  see 
that  [2]  merely  extends  [A]  to  all  negative  integral  exponents. 

415.  Let  w  =  »  in  [1],  §  413.     Then, 

j.,n     .  n(n-l)   ,,        "l«      .      2n     .  2w(2»-l)    ,, 

1^  +  1^+    1:2    ^+---|=^+T'^+      1-2     ''+••• 

Multiplyby  l+2a,  +  l(|^a,«  +  ..., 

and  reduce  the  resulting  right-hand  member  by  [1],  §  413. 
Then, 

f        »     .  w(w-l)  l*    '     ,  3»     .  3w(3w-l)   ,, 

V+l*+     1:2     '"+•••/  =!+—«'+      \.2       '"+••• 


n  ^  (^  —  1) 


Multiply  again  by  1  +  7  »  H — ^^    o      ^^ -\ > 

reduce  by  [1],  §  413,  and  repeat  to  q  factors,  q  being  any 
positive  integer.     Then, 
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Let  ri  =  — >  in  which  p  is  any  integer,  positive  or  negative. 
Then,  ^ 


^  7 


=  1  +  I  oj  +  ^^fyy^  :r  2  +  . . .  =  ( 1  +  a;) '^ 

by  Formula  [A],  §  2SS,  or  Pormula  [2],  §  414,  according  as  p 
is  positive  or  negative. 

Take  the  arithmetical  g'th  root  of  each  side.     Then, 

P        P(l-i)        P(P-i)(P^2) 

P 

If  p  is  prime  to  5,  (1  +  x) «  has  q  different  values,  and  series  [3]  gives 
the  arithmetical  or  principal  value. 

416.   On  comparing  [A],  §  288,  [2],  §  414,  and  [3],  §  415, 
it  will  be  seen  that  [2]  and  [3]  are  in  form  included  in  [A]. 
Hence,  for  any  rational  scalar  value  of  n, 

n        n(n  — 1)    ,      nCn  — l)('n  — 2)   .  ^.^ 

(l+x)"=l+jx+     \^   ^x«+    ^     ^,3^^3 ix3  +  ...[A] 

provided  x  is  so  taken  as  to  render  the  series  of  the  expansion 
convergent. 

For  irrational  scalar  values  of  n  we  may  substitute  approxi- 
mate rational  values,  carrying  the  approximation  to  any 
required  degree;  or  we  may  carry  the  approximation  closer 
than  any  assigned  difference,  however  small  in  absolute 
value,  and  thus  prove  that  Formula  [A]  holds  true  for  all 
scalar  values  of  n. 
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414.  If  m  is  any  positive  integer,  then  by  §  291  series  (i) 
is  equal  to  (1  +  «)"•.  If  n  =  —  rrtj  so  that  ti  -f-  m  =  0, 
Formula  [1],  §  413,  becomes 

Divide  by  (1  +  flB)"*, 

1  -\ X  -\ ^ ^  x^  -\ = =  (14-  x\^^. 

^     1       ^  1.2  ^  (l  +  a;)-      ^    ^^ 

.-.  (1  H-  «)-»»  =  14-  ^—  X  H Y:^ ^ 

1.2-3  L^-J 

Comparing  this  theorem  with  Formula  [A],  §  288,  we  see 
that  [2]  merely  extends  [A]  to  all  negative  integral  exponents. 

415.  Let  m  =  71  in  [1],  §  413.     Then, 

V+i^+  1:2  ^+'-';=^+T"^+    1.2    ^+'- 

Multiply  by  l  +  jx+Z"^^"^^  cc«  +  ••-, 

and  reduce  the  resulting  right-hand  member  by  [1],  §  413. 
Then, 

\..n     .  n(n-l)    ^^      1»     i  .  Sti     .  37i(37i-l)    ^  , 

Multiply  again  by  1  +  7  «  H — \    ^   ^  x^  H , 

reduce  by  [1],  §  413,  and  repeat  to  q  factors,  q  being  any 
positive  integer.     Then, 
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71         n(7i  —  l)  V     ^   .  qn      .  qn(qn  —  l) 

^■*"i^"^   1:2   "^  +"7  =^"^  1  ^+     1.2    "^•^•" 

Let  71  =  —J  in  which  j9  is  any  integer,  positive  or  negative. 
Then,  ^ 


^+T'^  +  "-V2 — "^  + 


^  I 


=  l  +  ^,+£(£^,.+...  =  (l  +  ^)p 

by  Pormula  [A],  §  288,  or  Pormula  [2],  §  414,  according  as  p 
is  positive  or  negative. 

Take  the  arithmetical  qth.  root  of  each  side.     Then, 

-.    I  f(f-0   f(?-0  (!-=') 

P 

If  p  is  prime  to  5,  (1  +  x)«  has  q  different  values,  and  series  [3]  gives 
the  arithmetical  or  principal  value. 

416.    On  comparing  [A],  §  2SS,  [2],  §  414,  and  [3],  §  415, 
it  will  be  seen  that  [2]  and  [3]  are  in  form  included  in  [A]. 
Hence,  for  any  rational  scalar  value  of  ti, 

(l+x)"=l+-x+    \^   ^x'+    ^     ^^\^ ix3  +  ...[A] 

provided  x  is  so  taken  as  to  render  the  series  of  the  expansion 
convergent. 

For  irrational  scalar  values  of  n  we  may  substitute  approxi- 
mate rational  values,  carrying  the  approximation  to  any 
required  degree;  or  we  may  carry  the  approximation  closer 
than  any  assigned  difference,  however  small  in  absolute 
value,  and  thus  prove  that  Formula  [A]  holds  true  for  all 
scalar  values  of  n. 
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417.  If  n  is  fractional  or  negative,  the  expansion  of  (a  +  by 

f        bV 
must  be  in  the  form  a*(lH--)    li  a>b:   and  in  the  form 

ftMl  +  IJ    iib>a. 

418.  Convergency  of  the  Binomial  Series.  In  the  expansion 
of  (1  -f  xy,  the  ratio  of  the  (r  +  l)th  term  to  the  rth  term  is 
(§  294) 


71  —  r  -f  1 
X,     or 


(^-.y 


71+1 

If  X  is  positive,  and  r  greater  than  ti  -f  1, 1  is 

r 

negative.  Hence,  the  terms  in  which  r  is  greater  than  7i  +  1 
are  alternately  positive  and  negative. 

If  X  is  negative,  the  terms  in  which  r  is  greater  than  n  -{- 1 
are  all  positive.     In  either  case  we  have 

as  r  is  indefinitely  increased,  this  approaches  the  limit  —  x. 
Hence  (§  405),  the  series  is  convergent  if  x  is  numerically  less 
than  1. 

419.   Examples.     (1)  Expand  (1  -f  x)K 

1*2  1 • 2 • o 

2  2-6 

^        3-6  3.6.9 

The  above  equation  is  true  only  for  those  values  of  x  that  make  the 
series  convergent. 

(2)  Expand  — 


vTr 


X 


=  (1  -  »)-*  =  1  -  (-  j)x  +  —ki — 1x2  — t: — L — 1x8  4. ... 


Vrr^    '      '  '   *         1-2  1.2.3 

if  X  is  so  taken  that  the  series  is  convergent. 
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A  root  may  often  be  extracted  by  means  of  an  expansion. 
(3)  Extract  the  cube  root  of  344  to  six  decimal  places. 

•••  ^5^  =  7  (1  +  ifir)* 

L     3V343/       1.2    V343/        J 

=  7(1  +  0.000971817  -  0.000000944) 
=  7.006796. 


^ 

Zixercise  58 

Expand  to  four  terms  : 

1.   (l+x)K 

4.   (1-aj)-*. 

2.   (1+Jc)*. 

6.    (l-\-x)K 

3.         1        . 

0.      1     . 

■^1-x 

■^a'  -  a;" 

Find: 

7.  ■v'2-3jc. 

8.  ^(2  -  xy. 

V(i  +  2  xy 


10.  The  eighth  term  of  (1  -  2  a?)*. 

11.  The  tenth  term  of  (a  —  3  x)~'\ 

12.  The  (r  +  l)th  term  of  (a  +  x)K 

13.  The  (r  -f  l)th  term  of  (a^  -  4  a;^"*. 

14.  The  square  root  of  65  to  five  decimal  places. 

15.  The  seventh  root  of  129  to  six  decimal  places. 

16.  Expand  (1  —  2  x  +  3  a;^)""*  to  four  terms. 

(1  4-  2  xY 

17.  Find  the  coefficient  of  x^  in  the  expansion  of  ^ 7r-h' 

^  (l  +  3ic)' 

18.  By  means  of  the  expansion  of  (1  -f-  x)*  show  that  V2 
is  the  limit  of  the  series 

1  4.  i  _  J_  4.     1-3     _     135 
■^^2      2.22'^2.3.2«      2.3.4.2*"^*" 
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19.  Find  the  first  negative  term  in  the  expansion  of 
(1  +  x)"^. 

20.  Expand  \/— tL£  in  ascending  powers  of  x  to  six  terms. 

21.  If  n  is  a  positive  integer,  shov  that  the  coefficient 
of  x*""^  in  the  expansion  of  (1  —  aj)~*  is  always  twice  the 
coefficient  of  a^"*. 

22.  If  m  and  n  are  positive  integers,  show  that  the  coeffi- 
cient of  x*"  in  the  expansion  of  (1  —  x)"""^  is  the  same  as  the 
coefficient  of  x*  in  the  expansion  of  (1  —  a;)~"*~\  

23.  Find  the  coefficient  of  x*'"  in  the  expansion  of  a/  ~"  ^ 
in  ascending  powers  of  x. 

24.  Prove  that  the  coefficient  of  x*"  in  the  expansion  of 


SERIES  OF  DIFFERENCES 

420.  Definitions.  If,  in  any  series,  we  subtract  the  first  term 
from  the  second,  the  "second  term  from  the  third,  and  so  on, 
we  obtain  a  first  series  of  differences ;  in  like  manner,  from  this 
last  series  we  may  obtain  a  second  series  of  differences ;  and 
so  on.  In  an  arithmetical  series  the  second  differences  all 
vanish. 

There  are  series,  allied  to  arithmetical  series,  in  which  not 
the  first,  but  the  second,  or  third,  etc.,  differences  vanish. 

Thus,  take  the  series 

1        5        12        24        43        71        110 
First  differences,         4        7         12        19        28        39 
Second  differences,  3         5  7  9         11 

Third  differences,  2  2  2  2 

Fourth  differences,  0         0         0 


^2          ^8          ^4 

% 

ag       ay 

^2           ^3 

^4 

^5        ^6 

Ci           ^2           ^8 

<?4 

Cs 

^1           ^2 

ds 

d^       •  •  • 

Ci           62 

^3 

•  •  • 
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In  general,  if  aj,  a2,  a^,  •  •  •  is  such  a  series,  we  have 

First  differences,       b^ 
Second  differences. 
Third  differences, 
Fourth  differences, 

and  finally  arrive  at  differences  which  all  vanish. 

421.  Any  Required  Term.  For  simplicity  let  us  take  a 
series  in  which  the  fifth  series  of  differences  vanishes.  Any 
other  case  can  be  treated  in  a  manner  precisely  similar. 
From  the  manner  in  which  the  successive  series  are  formed 
we  shall  have : 

ag  =  aj  +  ^1  ttg  =  ttg  +  ^2  =  ^1  +  2  &!  4-  Ci 

*2  =  *i  +  <Ji  63  =  62  4-  ^2  =  61  4-  2  Ci  H-  di 

C2  =  Ci  '\'  di  Cg  =  C2   H-  6?2  =  ^1  +  2  6?i  4-  Bi 

^2  =  ^1  H-  ^1  ^3  =  ^2  +  «2  =  ^1  +  2  Ci 

62   =  ^1  ^8    ^^  ^2  ^  ^1 

a^  =  ag  4"  ftg  =  «!  4"  3  ^1  4*  3  Cj  -\-  di 
h  =h  +<^8  =  *i  4-  3  Cj  +  3  c?i  +  61 
^4  =  ^8  +  ^3  =  ^1  4-  3  (^1  4-  3  61 
^4  =  ^3  +  «s  =  ^1  H-  3  «! 

a^  =  0^4  4-  ^4  =  «!  4-  4  ftj  4-  6  Cj  4-  4  6?i  4-  e^ 
*5  =^4+^4  =  fti  4-  4  Ci  +  6  6?i  4-  4  61 
Cg  =  C4  -i-  d^  =  Ci  4-  4  6?i  4-  6  «! 

ag  =  ttj  4-  ^5  =  »i  4-  5  &!  4- 10  Cj  4- 10  6?i  4-  S  Cj 
ftg  =  65  4-  C5  =  fti  4-  5  Ci  4- 10  £?i  H-  10  ^1 

a^  =  ttg  4-  ^6  ==  ^i  +  ^  ^1  4- 15  Ci  4-  20  rf^  4- 15  e^ 
and  80  on. 
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The  student  will  observe  that  the  coefficients  in  the  expres- 
sion for  as  aJ^e  those  of  the  expansion  of  (x  +  3/)*,  and  simi- 
larly for  ae  and  a^,  Hence,  in  general,  if  we  represent  a^,  biy 
Ciy  etc.,  by  a,  b,  c,  etc.,  and  put  a„^ ^  for  the  (n  +  l)th  term, 
we  obtain  the  formula 

71(71  —  1)         n(n  —  1)  (n  —  2)  _  , 

rind  the  11th  term  of  1,  5,  12,  24,  43,  71,  110,  •  •  • 

Here  (§  420),  o  =  l,  6  =  4,  c  =  3,  d  =  2,  e=0;  and  n  =  10. 

.-.  an  =  a  +  106  +  46c  +  120d 

=  1+40  +  136  +  240  =  416. 

422.  Sum  of  the  Series.  Form  a  new  series  of  which  the 
first  term  is  0,  and  the  first  series  of  differences  «!,  a2,  a^,  •  •  • 
This  series  is  the  following ; 

0,   «!,  «!  H-  tta,  «!  +  ^2  +  ^8j  ^1  +  ^2  4-  ^8  +  ^4>  •  •  • 

The  (n  +  l)th  term  of  this  series  is  the  sum  of  n  terms  of 
the  series  ai,  a2>  ^8>  *  *  * 

(1)  Find  the  sum  of  11  terms  of  the  series  1,  5,  12,  24,  43, 
71,  ... 

The  new  series  is        0        1        6        18        42        86        166 
First  differences,  1        6       12        24        43        71 

Second  differences,  4        7        12        19        28 

Third  differences,  3        6  7  9 

Fourth  differences,  2         2  2 

Here,  a  =  0,  6  =  1,  c  =  4,  (i  =  3,  c  =  2;  and  n  =  11. 

.-.  «  =  a  +  116  +  66c  +  166(i  +  330e 
=  11  +  220  +  496  +  660 
=  1386. 

If  s  is  the  sum  of  n  terms  of  the  series  ai,  az,  a^,  • . . 

A  ,  .  w(^  — 1)7    ,  n(n  —  l)(n  —  2) 

(2)  Find  the  simi  of  the  squares  of  the  first  n  natural 
numbers,  V,  2\  S^  4«,    ..,  n\ 


t 
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Given  series,  1        4        9        16        26      •  •  •      «* 

First  differences,  3        6        7  9      •  •  • 

Second  differences,  2        2         2      •  •  • 

Third  differences,  0        0 

Therefore,  o  =  1,  6  =  3,  c  =  2,  d  =  0. 

These  values  substituted  in  the  general  formula  give 

.  n(n-l)      o  .  n(n-l)(n-2)  ^  . 
'  =  "+     l72     ^'+       1x2x3     ^' 

=  ?{6  +  9n-9  +  2n2-6n  +  4} 
6  \ 

6  6 

423.  Piles  of  Spherical  Shot.  I.  When  the  pile  is  in  the 
form  of  a  triangular  pyramid  the  summit  consists  of  a  single 
shot  resting  on  three  below ;  and  these  three  rest  on  a  course 
of  six ;  and  these  six  on  a  course  of  ten ;  and  so  on^  so  that 
the  courses  form  the  series 

1, 1  +  2,  l-f-24-3,  1  +  2  +  3  +  4,...,  1  +  2H hn. 

Given  series,  1        3        6        10        16      •  •  • 
First  differences,  2        3        4  5      . . . 

Second  differences,  1        1         1      •  •  • 

Third  differences,  0        0      •  • 

Here,  a  =  1,  6  =  2,  c  =  1,  d  =  0. 

These  values  substituted  in  the  general  formula  give 

.  n(n-l)      ^^«{n-l){ii-2) 
2  2x8 

_w«  +  3w»  +  2n 

6 
_n(n'\-  l)(n  +  2) 
■"       1x2x3 

in  which  n  is  the  number  of  balls  in  the  side  of  the  bottom  course,  or  the 
number  of  courses. 


t 
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II.  When  the  pile  is  in  the  form  of  a  pyramid  with  a  square 
base  the  summit  consists  of  one  shot,  the  next  course  consists 
of  four  balls,  the  next  of  nine,  and  so  on.  Therefore  the 
number  of  shot  is 

lii  +  2«  +  32  +  4«  +  ...+n«. 

This  sum  is  "^\'-,Txy'^-  «^^^) 

in  which  n  is  the  number  of  balls  in  the  side  of  the  bottom  course,  or  the 
number  of  courses. 

III.  When  the  pile  has  a  base  which  is  rectangular,  but 
not  square,  the  pile  terminates  with  a  single  row.  Suppose  p 
the  number  of  shot  in  this  row ;  then  the  second  course  con- 
sists of  2  (^  -f  1)  shot ;  the  third  course  of  3  (^  +  2)  ;  and 
the  nth  course  oi  n(^'p  -\-  n  —  1).     Hence,  the  series  is 

Given  series,  p  2p  +  2  Sp  +  6  4p  +  12 

First  differences,        p  +  2  l>  +  4  p  +  6 

Second  differences,  2  2 

Third  differences,  0 

Here,  a  =  p,  6  =  p  +  2,  c  =  2,  d  =  0. 

These  values  substituted  in  the  general  formula  give 

.  n(»-l),      ,  „    .  n(n  —  l)(n  — 2)      . 

=  3  {6i)  +  3(B  -  l)(l)  +  2)  +  2(n  -  l)(n  -  2)} 

U 

= -(6i>  +  3np  -  3p  +  6n  -  6  +  2n3  -  6n  + 4) 
6 

=  5(3np  +  3p  +  2n2-2) 

=  ^(n  +  l)(3p  +  2n-2). 

If  n'  denotes  the  number  in  the  longest  row,  then  n"  =  p  +  n  —  1,  and 
therefore  p  =  n'  —  n  +  1.     The  formula  may  then  be  written 

a  =  ^(n  +  l)(3n'-n  +  l), 

in  which  n  denotes  the  number  of  shot  in  the  width,  and  n'  in  the  length, 
of  the  bottom  course. 
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When  the  pile  is  incomplete  compute  the  number  in  the 
pile  as  if  complete,  then  the  number  in  that  part  of  the  pile 
which  is  lacking^  and  take  the  difference  of  the  results. 

Zixeroise  59 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43,  •  •  . 

2.  Find  the  sum  of  the  series  4, 12,  29,  55,  •  •  •  to  20  terms. 

3.  Find  the  twelfth  term  of  4,  11,  28,  55,  92,  •  •  • 

4.  Find  the  sum  of  the  series  43,  27, 14,  4,  —  3,  ••.  to  12 
terms. 

5.  Find  the  seventh  term  of  1,  1.235,  1.471,  1.708,  •  •  • 

6.  Find  the  sum  of  the  series  70,  66,  62.3,  58.9,  •  •  •  to  15 
terms. 

7.  Find  the  eleventh  term  of  343,  337,  326,  310,  •  •  • 

8.  Find  the  sum  of  the  series  7  x  13,  C  x  11,  5  x  9,  •  •  •  to 

9  terms. 

9.  Find  the  sum  of  n  terms  of  the  series  3  x  8,  6  x  11, 
9x14,12x17,... 

10.  Find  the  sum  of  n  terms  of  the  series  1,  6, 15,  28, 45,  • « « 

11.  Show  that  the  sum  of  the  cubes  of  the  first  n  natural 
numbers  is  the  square  of  the  sum  of  the  numbers. 

12.  Determine  the  number  of  shot  in  a  side  of  the  base  of  a 
triangular  pile  which  contains  286  shot. 

13.  The  number  of  shot  in  the  top  course  of  a  square  pile 
is  169,  and  in  the  lowest  course  1089.  How  many  shot  are 
there  in  the  pile  ? 

14.  Find  the  number  of  shot  in  a  rectangular  pile  having 
17  shot  in  one  side  of  the  base  and  42  in  the  other. 

16.  Find  the  number  of  shot  in  the  five  lowest  courses  of  a 
triangular  pile  which  has  15  in  one  side  of  the  base. 
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16.  The  number  of  shot  in  a  triangular  pile  is  to  the  num- 
ber in  a  square  pile^  of  the  same  number  of  courses,  as  22  to 
41.     Fmd  the  number  of  shot  in  each  pile. 

17.  Find  the  number  of  shot  required  to  complete  a  rectan- 
gular pile  that  has  15  and  6  shot  respectively  in  the  sides  of 
its  top  course. 

18.  How  many  shot  must  there  be  in  the  lowest  course  of  a 
triangular  pile  that  10  courses  of  the  pile,  beginning  at  the 
base,  may  contain  37,020  shot  ? 

19.  Find  the  number  of  shot  in  a  complete  rectangular  pile 
of  15  courses  which  has  20  shot  in  the  longest  side  of  its  base. 

20.  Find  the  number  of  shot  in  the  bottom  row  of  a  square 
pile  that  contains  2600  more  shot  than  a  triangular  pile  of  the 
same  number  of  courses. 

21.  Find  the  number  of  shot  in  a  complete  square  pile  in 
which  the  number  of  shot  in  the  base  and  the  number  in  the 
fifth  course  above  differ  by  225. 

22.  Find  the  number  of  shot  in  a  rectangular  pile  that  has 
600  in  the  lowest  course  and  11  in  the  top  row. 

COMPOUND   SERIES 

424.    A  compound  series  is  a  series  in  which  the  terms  are 
the  sum  or  the  difference  of  the  terms  of  two  other  series. 
(1)  Find  the  sum  of  the  series 

1  1  1  1 

1x2'    2x3'    3x4'    "*'    n(n-\-iy 

Each  term  of  this  series  may  evidently  l)e  expressed  in  two  parts : 

1111  11 


12      23  ?in  +  l 

Hence,  the  sum  is 

Vl      2/      \2     8/      \3     4/  \n     n  +  lJ 
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in  which  the  second  part  of  each  term  except  the  last  is  canceled  by 
the  first  part  of  the  next  succeeding  term. 

Hence,  the  sum  is  1 . 

n  +  1 
As  n  increases  without  limit,  the  sum  approaches  1  as  a  limit. 

(2)  Find  the  sum  of  the  series 


3x5     4x6     5x7  '    71(71  +  2) 

The  terms  may  be  written, 

1(1.1),  l(l.\Y  ..,  1(1— i-). 

2\8      6/      2V4      6/  '     2Vn     n  +  2/ 

c  1/1.1.1.1,  .111  1         1  1    N 

2\8     4      6     6  n     6     6  n     n-\-\     n  +  2/ 

=  1(1  +  1— i 1-) 

2\3     4     n  +  1      n  +  2/ 


24      2(n+l)      2(n  +  2) 
As  n  increases  without  limit,  this  sum  approaches  ^  as  a  limit. 

Zixercise  60 

Write  the  general  term,  and  the  sum  to  n  terms,  and  to  an 
infinite  number  of  terms,  of  the  following  series : 

1x4^2x5^3x6^  1x5^5x9^9x13^ 

O  1      _L      1       _L      1      _L  A  ^        .  6         .  6  . 

1x3     2x4^3x5^  2x7^7x12^12x17  "^ 

5.    — 1 1 = 1 1 1 

5  X  11      8  X  14  ^  11  X  17  ^ 

6     — 1 1 1 1 1 

3x8^6x12^9x16^ 

Write  the  series  of  which  the  general  term  is : 

37*4-1 


7.    —, TT-: —'  8. 


71  (71  +  1)  (71  H-  2)  (n  H-  1)  (71  -f-  2)  (n  +  3) 
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INDETERMINATE  COEFFICIENTS 

425.  If  two  series  which,  are  arranged  by  powers  of  x  are 
equal  for  all  values  of  x  that  make  both  series  eonvergetUj  the 
corresponding  coefficients  are  equal  eax^h  to  each. 

Let  the  equation 

a  +  bx  +  cx^  +  dx*  -] =  A  -{-  Bx -{-  Cx^ -{-  Dx*  H [1] 

hold  true  for  all  values  of  x  that  make  both   series   con- 
vergent. 

Since  this  equation  holds  true  for  all  values  of  x  which 
make  both  series  convergent,  it  holds  true  when  x  =  0. 

For  a  =  0,  a  =  A.  [2] 

Subtract  [2]  from  [1],  and  since  for  any  value  of  x  that  is 
not  0  we  may  divide  by  ar,  divide  each  member  by  x ;  then 

b-{'CX-{'dx^-\ =  5  +  Cx  -f  I>x^  H [3] 

Then  for  a  =  0,  b  =  B,  [4] 

In  like  manner,  c  =  C ;  and  so  on. 

Hence,  the  corresponding  coefficients  are  equal  each  to  each. 

426.  Partial  Fractions.  To  resolve  a  fraction  into  partial 
fractions  is  to  express  it  as  the  sum  of  a  number  of  fractions 
of  which  the  respective  denominators  are  the  factors  of  the 
denominator  of  the  given  fraction.  This  process  is  the 
reverse  of  the  process  of  adding  fractions  that  have  different 
denominators. 

Resolution  into  partial  fractions  may  be  easily  accomplished 
by  the  use  of  indeterminate  coefficients  and  the  theorem  of  §  425. 

In  decomposing  a  given  fraction  into  its  simplest  partial 
fractions^  it  is  important  to  determine  what  form  the  assumed 
fractions  must  have. 

Since  the  given  fraction  is  the  sum  of  the  required  partial 
fractions,  each  assumed  denominator  must  be  a  factor  of  the 
given  denominator. 
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1.  All  the  factors  of  the  giyen  denominator  may  be  real  and 
different. 

In  this  case  we  take  each  factor  of  the  given  denominator 
as  a  denominator  of  one  of  the  assumed  fractions. 

Thus, — -•  = + 


(X  -  2)  (X  -  3)      X  -  2      X  -  3 

2.   All  the  factors  of  the  given  denominator  may  be  equal. 
In  this  case  we  assume  as  denominators  every  power  of  the 
repeated  factor  from  the  given  power  down  to  the  first. 

_,                     x2  +  l            A       ^       B      ^     C 
Thus, = —  + —  + 


(X  -  1)8      (X  -  1)8      (X  -  1)2     X  -  1 

3.   All  the  factors  may  be  real  and  some  equaL 

In  this  case  we  combine  the  methods  of  the  first  two  cases. 

4x8  -  63x2 +  338X- 619          ^                B       ,      C      ,     D 
Thus,  ; -— = -f  z i:z:i  + ^  + 


(x-6)8(x-7)  (x~6)8  ■  (x-6)2      x~6      x-7 

4.   All  the  factors  may  be  imaginary. 

The  imaginary  factors  occur  in  pairs  of  conjugate  imaginaries 
so  that  the  product  of  each  pair  is  a  real  quadratic  factor. 

For  example,  in  the  fraction  ^^.  ^  ^^  ^^s)(x^-^2x +5) 
the  factor  a;^4-2a;  +  5  =  (xTl-2V^)(a;-f-l+2V^), 

and  the  factor  a;2-4a;  +  13  =  (^T2-3V^)(a;-f-2  +  3V^). 

In  this  case  we  assume  a  fraction  of  the  form  —z-. —7 

x^±.  ax  -{-  o 

for  each  quadratic  factor  in  the  given  denominator. 

^^  7x8-6x2  +  9x4-108  Ax  +  B       ,       Cx  +  D 

Thus,     — — . ,.  .  ......  .  ^  .  .  ..  =  -:; — ......  + 


(x2-4x  +  13)(x2  +  2x  +  6)      x2-4x  +  13      x2-f2x  +  6 

5.    Some  of  the  factors  may  be  imaginary. 
In  this  case  we  combine  the  method  of  the  fourth  case  with 
the  method  of  one  of  the  preceding  cases. 

^                   13x2-68x  +  96             A      .       J5x  +  C 
Thus,         = f- 


(x-6)(x2-6xH-13)      x-6      x2-6xH- 13 
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3^. J 

(1)  Resolve -^rr- ^  into  partial  fractions. 

3x-7  A      ,      B 

Assume  = • 

(X  -  2)  (a;  -  3)     x  -  2      x  -  3 

Then,  3x-7=^(x~3)  +  B(x  -  2). 

,',  A  -^  B  =  S  8Jid  SA  +  2  B  =  7  ;  (§  426) 

whence,  A  =  l  and  B  =  2. 

rm.      *                        3x-7                 1       .       2 
Therefore, = h 


(X  -  2)  (x  -  3)     X  -  2      X  -  3 
This  identity  may  be  verified  by  actual  multiplication. 

3 

(2)  Resolve     3      .   into  partial  fractions. 

The  denominators  will  be  x  +  1  and  x^  —  x  +  1. 

3            A      ,     Bx  +  C 
Assume  — = h 


X8+1       X  +  1        X2-X+1 

Then,  3  =  ^(x2 -x  +  1)  +  (2?x  +  0)(x  +  1) 

=  (A  -\-  B)x^  +{B  +  C -  A)x  +(A  -{-  C). 
Therefore,  S  =  A +  C,  B  +  C -A=0,  A  +B=0,  (§ 426) 

and  4  =  1,  J?  =  -  1,  C  =  2. 

3*1  X  -  2 


Therefore, 


X8  +  1       X-fl        X2-X  +  1 


4a;» x^  —  Sx 2 

(3)  Resolve  ^ — — ttt; into  partial  fractions. 

^  ^  x^(x  -i-  ly  ^ 

The  denominators  will  be  x,  x%  x-fl,  (x  +  1)^. 

4x8-x2-3x-2     ABC  D 

Assume =  — | 1 f 


X2(X  +  1)2  X         X2        x  +  1        (X+l)2 

.-.  4x»  -  x2  -  3x  -  2  =  4x (X  +  1)2  +  5(x  +  1)2  +  Cx2(x  +  1)  +  Dxa 

=  (A  +  C)x8  ^{2A  +  B+C  +  2))x2  -{■  (A +2B)x  +  B. 

Therefore,  4  -f  C  =  4,  (§  426) 

24  + J5+C  +  2)  =  -l, 

4  +  2J5  =  -3, 

B=-2; 

and  4  =  1,  5  =  -  2,  C  =  3,  D  =  -  4. 

™       -            4x8-x2-3x-2      12.3  4 

Therefore,      = \- 


X2(X  +  1)2  X        X2        x  +  1         (X  +  l)2 
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Exercise  61 


Resolve  into  partial  fractions :  i,t.  ^^ 

Taj  +  l                            5aj-l  ^ 

1.    ■: — — 7T-? z:r'        3.    -— rr^ —-       5. 


(x  +  4:){x-5)  (2a;-l)(a;-5)  a;»-l 

6  a;-2  '    x^-x-^S 

^      3aj2-4  _  13a; +  46 

7.    -tt: ZT-  11. 


x\x-^5)  12aj2-lla;-15 

7x2_a;  2a;2-llx4-5 

8.    -: ■—=-. rr-  12. 


(x  -  iy{x  +  2)  x^-x^-'llx-^lB 

2a;^-7aj  +  l  ^  x^-lSx-lS 

9.    -    . 13. 


««  -  1  (a;  4-  3)  (a;  -  3)  (a;  -  1) 

7a;-l  _  3a;2  +  12a;4-ll 

10.    -r— :; r-  14. 


ex^-5x-hl  '    (aj4-l)(a;  +  2)(aj  +  3) 

EXPANSION  IN  SERIES 

427.  A  series  whicli  is  obtained  from  a  given  expression  is 
called  the  expansion  of  that  expression.  The  given  expression 
is  called  the  generating  function  of  the  series. 

Thus  (§  389),  the  expression is  the  generating  function  of  the 

1  —  X 

infinite  series  1  +  x  +  x^  +  a;^  +  . . . 

If  the  series  is  finite,  the  generating  function  is  equal  to 
the  expansion  for  all  values  of  the  symbols  involved. 

l  +  2x2\8_  1    ,  6 


Thus,  (l±^\  =  i  +  ?  +  12x  +  8x8. 

\        X        /         X8       X 


If  the  series  is  infinite,  the  generating  function  is  equal  to 
the  expansion  for  only  such  values  of  the  symbols  involved 
as  make  the  expansion  a  convergent  series. 

Thus,  is  equal  to  the  series  1  +  a;  +  x^  +  x*  +  •  •  •  when,  and 

1  —x 

only  when,  x  is  numerically  less  than  1  (§  390). 
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(1)  Expand  ,  in  ascending  powers  of  x. 


Divide  x  by  1  +  x^ ;  then, 

a; 


l+aj2 


=  X  —  x8  +  ajP  — 


provided  x  is  so  taken  that  the  series  is  convergent.    By  §§  407,  405,  the 
value  of  X  must  be  numerically  less  than  1. 

(2)  Expand  ^  in  descending  powers  of  x. 

Divide  x  by  x^  +  1 ;  then, 

X      _l_i,l_ 


1  +  x2     X     x8     x^ 

provided  x  is  so  taken  that  the  series  is  convergent.     By  §§  407,  406,  the 
value  of  X  must  be  numerically  greater  than  1. 

In  the  two  preceding  examples  we  have  found  an  expansion  of 


for  all  values  of  x.  except  ±1.  1  +  x 

x 
(3)  Expand    -j— — 5    in    ascending   powers   of   x    by    the 

A.   "Y"  X 

binomial  theorem. 

^      =  (1+  x2)-i  =  1  -  x2  -f  X* 


1-f  X2 
X 


=  X  —  x'  +  x^  —  • 


1  +  X2 

provided  x  is  so  taken  that  the  series  is  convergent'. 

(4)  Expand  r— — — — -  in  ascending  powers  of  x. 

A.   ^~  X  ~j~  X 

2  +  3x 

Assume       =  A  -\-  Bz  -\-  Cx^  +  Dz^  +  •  •  • 

1  4-  X  +  x2 

Clear  of  fractions, 

2  +  3x  =  ^  +  5x  +  0x2  +  Dx9  4. . . . 

+  ^x  +  2?x2  +  Cx8  +  . .  . 

+  -4x2  +  5x8  +  ... 
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Hence,  A=z2,  B  +  A  =  S,  C  +  B  +  A  =  0,  D+C  +  B=:0.     (§  425) 
Whence,       -4  =  2,        5=1,        C  =  —  3,        D  =  2;  and  so  on. 

2  +  3x 


1  +  X  +  x2 


=  2  +  X  -  3x2  +  2x«  +  X*  -  3x6  +  . . . 


The  series  is  of  course  equal  to  the  fraction  for  only  such  values  of  x 
as  make  the  series  convergent. 

Remark.  In  employing  the  method  of  Indeterminate  Coefficients  the 
form  of  the  given  expression  must  determine  what  powers  of  the  variable 
X  must  be  assumed.  It  is  necessary  and  smfficient  that  the  assumed  equa- 
tion, when  simplified,  shall  have  in  the  right  member  all  the  powers  of  x 
that  are  found  in  the  left  member. 

If  any  powers  of  x  occur  in  the  right  member  that  are  not  in  the  l^ 
member,  the  coefficients  of  these  powers  in  the  right  member  will  vanish, 
so  that  in  this  case  the  method  still  applies ;  but  if  any  powers  of  x  occur 
in  the  left  member  that  are  not  in  the  right  member,  then  the  coefficients 
of  these  powers  of  x  must  be  put  equal  to  0  in  equating  the  coefficients  of 
like  powers  of  x;  and  this  leads  to  absurd  results.  Thus,  if  it  were 
assumed  in  Example  (4)  that 

2  +  3x 


1  +  X  +  x2 


=  Ax-\-  Bx^  +  Ox»  +  . . ., 


there  would  be  in  the  simplified  equation  no  term  on  the  right  correspond- 
ing to  2  on  the  left ;  so  that,  in  equating  the  coefficients  of  like  powers  of 
X,  2,  which  is  2x^,  would  have  to  be  put  equal  to  Ox^ ;  that  is,  2  =  0,  an 
absurdity. 

(5)    Expand  (a  —  x)^  in  a  series  of  ascending  powers  of  x. 

Assume  (a  -  x)*  =  ^  +  J?x  +  Cx^  +  i>x»  +  •  •  • 

Square,  a  -  x  =  ^2  4.  2ABx  +i^AC  +  &)x^'\-(2AD  +  2BC)^-\- . .. 

Therefore,  by  §  426, 

-42  =  a,  2 ilJ?  =  -  1,  2^C  +  B*  =  0,  2^2)  +  2BC  =  0,  etc., 

and  ^  =  a*,J?  =  --^,     0  =  -—^,    D  =  _-L-. 

2a*  8a«  16a' 

x2         x8 


Henca, 


1        1       «(/         */          •*> 
Id  —  x)"  =  a* •  •  • 

2a*      8a'      16a' 


840 


COLLEGE  ALGEBRA 


(6)  Expand 


7  -^x 


Assume 


7  +  x  A 


in  ascending  powers  of  x. 

Bx-{-  C 

+ 


Whence, 


(1  +  a;)  (1  -f  x2)     1  +  X       1  +  x2 

.'.  7  +  x  =  (^  +  C)  +  (B  +  C)x  +  (A  +  B)z^ 
A  +  C=7,     B+C  =  l,     A  +  B  =  0, 
A  =  S,  5  =  -3,  C  =  4. 

7  +a  3         4-3x 


and 


(1  +  X)  (1  +  X2)      i^x      1  +  x2 

Now,i^^  =  (4  -  Sx)(— — ^  =  (4  -  3x)  (1  -  x2  +  X* ) 

=  4  -  3x  -  4x2  +  3x8  +  4x* - 

-^  =  3  f-^— ^  =  3  -  3x  +  3x2  -  3x8  +  3x* - 
1  +  x        Vl  +  x/ 


Add, 


7  +x 


(1+X)(1+X2) 


=  7  -6x-x2  +  7x*- 


REVERSION  OF   A  SERIES 

428.  Reversion  of  a  Series.  If  y  is  the  sum  of  a  convergent 
series  in  x,  the  writing  of  x  in  terms  of  a  convergent  series  in 
y  is  called  the  reversion  of  the  series. 

Given  y  =  ax  -i-  bx^  +  cx^  +  dx^  H ,  where  the  series  is 

convergent,  to  find  x  in  terms  of  a  convergent  series  in  y. 

Assume  x  =  Ay  -i-  By^  +  Cy*  +  Dy^  H 

In  this  series  for  y  put  ax  -f-  bx^  4-  cas'  +  dx^  H 5 

x^-\ 


X  =  aw4a5  -f  ^^ 

aj^  +  c^ 

a;»-f  c?^4 

+  a^5 

-h2abB 

+  ^'"5 

-ha*C 

+  2acJ5 
-hSa^C 
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Equate  coefficients  (§  425), 

aA=l',     bA-^a^B=zO',     cA  -i- 2abB -^  a^C  =  0) 

dA  +  ^^^  4-  2  acB  +  3  a%C  +  a^D  =  0. 

.       1       „  b       ^      2b^-ac 

a  or  or 

_          5  ft'  —  5  abc  4-  a^d 
Z)= r— ^- '  etc. 

(1)  Eevert  y  =  a;  +  a;^  +  cc*  H 

Here,  a  =  1,     6  =  1,  c  =  1,      (£  =  !,••• 

^  =  1,    5  =  -l,    C  =  l,     i)  =  -l,  ... 
Hence,  x  =  y  —  y2  +  2/^_y4_|_... 

(2)  Eevert  y  =  x  —  -^-i--^  — -^-\ 

Here,  a  =  1,     6  =  —  |,     c  =  i,      d  =  —  i,  • .  • 

[2  [3  |4' 

Hence,  x  =  y  +  ^  +  ^+|^  +  ... 


Exercise  62 

Expand  to  four  terms  in  ascending  powers  of  x : 

1     _J_.  4  ^-^       .  7  ^(^-^) 

l-2a;  l+aj  +  aj'  (x  +  1)  (a;' +  1) 

1  5-2a;  a;^  -  a;  + 1 

2~3a;*  ^-    ^  4.  a;  -  a;^'  ®-    a;2(a:-^-l)' 


iTM^. 


•  '     4a;-6aj2  /    2a;2-l 

6.    z 7z -rr-^-      9. 


2  +  3a;  '1-2x4-3x2  x(x»4-l) 


€fjf  r  Jih3,  ALiaa^^ 


v.  d'Jir  "secais  iio.  ^tsaosunnir  3c<racs  dLxz 


IL    r IX   T^- 


•8^ 


-l-^jr*-rl> 


^  12      2  3      3  4 


RECTBBIXG  SEEDES 

429,   From  the  expressicn ^ 3  we  obtain  by  actual 

dirhifjb^  fjr  by  the  mc^od  of  indeteiminate  eoeffieientSy  the 
iuBiiiU:  mnrifA 

1  -f-3^^7x*-17:r*-i-41x*-^99jr*  + ... 

In  this  series  any  required  term  after  the  second  is  found 
by  multiplying  the  term  before  the  required  term  by  2  or,  the 
Un:m  before  that  by  o^,  and  adding  the  products. 

Tbiw,  take  tbe  fifth  term : 

41x*  =  2x(17x») -f  a*(7x«). 

In  general^  if  1^.  represents  the  tith  term, 

t/,  =  2an/._, +  x^M,_^ 

A  series  in  which  a  relation  of  this  character  exists  is  called 
a  recurring  series.  Kecurring  series  are  of  the  firsty  seeoTid, 
thirdf  ' ' '  order,  according  as  each  term  is  dependent  upon  one, 
twof  tUreCf  •  -  •  preceding  terms. 
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A  recurring  series  of  the  first  order  is  evidently  an  ordinary 
geometrical  series. 

In  an  arithmetical  or  a  geometrical  series  any  required  term 
can  be  found  when  the  term  immediately  preceding  is  given. 
In  a  series  of  differences  or  in  a  recurring  series  several  pre- 
ceding terms  must  be  given  if  any  required  term  is  to  be  found. 

The  relation  which  exists  between  the  successive  terms  is 
called  the  identical  relation  of  the  series ;  the  coefficients  of  this 
relation,  when  all  the  terms  are  transposed  to  the  left  member, 
is  called  the  scale  of  relation  of  the  series. 

Thus,  in  the  series 

1  +  3x  +  7a;2  +  17aj8  +  41 X*  +  99x5  +  . . . 
the  identical  relation  is 

and  the  scale  of  relation  is       1  —  2  x  —  x^. 

430.  If  the  identical  relation  of  the  series  is  given,  any 
required  term  can  be  found  when  a  sufficient  number  of 
preceding  terms  is  given. 

Conversely,  the  identical  relation  can  be  found  when  a 
sufficient  number  of  terms  is  given. 

(1)  Find  the  identical  relation  of  the  recurring  series 

1  4.  4a;  4-  14x2  4.  49a.«  4.  ijix^  +  597 a;^  +  2084a;«  H 

Try  first  a  relation  of  the  second  order. 

Assume  w»  =  l)xu»— 1  +  gx^Wn— 2. 

Put  n  =  3,  and  then  n  =  4. 

14  =  4p  +  g, 
49  =  Up  +  iq; 
whence,  p  =  |,  g  =  0. 

This  gives  a  relation  which  does  not  hold  true  for  the  fifth  and  follow* 
ing  terms. 

Try  next  a  relation  of  the  third  order. 

Assume  w»  =  pxtin^i  +  qxhLn-  2  +  nfiun-^i' 


844  COLLEGE  ALGEBRA 

Put  n  =  4,  then  n  =  5,  then  n  =  6. 

49=    14p+    4g+      r, 
171  =    49p  +  14g+   4r, 
597  =  171p  +  49g  +  14r; 
whence,  P  =  3,  g  =  2,  r  =  —  1. 

This  gives  the  relation 

1«„  =  3  XM„_i  +  2  a;2w„-2  —  X*Un-8i 

which  is  found  to  hold  true  for  the  seventh  term. 
The  scale  of  relation  is  1  —  3  x  —  2  x^  +  a;'. 

(2)  Find  the  eighth  term  of  the  above  series. 

Here, '  wg  =  3  xu^  +  2  x^ue  —  xHls 

=  3  X  (2084  x«)  +  2  x2  (597  x^)  -  x*  (171  x*) 
=  7276x7. 

SUMMATION   OF   SERIES 

431.  Infinite  Series.  By  the  sum  of  an  infinite  convergent 
numerical  series  is  meant  the  limit  which  the  sum  of  n  terms 
of  the  series  approaches  as  n  is  indefinitely  increased.  A 
non-convergent  numerical  series  has  no  true  sum. 

By  the  sum  of  an  infinite  series  of  which  the  successive 
terms  involve  one  or  more  variables  is  meant  the  generating 
function  of  the  series  (§  427),  that  is,  the  expression  of  which 
the  series  is  the  expansion. 

The  generating  function  is  a  true  sum  when,  and  only  when, 
the  series  is  convergent. 

The  process  of  finding  the  generating  function  is  called 
summation  of  the  series. 

432.  Recurring  Series.  The  sum  of  a  recurring  series  can 
be  found  by  a  method  analogous  to  that  by  which  the  sum  of 
a  geometrical  series  is  found  (§  276), 
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Take,  for  example,  a  recurring  series  of  the  second  order  in 
which  the  identical  relation  is 

or                             Uf.  —  pxuj^_i  —  ^xhij^_2  =  0. 
Let  5  represent  the  sum  of  the  series ;  then, 
5  =  ^1  4-     ^h  4-     '^8  H h       «^«-i+      u^ 

—  pXS  =  —pXUi    ^pXU2 P^^n-2  —  P^'^n-l  "~  P^'^ni 

—  qxh  =  —  qx^Ui 2'a;X-8  —  2'^X-2  —  S'^X-i 

Now,  by  the  identical  relation, 

^8  —pxu2  —  qx^Ui  =  0,  u^  —  pxu^  —  qx^u^  =  0,  •  •  •, 
u„  —  i?XM„_i  —  qx^u^_2  =  0. 

Therefore,  adding  the  above  series, 

^  ^  ^1  +  (t<2  —  pxih)       pxu„  +  qx^(u^  +  ^n-l) 
1  —  px  —  qx^  1  —  px  — -  qx^ 

Observe  that  the  denominator  is  the  scale  of  relation. 
If  the  series  is  infinite  and  convergent,  w„  and  w„_i  each 
approaches  0  as  a  limit,  and  5  approaches  as  a  limit  the  frac- 

tion  ^./(^^-^W. 
1  —  px  —  qx^ 

If  the  series  is  infinite,  whether  convergent  or  not,  this 
fraction  is  the  generating  function  of  the  series. 

For  a  recurring  series  of  the  third  order  of  which  the 
identical  relation  is 

%  =i?aj%-i  +  qxhit^2  +  rx^Uf.^sf 
«    ,        _  Ui+(u2—  pxui)  4-  (us  —pxu2  —  qx^tii) 

1  —  px  —  qx^  —  rx' 

1  —  px  —  qx^  —  rx^ 
Similarly  for  a  recurring  series  of  higher  order. 
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(1)  rind  the  generating  function  of  the  infinite  recurring 
series 

14-4x4-  13a;2  4-  43a;«  4-  142aj*  4 

By  §  430  the  identical  relation  is  found  to  be 

Hence,  s  =  1  +  4x  +  13x2  4.  43^:8  4.  i42jb4  4. . . . 

-  3x5  =     -  3x  -  12x2  -  39x8  -_  I29x* 

-  x2s=  -      x2-   4x8-    13x* 

Add,  (1  -  3x  -  x2)s  =  1  +  X. 

1  +x 


.'.  s  = 


1  -3x-x2 


(2)  Find  the  generating  function  and  the  general  term  of 
the  infinite  recurring  series 

1  _  7a;  _  x2  -  43 aj»  -  49a;*  -  307 a?*^ 

Here,  Uk  =  xw*  -1  +  6  x2ma:-2. 

5  =  1  -7x-    x2-43x8-49x* 

—     X5=     -    x  +  7x2-f      x8  4-43x*H 

-6x25=  -6x2  +  42x8  4-    6x^4- ••• 

Add,  (1  -  X  -  6x2) 5  =  1  -  8x. 

_      1  -8x      _  1  -8x 

"  *  ~  1  -x-6x2  ""(14-  2x)(l  -  3x)* 
By  §  426  we  find 

l-8x  _      2 -[__ 

(1  +2x)(l  -3x)""l  +  2x      l-3x' 

By  the  binomial  theorem  or  by  actual  division, 
1 


1  +  2x 
1 


=  1  -  2x  H-  22x2  -  28x8  +  •  •  •  +  2'-(-  l)'-x'-  4- 
=  14-3x4-  32x2  -f  38x8  -f h  3'-x'-  4-  •  •  • 


r-3x 
Hence,  the  general  term  of  the  given  series  is 

[2r+l(_l)r_3r]a;r. 
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(3)  Find  the  identical  relation  in  the  series 

12  _f.  22  4.  32  +  42  +  52  +  6^  4-  7«  4-  •  •• 

The  identical  relation  is  found  from  the  equations 

16=    9p-f   4g+    r, 
26  =  16p+    9g  +  4r, 
36  =  25p  +  lQq  +  9r, 
to  be  Ujfe  =  3  it^_i  —  3  Uib— 2  +  w^;— 8» 

Exercise  63 

Find  the  identical  relation  and  the  generating  function  of : 

1.  l4-2a;  +  7a;2  4-23a;»4-76aj*4---- 

2.  3  +  2  aj  +  3  aj2  4-  7  a;»  +  18  a;*  H 

3.  3  4-  5  a;  4-  9  x^  4- 15  a;«  +  23  re*  +  33  a;«  4-  45  aj«  H 

4.  1  -f4a;4-ll«^4-27a;8  4-65a;*4-158aj'^4-388a;«4---- 

Find  the  generating  function  and  the  general  term  of : 

5.  2  4-3a;4-5a;2  4.9a;»4-17a;*4-33a;«4 

6.  7  -  6aj  +  9x^  4.  27a;«  4-  54aj*  4-  189aj''  4-  567 x^  4-  ••• 

7.  1 -f5a;4-9a;2  4.13aj»4-17aj*4-21a;S4 

8.  l4-a;-"7a;8  4-33a;*- 130a;^4-499a;« 

9.  3  4-  6a;  4-  14a;2  4.  36x«  4-  98a;*  4-  276a;''  4-  794a;«  4-  ••• 

10.  1  -f  4  a;  4-  9  a;2  4- 16  a;«  4-  25  a;*  4-  36  a;*  4-  49  a;«  H 

Find  the  sum  of  n  terms  of : 

11.  2  +  54-104-174-264-374-504 

12.  18  4.  28  -f  38  4-  4»  4-  58  -f  6«  4-  •  •  • 

13.  l4.2a;4-3a;2  4-4a;«4-5a;*H 

14.  1  -f  3a;  4-  6a;2  4-  10a;«  4-  15a;*  4-  21  a;''  4-  28a;«  4-  ••• 

15.  12^.324.524.724.924.1124.... 

16.  l«4-5^4-92  4-13^4-17^4-2P4---- 
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INTERPOLATION 

433.  As  the  expansion  of  (a  +  by  by  the  binomial  theorem 
has  the  same  form  for  fractional  as  for  integral  yalues  of  n^ 
the  formula  (§  421) 

may  be  extended  to  cases  in  which  ti  is  a  fraction,  and  be 
employed  to  insert  or  interpolate  terms  in  a  series  between 
given  terms. 

(1)  The  cube  roots  of  27,  28,  29,  30  are  3,  3.03659,  3.07232, 
3.10723.     Find  the  cube  root  of  27.9. 

3.00000  3.03669  3.07232  3.10723 

First  differences,  0.03659  0.03573  0.03491 

Second  differences,  -  0.00086         -  0.00082 

Third  differences,  0.00004 

These  values  substituted  in  the  general  formula  give 

3  +  V03659)+:?-f-l)(-?:?5086>.^l/     ly_nwO^ 
10^  '     10\      10/\  2       /     10\      10  A      10/\       6       / 

=  3  +  0.032931  +  0.0000387  +  0.00000066 

=  3.03297. 

(2)  Given  log  127  =  2.1038,  log  128  =  2.1072,  log  129  = 
2.1106.     Find  log  127.37. 

2.1038         2.1072  2.1106 

First  differences,  0.0034        0.0034 

Second  differences,  0 

Therefore,  the  differences  of  the  second  order  vanish,  and  the  required 
logarithm  is 

2.1038  +  AV  o^  0-^34  =  2.1038  +  0.001268 

=  2.1061. 
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(3)  The  latitude  of  the  moon  on  a  certain  Monday  at  noon  was 
1^  53*  18.9",  at  midnight  2**  27' 8.6";  on  Tuesday  at  noon 
2**  58' 55.2",  at  midnight  S**  28' 5.8";  on  Wednesday  at  noon 
S*'  54'  8.8".     Find  its  latitude  at  9  p.m.  on  Monday. 

The  series  expressed  in  seconds  and  the  successiye  differences  are 
6798.9  8828.6  10736.2  12485.8  14048.8 

2029.7  1906.6  1750.6  1568.0 

-  128.1  -  156.0  -^  187.6 

-  82.9  -  81.6 

1.8 

As  9  hours  =  }  of  12  hours,    n  =  }. 

Also,  a  =  6798.9,  6  =  2029.7,  c  =  -  123.1,  d  =  -  82.9,  e  =  1.8. 

These  values  substituted  in  the  general  formula 

,     ,   ,  n(n--l)     .  n(n-l)(n-2)  ,  .  n(n~l)(n-2)(n-3)     . 

a  +  n6  +  — ^-s ^cH — ^ '-^ -d-\ — ^ — — ie  +  •• 

1x2  1x2x3  1x2x3x4 

give 

em.+?,«„.?(-!)(-!fl).|(-l)(-5)(.«J) 

=  6798.9  +  1522.28  +  11.54  -  1.29  -  0.08  •  •  • 

=  8331.4 

=  2«>  18'  51.4''. 

EXPONENTIAL  AND  LOGARITHMIC   SERIES 
434.   Exponential  Series.     By  the  binomial  theorem, 

nj  n  1x2  vr 


( 


X 


«»-l)(nx-2)       1 
1x2x3  "^  n*^ 


=!+»+     '  Ig     '  +— ^ -  +  -  [1] 
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This  equation  is  true  for  all  real  values  of  x.     It  is,  how- 
ever, true  only  for  values  of  n  numerically  greater  than  1, 

since  —  must  be  numerically  less  than  1  (§  418). 


n 


As  [1]  is  true  for  all  values  of  aj,  it  is  true  when  x  =  1. 


r 


Hence,  from  [1]  and  [2], 

,_i  (i-i)(i-a)     ■ 


[2] 


(§299) 


X 


=  !+«  + 


G-Q^-G-QG-!) 


i£ 


|3 


+ 


This  last  equation  is  true  for  all  values  of  n  numerically 
greater  than  1.  Take  the  limits  of  the  two  members  as  n 
increases  without  limit.     Then  (§  383), 


( 


i  +  ^+|+|+-)=i+*+|+|+-' 


[3] 


and  this  is  true  for  all  values  of  x.    It  is  easily  seen  by  §  405 
that  each  series  is  convergent  for  all  values  of  x. 

The  sum  of  the  infinite  series  in  parenthesis  is  called  the 
najtural  base  (§  302),  and  is  generally  represented  by  e ; 
hencB)  by  [3], 


e*=l  +  a;  + 


a;"      x* 
[2+I  +  - 


[A] 
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To  calculate  the  value  of  e,  we  proceed  as  follows : 

1.000000 


2 
3 
4 
6 
6 
7 
8 
9 


1.000000 


0.600000 


0.166667 


0.041667 


0.008333 


0.001388 


0.000198 


0.000026 


Add, 

To  ten  places, 


0.000003 

6  =  2.71828. 

e =  2.7182818284. 


435.   In  [A]  put  ex  in  place  of  x  ;  then, 


c*x* 


=  a* 


Put  dj*'  =  a ;  then  c  =  log^a,  and  e 
.-.  a-  =  1  +  a; log.a  +     ^  ,;^   ^   +     ^  .%'   ^  + 

Series  [B]  is  known  as  the  exponential  series. 

Series  [B]  reduces  to  [A]  when  we  put  e  for  a. 

436.   Logarithmic  Series.     In  [A]  put  e*  =  1  +  y ;  then, 

X  =  loge(l  +  y),  and  by  [A], 


[B] 


X' 


X*     .    05* 


O/  O/  .«/ 

y  =  x+[2-+|j+J4-  +  - 
Revert  the  series  (§  428),  and  we  obtain 


But 


«  =  l0ge(l  +y). 


.•.loge(l+2^)  =  y-^  +  |'-$  + 


[C] 
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Similarlj  from  [B], 

The  series  in  [D]  is  known  as  the  logarithmic  series ;  [D] 
reduces  to  [C]  when  we  put  e  for  a. 

In  [C]  and  [D],  in  order  to  have  the  series  convergent,  the 
value  of  y  must  lie  between  —  1  and  +  1,  or  be  equal  to  +  1, 
by  §  409,  Example  (1). 

437.  Modulus.     Comparing  [C]  and  [D],  we  obtain 

loga(l  +  y)  =  j^  loge(l  +  y); 

or,  putting  N  for  1  4-  y, 

logaiV  =  r- — logeiV. 
log^a 

Hence,  to  change  logarithms  from  the  base  e  to  the  base  a, 

multiply  by =  log^a  ;  and  conversely  (§  318). 

The  number  by  which  natural  logarithms  must  be  multi- 
plied to  obtain  logarithms  to  the  base  a  is  called  the  modulus 
of  the  i^ystem  of  logarithms  of  which  a  is  the  base. 

Thus,  the  modulus  of  the  common  system  is  log,oe  (§  320). 

438.  Calculation  of  logarithms.  Since  the  series  in  [C]  and 
[D]  are  not  convergent  when  x  is,  numerically  greater  than  1, 
they  are  not  adapted  to  the  calculation  of  logarithms  in  gen- 
eral.    We  obtain  a  convenient  series  as  follows  : 

The  equation 

log.(l+y)  =  y-^  +  ^-^  +  ...  [1] 

holds  true  for  all  values  of  y  numerically  less  than  1 ;  there- 
fore, if  it  holds  true  for  any  particular  value  of  y,  it  will  hold 
true  when  we  put  —  y  for  y\  this  gives 

iog.(i-y) — y-|*-f-^--         [2] 
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Subtract  [2]  from  [1],     Then,  since 

log,  (1  +  jr)  -  log.  (1  -  y)  =  log.  (iif ) 


and 


1  +  y__g  +  1 


1  —  2^        z 
log*  (  ^"^  )  ^  ^°^*  (^  + 1)  -  log«« 


\2«  +  l 


+ 


+ 


+ 


...) 


[E] 


3(2«  +  l)'     5(2«  +  l/ 

This  series  is  convergent  for  all  positive  values  of  z. 
Logarithms  to  any  base  a  can  be  calculated  by  the  corre- 
sponding series  obtained  from  [D] ;  viz., 

log«(«^  +  l)-log.« 

1  1 


log.a  \2z  +  l 


+ 


+ 


3(2«  +  l)«  '  5(2«  +  l) 


+ 


...) 


[F] 


(1)  Calculate  to  six  places  of  decimals  loge2,  log^S,  log^lO, 
logioe. 

In  [E]  put  z  =  \\  then  2  z  +  1  =  8,  log«z  =  0, 

and 


2  2  2  2 

loge2  =  -  +  — =—  +  — =—  +  — =— 


The  work  may  be  arranged  as  follows : 


3 
0 
0 
0 
0 
0 
9 


2.0000000 


0.6666667 


0.0740741 


1  =  0.6666667 
3  =  0.0246914 
6  =  0.0016461 
0.0009145-*-    7=0.0001306 


0.0082305 


0.0001016-^    9  =  0.0000113 


0.0000113  -*- 11  =  0.0000010 


0.0000013  -*- 13  =  0.0000001 
loge2  =  0.693147 
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logeS  =  loge2  +  1  +  — ?--  +  -r^  +  • 

6      3x6*      6  X  6^ 

=  1.0986123. 

log.9  =  loge(32)  =  2  loge3  =  2.1972246. 

10g.lO  =  loge9  +  A  +  ^^+         2 


19      3  X  19«      6  X  19* 
=  2.1972246  +  0.1063606 
=  2.302586. 

logioe  =  — i—  =  0.434294. 
logelO 

Hence,  the  modtUus  of  the  common  system  is  0.434294  (§  320). 
To  ten  places  of  decimals : 

logaO  =  2.3026850928, 

logioe  =  0.4342944819. 

For  calculating  common  logarithms  we  use  the  series  in  [FJ 
logio(«  +  l)-logio« 

,      i_  + I + I 

\2  «j  4- 1      3 (2  «  4- 1)'      5  (2  «  +  1)' 


0.8685889638 (  t^-Vt  +  TTTir-Vrr;  +  TrrTT^-r-Tzi  4-  •••) 


(2)  Calculate  to  five  places  of  decimals  logjoll. 
Put  «  =  10 ;  then  2 «  +  1  =  21,  log2  =  1, 

logll  =  1  +  0.868688  (—  +  r-^—z  +  — —^  +  •  •  A- 
*  V21      3  X  218      6  X  21«  » 


21 
441 


0.868688 


0.041361  -f.  1  =  0.041361 


0.000094  ^  3  =  0.000031 

0.041392 

1; 

logioll  =  1.04139 

In  calculating  logarithms  the  accuracy  of  the  work  may  be  tested 
every  time  we  come  to  a  composite  number  by  adding  the  logarithms  of 
the  several  factors  (§  300).  In  fact,  the  logarithms  of  comi)osite  numbers 
may  be  found  by  addition,  and  then  only  the  logarithms  of  prime 
numbers  need  be  found  by  the  series. 
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439.   Limit  of  (  1  -f  -  ]  .     By  the  binomial  theorem, 

(.    .  a;\"     ^    .  a;  ,  n(n  —  l)      x^ 

l£  l£ 

This  equation  is  true  for  all  values  of  n  greater  than  x 
(§  418).  Take  the  limit  as  n  increases  without  limit,  x 
remaining  finite. 


Tl^en,     ^^^(l+iy=l+.+^+^ 


=  6" 


= « r«  (i + J)"-      (§  434) 


Ezercise  64 


1.    Show  that  the  infinite  series 


1  +  1  -  1  + 


1x2      2x22  '  3x2»      4x2* 

is  convergent,  and  find  its  sum. 


2.  Find  the  limit  which  Vl  +  na;  approaches  as  n  approaches 
0  as  a  limit. 

1         /  1       2       3  \ 

3.  Showthat -  =  2|  r^+r^-fn; +  •••)• 

4.  Calculate  to  four  places,  loge4,  log,  5,  log^B,  logeT. 
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6.  Find  to  four  places  the  moduli  of  the  systems  of  which 
the  bases  are  2,  S,  4,  5,  6,  7. 

6.  Show  that 

logos') g  — +        '        +        ^        +-. 

7.  Shov  that 

1  1      A      «-*  .  l/^^-^V^l/^^-^V- 

8.   Show  that,  if  x  is  positive, 


X 


■^l-K''-^t^^K^^k^-—'^'{''''+l} 


28         38         48 

9.   Show  that  1+ro+ro+rT"' =  5e. 


10.   Show  that  e*"^  =  a:  +  r  V^,  where 

/m2  /v»4  /«•'  />••  />»6  /j»7 

d     [i~[I  '  (3"*'[6"|7  +  -- 


11.  Expand  ^ ^ —  in  ascending  powers  of  x, 

12.  Expand  -. in  ascending  powers  of  x, 

13.  Find  the  sum  of  n  terms  of  the  series 

a      g  (g  +  g)   ,  a  (g  +  a;)  (a  4-  2  a;) 
F"^  J(ft  +  a;)  "^  ft(ft+a;)(ft  +  2aj)  '^"' 

14.  Show  that,  if  w  is  any  positive  integer. 


n 


n(n~-l)  n(n  —  l)(n  —  2) 


n-hl      (n-\-l)(n-\-2)      (n -\- 1)  (n -\- 2)  (n  +  S) 

(n  +  l)(k^m|-(2n  -  l)(2n)  ""  2* 


CHAPTER  XXVI 
CONTINUED  FRACTIONS 


440.   A  fraction  in  the  form 

a 


h-V 


d^       ' 


/4- etc. 

is  called  a  continued  fraction. 

A  continued  fraction  in  which  each  of  the  numerators  of 
the  component  fractions  is  + 1  aJid  each  of  the  denominators 
is  a  positive  integer^  as 

1 


i>  + 


.+ ' 


r-f  etc. 

is  called  a  simple  continued  fraction. 

We  shall  consider  in  this  chapter  some  of  the  elementary 
properties  of  simple  continued  fractions. 

441.    Any  proper  fraction  in  its  lowest  terms  may  he  con- 
verted  into  a  terminated  simple  continued  fraction. 

Let  -  be  a  fraction  in  its  lowest  terms. 
a 

Then,  if  ^  is  the  quotient  and  c  the  remainder  of  a  -f-  6, 

a      a  ,   c 

367 
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If  f  is  tike  qantieat  azui  d  the  renuLinder  of^  -=-  c;^ 

111 

e  1  l' 


h 

a 


j»+ 


,+  ' 


r-hetc 


The  soocessiTe  steps  of  the  process  are  the  same  as  the  steps 
im  finding  the  H.C.F.  of  a  and  ^;  and  since  a  and  h  aze  prime 
to  each  other^  a  remainder,  1,  will  at  length  he  reached,  and 
thefraetion  terminates. 

Obserre  that  pfq^Tj"'  are  all  positire  integers. 

4Kt.  CoBfcrgatts.  The  fractions  formed  hj  taking  one^  two, 
three,  - ^  of  the  quotients  jpyq^Ty---  sae 


11  1 

f        Tf        Tf    ' 


P     _^1 


9 


P+Z      P  + 


9  +  - 


which  simplified  are 


1  q  jT  +  1 


P      pq-^^      (j>q-hl)r+p 

and  are  called  the  firgt,  second,  third,  •  •  •  eonvergenU  respec- 
tively. 

The  ralne  of  the  complete  continued  fraction   is  called 
briefly  the  complste  Tsliie. 

443.    The  MueeeBwkmmmtmt^  mn  aUemately  greater  than 
and  U$$  than  tk^  ftm^^^^^MJiAa  continued  fnietum. 


CONTINUED  FRACTIONS  369 


Let  X  be  the  complete  value  of 

1 


JP  + 


1 


r  +  etc. 
Then,  since  p,  q,  r,  -"  are  positive  integers, 

pKp-h r- 


r  -f  etc. 


p  + 


.+    ^ 


r  4-  etc. 


That  is,  ->  X. 


1 


Again,  9'  <  ?  + 


r  +  etc. 


i>    1 


9  1 

r  +  etc. 

1                  1 
< 


jp  +  -     i?  + 


?         I    ^ 

^      r  +  etc. 
That  is,  T  <  05 ;  and  so  on. 

Corollary.  Hence,  if  ~>  —  are  consecutive  convergents  to 
«,  then  «  >  or  <  —  according  as  ~  >  or  <  — >  andy  there- 
fore,  ar  >  or  <  —-^  according  as  —  >  or  <  — 
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Therefore,  r,V  — «,*  and   u^r^  —  u^^  are  «i  mnltameoody 

poflitiTe  or  smmltaneouslj  negatire.     Therefore,  

if  alway9  poaiiire.  ^  *  ^ 

Hoik.    GuBliniiBd  fradians  are  often  wiilleu.  in  a  compart  and. 
fcam;  tina,  the  fraction 

1 


«  + 


»+-i 


C  +  -1 


'-\ 


iathefcam     «-!-t     -     -     — 

Ua       1&»      Ha 

444.   ijT  — 9  — y  —  ore  aajr  three  eomsecMiire  coarcryeitff, 
^1    Tt    ^t 
mtf  1^  HI],  m^  w^  are  the  qmoHemis  tJkat  prodmoed  tketmj  tkem 

Uc        BlA  +  lli 

For,  if  tiie  fast  three  quotients  are  jb^  q,  r,  the  first  three 
conTeigaits  are  (S  442) 

1  q  yr-hl 

/    i^  +  l'    0^  +  1)-^+/  "^^ 

From    S  442   it   is   seen   tiiat   tiie   second  conTeigent  is 

fonned  from  the  first  br  writing  in  it  p  +  -  for  j»:  and  the 

third  from  the  second  br  writing  f  +  ~  for  f .     In  this  way 
any  oooTeigent  may  be  f ocmed  from  the  pieceding  conTeigent. 

aw  Ma  1 

Therefore.  —  is  formed  from  —  br  writing  ii,  H for  ai^ 

The  nnmerator  of  the  third  conxergent  in  [1]  is  eq[oal  to 
r  X  <  second  nnmerator)  +  <^first  mamentor). 

The  denominator  of  tiie  third  ccnTezgent  in  ^1  is  eq[iial  to 
r  x(8eooDd  denominator)  +  (first  denominator). 
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Assume  that  this  law  holds  true  for  the  third  of  the  three 
consecutive  convergents 

Uq       Ui       u^ 
Vq      Vi      v^ 

so  that  ^  =  ^»Lil^o.  ^2] 

U  U  A_ 

Then,  since  —  is  formed  from  ~  by  using  m^-] for  m^ 


!*3_ 


(ma  H 1^1 


+  % 


0 


__mfi(m^Ui  ■{-  Up)  -h  u^ 


Substitute  Wj  and  Vg  for  their  values  mgWi  +  Wq  ^^^  ^^s^i  +  ^o* 
Then,  u,^m,u,-\-u. 

Therefore,  the  law  still  holds  true;  and  as  it  has  been 
shown  to  be  true  for  the  third  convergent,  the  law  is  general 
by  mathematical  induction. 

Corollary.  If  -t^>  —  ?  —  >  •••»  —>•••  are  the  convergents  to 
mi  +  —      —      ...      —      •..,  then,  smce  u^  =  w^w^.i  +  u^^^ 

=  m„4- 


w«-i 


=  w,  4- 


m.  4- 


W«-2 

;^   < 

»*«    + 

1 

zl 

1 

1 

^n- 

-2 

m„_i 

+ 

W«-2 
Wn-8 

1 

1 

1 

^n-l 

+ 

W„.  2 

+ 

««-« 
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and  80  on,  until  finally 


In  like  manner,  it  may  be  shown  that 


445.  Examples.  (1)  Pind  the  continued  fraction  equal  to 
f  ^,  and  also  the  successive  convergents. 

Following  the  process  of  finding  the  H.C.F.  of  31  and  76,  the  succes- 
sive quotients  are  found  to  be  2,  2,  2,  1,  1,  2.  Hence,  the  equivalent 
continued  fraction  is 

1 

24- -lU 


2  + 


2  + 


1  + 


'^1 


or,  in  the  compact  form, 

111111 

2+2  +  2  +  1  +  1+2* 

To  find  the  successive  convergents,  write  the  successive  quotients  in 
order  in  a  line,  and  in  the  next  line  below  write  the  initial  convergents  ^ 
and  f  to  the  left  of  the  first  quotient ;  then,  beginning  with  these  initial 
convergents,  form  the  successive  convergents  as  follows:  Multiply  the 

{numerator     1     - 
.  i.  of  any  known  convergent  by  the  quotient  next  on  its 

right  and  to  the  product  add  the  -{  ,  .  I  of  the  convergent  next 

rwrt^  ...      enumerator     ^     .   , 

precedmg.     The  sum  is  the  -j  ,  .  J-  of  the  next  succeedmg  con- 

vergent (§  444).     Write  this  convergent  immediately  below  the  quotient 
producing  it. 

Thus,  Quotients      =  2,  2,    2,     1,     1,    2. 

Convergents  =  J,  f  J,  f ,  A»  tV»  ih  H- 
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If  the  given  fraction  is  improper  with  an  integral  part  n,  the  initial 

In  1 

convergents  are  jr  and  t  *     Thus,  the  zeroth  convergent  is  always  -  and 

the  first  convergent  is  the  integral  part  qf  the  continued  fraction,  or  is 
zero  if  there  is  no  integral  part. 

(2)  Pind  the  successiye  convergents  to  the  continued  fraction 

14-^      1     i     1 

■^"^2  +  3  +  44-5" 

Quotients      =  2,   8,    4,     6. 

Convergents  =  J,  J,  J,  ^,  |},  f  |f 
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Express  the  following  numbers  as  simple  continued  fractions 
and  find  the  successive  convergents : 

1.  f  J.  4.   J,^-.  7.   0.0498756. 

2.  Hi'  6.   Wi^rfW-  8-   1-4142. 

3.  §||.  6.   0.43589.  9.   2.44949. 

10.  Find  the  value  of 

1      1      1.     1      1      1.     1      1      1      1      1 

4  +  3+2'    2+3  +  7'     1  +  2  +  1  +  4  +  5' 

11.  Find  a  series  of  fractions  converging  to  the  continued 
fraction  that  has  as  quotients  2,  1,  3,  1,  7,  2,  1,  2,  6,  4. 

446.    The   difference   between   two   consecutive   convergents 

Uj         T  ^    .       1 

—  and  -^   IS 

Vi  Va  VjVa 

The  difference  between  the  first  two  convergents  is 

1        q 


Let  the  sign  '^  stand  for  the  words  the  difference  between^ 
and  assume  the  proposition  true  for  —  and  —  • 

Vq  Vi 
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Then,      —  /^  —  = = 

Vq  Vi  VqVi  VqVi 

But 

U2       Ui      U2V1  ^  thVi      (ntjUi  +  Up)  Vi  ^  Ui  (rn^Vi  +  ^o) 

if  we  put  for  t^j  and  Vg  their  values,  mztCi  +  Uo  and  m2ViH-Vo' 
Reduce,        -£  /^  — i  =  -li-i i-i?  = (by  assumption). 

V2  Vi  V1V2  V1V2 

Hence,  if  the  proposition  is  true  for  one  pair  of  consecutive 
convergents,  it  is  true  for  the  next  pair;  but  it  has  been 
shown  to  be  true  for  the  first  pair ;  therefore,  it  is  true  for 
ever^  pair  by  mathematical  induction. 

Corollary.  If  —  and  —  are  two  consecutive  convergents, 
WjVn  —  u^Vi  =  +  1  or  —  1  according  as  —  >  or  <  —  • 

447.  Since  by  §  443  the  complete  value  of  x  lies  between 
two  consecutive   convergents  —  and  —  >   the  convergent  — 

differs  from  a;  by  a  number  less  than  —  '^  —  >  that  is,  by  a 

Vi  V2 

number  less  than ;  so  that  the  error  in  taking  —  for  x  is 

i;ii;2  Vi 

less  than  >  and  therefore  less  than  3  >  as  ^2  >  m^Vi, 

V1V2  m^x 

since  v^  =  rn^y^  +  ^c 

Hence,  the  best  convergents  to  select  are  those  immediately 
preceding  large  quotients. 

448.  Any  convergent  —  is  in  its  lowest  terms;    for,  if 

u^  and  Vi  had  any  common  factor,  it  would  also  be  a  factor 
of  v.^2  '^  ^a^ij  that  is,  a  factor  of  1. 

449.  The  successive  convergents  approach  more  and  more 
nearly  to  the  complete  value  of  the  continued  fraction. 
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Let  —  ^  —  >  —  be  consecutive  convergent s. 

Vo      Vi      V2 

Now,  ~  differs  from  x,  the  value  of  the  complete  fraction, 
V2  .  ^ 

only  because  m^  is  used  instead  of  mo  H • 

Wj  +  etc. 

Let  this  complete  quotient,  which  is  always  greater  than 
unity,  be  represented  by  M. 

Then,  since  !f2  =  "^'^  +  ^»,    ^  ^  ^".  +  «.. 
V2      m2Vi  +  Vq  Mvi  +  Vo 


Wj      Mui  4-  t^o       %       ^0^1  '^  ^1^0 
.'.  a;  '^  —  = '^  —  =  — n : 


Vi       Mvi  +  Vo        Vi      Vi  (ilfvi  +  Vo)       Vi  (Mvi  +  Vo) 
-   2fo  __  "Wo       Jfi^^  +  ^o  _  M(uoVi  "^  ^i^o)  __  -^ 


Vo  Vo       Mvi-{-Vo         Vo(Mvi'\-Vo)        Vo(Mv^'\-Vo) 

Now,  KM  and  v^  >  Vq,  and  for  both  these  reasons 

Wj  t^o 

a;  '^  — ^  <  —  '^  a;. 

Vl  Vo 

That  is,  ~  is  nearer  to  x  than  is  —  • 

Vi  Vo 

Corollary.      Hence,   the  ot^eZ-numbered  convergents  to  the 

continued  fraction  Ci-\ —      "~  1  "  *  form  an  increasing  series 

of  rational  fractions  continually  approaching  to  the  value  of 
the  complete  continued  fraction ;  and  the  evew-numbered  con- 
vergents form  a  decreasing  series  having  the  same  property. 

450.    The  fra/^tion  — ^^  is  greater  than  or  less  than  x^  accorcU 

inq  as  -^  is  greater  than  or  less  than  —  • 
Vi       ^  Va 


»1  »  51 

For  (§  449),  3f  >  1,  Wa  >  ^u  and  Vg  >  Vj. 


.'.  M^U2V2  —  UiVi  >0. 
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Hence,  (Mht 2V2  —  UiVi)(uiV2  —  ^2^1)  >  0  or  <  0, 
that  is,  MhiiU2V2^  +  1*1^2^1' >  or  <3/^M2^iVa4-Mi^ir2, 

and  U1U2  (Mv2  +  Vj)^  >  or  <  VjVa  {Mu2  -\-u{f, 

and,  therefore,        ^  >  «r  <  (^^^^^\ 
according  as  ~  is  >  or  is  <  —  • 

Vi  V2 

But  ^  =  ^^f«±i^. 

.*. >  or  <  «'  according  as  —  >  or  <  -2 • 

i;ii;2  Vi  V2 

Corollary.    is  always  positive, 

451.    Any  convergent  —  is  nearer  the  complete  value  x  than 
any  other  fraction  with  smaller  denominator. 

Let  y  be  a  fraction  in  which  ft  <  Vj. 

If  -  is  one  of  the  convergents,  x  ^  ->  —  ^  x,        (§  449) 

If  7-  is  not  one  of  the  convergents,  and  is  nearer  to  x  than 
0 

is  —  >  then,  since  x  lies  between  ~  and  —  C§  443),  r  must 
be  nearer  to  —  than  is  —  • 

V2  Vi 

1  nat  IS,         7  '^  —  <  —  '^  —  J  or  ; < • 

ft  Vj         Vi  Vj  ^2*  VjVj 

Since  ft  <  Vj,  this  would  require  that  Vja  '^  Wjft  <  1.      But 
v^a  ^  ujy  cannot  be  less  than  1,  for  a,  ft,  u^  v,  are  all  integers. 

Hence,  ~  is  nearer  to  x  than  is  7  • 

V,  ft 
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Examples.     Express  VS  in  the  form  of  a  continued  fraction. 
Let  Vs  =  1  H-  -  (since  1  is  the  greatest  integer  in  Vs). 


Then, 

i  =  V3-l. 

X 

.1         Vs  +  i 

.".  X  =  — — =  — - — . 

Vs^l           2 

Let 

' —  =  1  -f  -  (  smce  1  IS  the  greatest  mteger  in  — - —  J 

Then, 

1_  V3  +  I      ^_  V3-I 
y          ^                      2 

2           V3  +  I 

.,  y  —                 — 

V3-I            1 

Let 

=  2  -f  -  (  since  2  is  the  greatest  integer  in ) . 

1                  z  \                                                          1      / 

Then, 

1=^  +  1      2=V3      1. 
z            1 

1        V3  +  1 

.*.  z  =  — — = • 

V3-I           2 

This  is  the  same  as  x  above ;  hence,  the  quotients  1,  2  will  be  con- 

tinually r 

epeated. 

•  V5  —  1  -1. .  . 

1  , L  .          ._ 

'  2  +  etc. 

of  which 

will  be  continually  repeated,  and  the  whole  expression 

may  be  written                                  11 

1+2 
The  convergents  of  the  continued  fraction  -•     -  are 

1,  h  ft  At  tt»  »  ••• 
.'.  the  convergents  to  Vs  are  1,  2,  J,  J,  Jf,  ||,  JJ,  •  •  • 

This  example  shows  how  any  pure  quadratic  surd  may  be 
converted  into  a  non-terminating  simple  continued  fraction. 
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The  following  is  another  example  with  the  work  of  con- 
version exhibited  in  full  in  a  convenient  arrangement. 

1  V7  4-  2  *i 

V7H-2      ,    ^  V7-I      ,  ^        2  ^  ^  1 

.-.  iSi  = =  1  + =  1  +  -p =  1  +  — 

3  3  V?  4-  1  «a 

V7  +  I              V7-I      ,  ^       3  ,  ^  1 

.-.  Xa  = =  1  + =  1  +  -p =  1  +  — . 

2  2  V7  +  1  «8 

V7  +  I              V7-2      ,    .         1  -^1 

.-.  Xs  = =  1  + z =  1  +  -p =  1  -f  —  • 

3  3  V7+2  «4  . 

1  1  V7+2  «i 

.•.v7=2+i  1  1  i. 

1+1+1+4 

Quotients      =  1,  1,  1,   4,     1,     1,     1,      4. 

Convergents  =  I,  f ,  f ,  I  f ,  ff,  f f,  ff,  W»  tff 

452.  A  non-terminating  simple  continued  fraction  in  which 
the  denominators  recur,  and  recur  always  in  the  same  order,  is 
called  a  simple  periodic  continued  fraction. 

453.  Every  quadratic  surd  may  he  converted  into  a  simple 
periodic  continued  fraction. 

It  is  sufficient  to  consider  the  case  of  a  pure  quadratic  surd, 
as  a  mixed  surd  can  always  be  reduced  to  a  pure  surd. 

Let  N  be  any  given  integer  not  a  square,  and  let  qi  be  the 
integer  next  less  than  ViV,  hence  ViV^  —  g'l  <  1.  Then,  arrang- 
ing as  in  the  last  example,  we  have 

in  which  ki  =  qi  and  ri  =  N  —  yi' ; 
ViV^4-A;i  .    VN  —  k^  .  r^ 

if  k^  =  riqi  —  ki  and  ^2  = — ; 
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Z =  S's  H =  2^8  + 


Vn  -{-k 


if  k^j=  r^^  —  Ajj  and  r^  = 


'        N-h^ 


^2 


iVbt^,  ^Ae  numbers  Tj,  Tj,  Tj,  •  •  •  anc?  kj,  kg,  •  •  •  are  positive 
integers. 

For,  let  -^^^^  J  — ^  >  -^^^  be  the  consecutive  convergents  cor- 

responding  to  the  paa-tial  quotients  q^-D  qnj  ^n+v     The  com- 

Vi^  4-  k 
plete  quotient   next  after  q^  is  ^j  and  using  this 

instead  of  q^  to  form  the  next  convergent,  we  obtain  the 
complete  value  "WN   of  the   continued  fraction,  instead  of 

the  convergent  value  -'^^  •  (§  446) 

Equate  rational  and  irrational  parts  of  this  equation. 
Then,  k^u^  +  V*„-i  =  '^n^, 

and  k^v^  +  r„v„«i  =  u^. 

and  Vi>^-V      .  1-2] 

Hence,  by  §  450,  Corollary,  and  §  443,  Corollary,  k^  and 
r^  are  both  positive,  and   since  w«_iv„  —  t^»v„«i  =±  1,  they 
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are  also  integral  if  w„_i,  u^,  v^-i^  and  v^  are  integral;  that  is, 
if  ki,  k^k^  "  •,  k^^i  and  r^,  r^r^  •  •  •,  r^_i  are  integers.  Now, 
ki  =  qi  and  r^  =  iV  —  g'l^  and  are,  therefore,  positive  integers. 
Therefore,  k^  and  r^  are  positive  integers.  Therefore,  k^  and 
r,  are  positive  integers,  and  so  on. 

Therefore,  Vz7  has  been  developed  into  the  simple  continued 
fraction,  ^       ^ 

gr-  -f-  —        "—         •  •  • 

The  greatest  value  that  any  of  the  numbers  k^  kg,  k^  ••• 
can  have  is  qi ;  for  r^_ir^  =  iV  —  k^%  and  r^_i  and  r^  are  posi- 
tive integers;  hence,  k^^  cannot  be  greater  than  the  greatest 
integer  in  "Vn,  that  is,  k^  cannot  be  greater  than  q^. 

The  greatest  value  that  any  of  the  numbers  ri,  r^  r,,  •  •  •  and 
the  greatest  value  that  any  of  the  numbers  qi,  q%i  q^  -"  can 
have  is  2  g'l ;  for  k^^i  +  ^«  =  ^n-iS'n*  Therefore,  r^^^qn  cannot 
be  greater  than  2  q^  and  as  neither  r^_^  nor  q^  can  be  less  than 
1,  therefore  neither  of  them  can  be  greater  than  2  q^. 

As  the  numbers  k^,  k^,  k^  "-  cannot  have  more  than  y^  dif- 
ferent values  and  the  numbers  r^,  r^,  r^,  •  •  •  cannot  have  more 

Vl^-f-  k 
than  2qY  different  values,  the  complete  quotients  -y 

2,  . . .  cannot  have  more  than  2  q^  different  values, 

and  therefore  one  of  these  values  must  recur.  If  this  happens, 
all  the  quotients  following  the  first  recurring  quotient  must 
recur  in  order,  and  consequently  all  the  partial  quotients  recur 
in  a  cycle  which  cannot  have  more  than  2  q^  terms. 

Hence,  Vn  can  he  developed  into  a  simple  periodic  continued 
fraction, 

454.  There  cannot  be  more  than  one  non-recurring  partial 
quotient  in  the  conversion  of  ViV. 

For,  if  possible,  let  there  be  t  partial  quotients  that  do  not 
recur,  t  being  greater  than  1,  and  let 
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/l^j_ll  lil  i 

in  which  q^  is  not  equal  to  q^. 

Let  y  =  5'*+i  +  T—,T—.  •••.—' 

and  let  —  denote  the  nth  convergent  to  VJvl 
Then,  Viv'=  yi  +  i  ^ i  ^  ...      i  ^i 

=      +i      i      ...      i      J:-.  1      1. 

^^     ^a  +  s's  +      +  ?!  +  S'f+i  +  "  *  +  g^rn  +  y  * 

yvt  +  v,.i       yv^  +  Vm-1  •-  ■" 

Eliminate  y  from  these  equations, 

+  t^,Wm-l  -  ^l-l^m  =  0.  [2] 


•••""-"'- G' -^  St! -^-- Si;) 


+  «._^._(,.  +  ^_,^_^;)  =  0. 


[3] 


^m— 2 


Now,  since  t>l,  "*  is  a  positive  proper  fraction,  and 
-^— ^  is  zero  if  ^  =  2,  and  is  a  positive  proper  fraction  if  ^  >  2. 
Hence,  '-^=^ ^'^^  is  a  proper  fraction,  say  ±  /.     So  also 


W|_j         ^m— 8 


is  a  proper  fraction,  say  ±/'.     Hence,  [3]  may 


be  written 

w^-iVt-iCi'i  -  S'm  ±/)  +  u,_iu„_i(q,  -  g'^  ±/')  =  0.     [4] 
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Now,  /  and  /'  both  being  proper  fractions  and  qt  *>*  q^  being 
an  integer,  for  q^  was  assumed  unequal  to  q^,  the  numbers 

qt  —  qm^f  ^^^  9[t  ^  ^m^f  8^®  ^o^h  positive  or  both  negative, 
and  [4]  becomes  the  sum  of  two  positive  numbers  or  of  two 
negative  numbers  is  equal  to  zero;  but  this  is  impossible. 
Therefore,  t  cannot  be  greater  than  1. 

If       ^  =  1,  then  Uf^i  =  1,  v<_i  =  0,  Uf  =  qi,  v^  =  1, 
and  equation  [2]  becomes 

.-.  v«-l^'  4-  qiUm-i  -u^  =  o,  [5] 

and  w^_i  +  qiv„-i  -  v«  =  0.  [6] 

-rqi  — 


•  • 


.  .  ^  O'l  "i —        •  •  •        =  O—  T •  •  •        —  • 

q2  +  qs-h  +qm-l  2'm-l  +  2'm-2+  +  q^ 

(See  §  444,  Corollary.) 

'''qm  =  ^qif    qm-\  =  q29    5'm-j  =  5'«>    ••• 

.-.  VF  =  ^i  +  -      -      •••      -      -      77^.  [7] 

455.    Eliminating  g'j  from  equations  [5]  and  [6],  we  obtain 

Now,  m  —  1  is  the  number  of  terms  in  the  cycle  in  [7]. 
Therefore,  u^^i  —  Nv„^^  =  +  1  or  —  1,  according  as  the 
number  of  terms  is  even  or  is  odd,  in  the  cycle  of  the  simple 
periodic  continued  fraction  into  which  ViV^  is  convertible. 

Let  Ci  =  w^_i  and  s^  =  v„_i,  that  is,  let  —  be  the  conver- 

gent  immediately  preceding  the  partial  quotient  2  5^1  in  [7] ; 
then  equation  [8]  becomes 

Ci*  — JVV  =  +  1  or  -1. 


CONTINUED  FRACTIONS  378 

Consider  the  case  c^  —  Nsi^  =  +  1. 

Let  (ci  -h  Si VnY  =  c^-h  s^Vn. 

Then,  (ci  —  Si  VWy  =  c^  —  5„  Vn  ; 

.-.  cj'  -  NsJ'  =  (ci^  -  Ns,^-  =  1.  [A] 

Also   (c^  +  5^ Viv")  (c,  +  5, ViV)  =  c^^,  +  s^^^Vn.        [B] 

Multiply  the  factors  on  the  left  side  of  [B]  and  equate 
rational  and  irrational  parts ;  then 

*«•  +  «  =  ^nfin  +  Vm      J 

456.   These  equations  give  a  very  easy  and  rapid  method 

of  obtaining  a  close  approximation  to  V?7. 

From  the  example  on  page  368,  we  find  for  Vz 

Si""3* 
.  Ca      64  +  7x3^      127 


5«       2x8x3         48 
and 


Ce      127«  +  3  X  7  X  127  X  482      8193151 


56       3  X  127^  X  48  +  7  X  48»       3096720 
By  §  447,  the  error  of  approximation  is 


4x30967202    ^10" 

457.    Compare  equations  [A],  [B],  and  [C]  with  the  trigo- 
nometrical equations : 

cos*  a  —  (—  l)sin*a  =  1, 
(cos  a  +  V— 1  sin  a)  (cos  fi  -{-  V—  1  sin  ft) 

=  cos(a  4-  i8)  +  V^  sin(a  +  fi), 
and  cos  (a  -f  )8)  =  cos  a  cos  j8  +  (—  1)  sin  a  sin  p, 

sin  (a  4-  j3)  =  sin  a  cos  j3  +  sin  j3  cos  a. 
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458.  If 

Ci^  -  Nsi"  =  -  1, 

then 

c,»-JV^Sa^  =  +li 

and;  in  general^ 

c,,'-Ns,,^==+l, 

^n  +  l    ~'  ^^2n  +  l    —  —  1. 

459.  Equation  [2],  §  453,  gives 
and  therefore,  if 

then       u^^^^  -  -^v.+mc^  =  (-  ir'^X+i. 

460.  If  g  is  the  H.C.F.  of  mg  and  a'  —  iV,  to  reduce  the 

/— 

mixed  surd  to  a  simple  periodic  continued  fraction, 

mg  r^— 

it  is  sufficient  to  reduce  5 to  a  continued. fraction 

by  the  method  of  §  451.  ^  ^ 

_,  3  +  V7     12  +  vTii  1 

Thus, 


8  32  12 -Vm 

_iiiiij_ii 
1  +  2  +  2  +  1  +  1+20  +  1  +  1' 

461.   The  value  of  a  simple  periodic  continued  fraction  can 
be  expressed  as  the  root  of  a  quadratic  equation. 

•  • 

Find  the  surd  value  of  t      jz' 

1  +-  J 

Let  X  be  the  value  of  the  continued  fraction. 

1  2  +  « 


Then,  x  = 


1+  1     «+* 


2  +  x 
.-.  x«  +  2a;  =  2. 

.-.  X  =  -  1  +  V3. 

We  take  the  +  sign  since  z  is  evidently  positive. 
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It  is  not  true,  however,  that  a  value  can  be  determined  for 
any  periodic  continued  fraction ;  for  if  we  assume 


we  obtain 


=i    1    1    1 

a;^  -  aj  +  1  =  0. 


1-x 


IS 


which  is  absurd.     The  continued  fraction  t      r      t      • 

not  convergent,  as  may  be  seen  on  attempting  to  form  the 
principal  convergents  to  it;  these  are 

1,     00,     0,     1,     00,     0. 

462.   Exponential  Equations.     An. exponential  equation  can 
be  solved  by  continued  fractions. 

Solve  by  continued  fractions  10*  =  2. 


Let 
Then, 


or 


Then, 


Then, 


x  =  0  +  -. 

y 

1 
10»  =  2, 

10  =  29, 


.«.  y  =  3  H-  -  (since  10  lies  between  2«  and  2*). 

8  +  1  1 

10  =  2  ^  =  2»  X  2«. 


.-.  2  «  =  V-  =  f  • 
.-.  2  =  (})«. 

.-.2  =  3  +  -  (smce  2  lies  betwBwi  (f )»  and  (f  )*> 
2  =  (J)'  +  5  =  (})«X(4)-. 


The  greatest  integer  in  u  is  found  to  be  9. 


376  COLLEGE   ALGEBRA 


Hence,  x  =  0  + 


3  + 


3  + 


9  +  etc. 


The  successive  convergents  are  J,  ^,  Jf ,  etc. 
The  last  gives  x  =  |}  =  0.3010,  approximately. 


common  logarithm  of  2,  is  considerably  less  than  77^37^)  that  is,  con- 


NoTE.    Observe  that  by  the  above  process  we  have  calculated  the  com- 
mon logarithm  of  2.     By  §  445,  the  error,  when  0.3010  is  taken  for  the 

(93)' 
siderably  less  than  0.00011 ;  so  that  0.3010  is  certainly  correct  to  three 

places  of  decimals,  and  probably  correct  to  four  places. 

Logarithms  are,  however,  much  more  easily  calculated  by  the  use  of 

series,  as  shown  in  Chapter  XXV. 
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1.  Find  continued  fractions  for  |ff,  ij^,  1^,  ^^,   V5, 
Vn,  4V6;  and  find  the  fourth  convergent  to  each. 

2.  Find  continued  fractions  for  ^y,  J^J,  |^f|,  ^^^i  and 
find  the  third  convergent  to  each. 

3.  Find  continued  fractions  for  V2I,  V22,  V33,  "VEE. 

4.  Obtain  convergents,  with  only  two  figures  in  the  denom- 
inator, that  approach  nearest  to  the  values  of 

V7,  Vio,  Vi5,  Vi7,  Vis,  V20,  3  -  V5,  2  -f  Vil. 

6.  If  the  pound  troy  is  the  weight  of  22.8157  cubic  inches 
of  water,  and  the  pound  avoirdupois  of  27.7274  cubic  inches  of 
water,  find  the  fraction  with  denominator  less  than  100  which 
shall  differ  from  their  ratio  by  less  than  0.0001. 

6.  The  ratio  of  the  diagonal  to  the  side  of  a  square  being 
V2,  find  the  fraction  with  denominator  less  than  100  which 
shall  differ  from  their  ratio  by  less  than  0.0001^ 
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7.  Find  the  next  cdhvergent  when  the  two  preceding  con. 
vergents  are  ^^  and  ^f,  and  the  next  quotient  is  5. 

8.  The  ratio  of  the  circumference  of  a  circle  to  its  diam- 
eter is  approximately  3.14159265 : 1.  Find  the  first  three  con- 
vergents  to  this  ratio,  and  determine  to  how  many  decimal 
places  each  agrees  with  the  true  value. 

9.  In  two  scales  of  which  the  zero  points  coincide  the 
distances  between  consecutive  divisions  of  the  one  are  to  the 
corresponding  distances  of  the  other  as  1 : 1.06577.  Find 
what  division  points  less  than  100  most  nearly  coincide. 

10.   Find  the  surd  values  of 

1  1  1  1111  .,1  1  1 

■^4  +  2'        "^1  +  6'     3  +  1  +  6'     ■'■^2  +  3  +  4* 


11 


.   Show  that  f  a  +  i      -^  (^     -^  =  ? 

\         b  +  aj\b  +  aj      b 


12.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  the 
edge  may  be  nearly  expressed  by  97 :  56. .  Find  the  greatest 
possible  value  of  the  error  made  in  taking  this  ratio  for  the 
true  ratio. 

13.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5  hours  48  minutes  51  seconds  to  24  hours. 

14.  Find  a  series  of  fractions  converging  to  the  ratio  of  a 
cubic  yard  to  a  cubic  meter,  if  a  cubic  yard  is  0.76453  of  a 
cubic  meter. 


CHAPTER  XXVII 
SCAL£S  OF  NOTATION 

463.  Definitions.  Let  any  positive  integer  be  selected  as  a 
radix  or  base ; .  then  any  number  may  be  expressed  as  an  alge- 
braic expression  of  which  the  terms  are  multiples  of  powers 
of  the  radix. 

Any  positive  integer  may  be  selected  as  the  radix ;  and  to 
each  radix  corresponds  a  scale  of  notation. 

When  we  write  numbers  in  any  scale  of  notation,  they  are 
arranged  by  descending  powers  of  the  radix,  and  the  powers 
of  the  radix  are  omitted,  the  place  of  each  digit  indicating  of 
what  power  of  the  radix  it  is  the  coefficient. 

*  Thus,  in  the  scale  of  ten,  2356  stands  for 

2xl0«  +  3xl02+6xl0  +  6; 
in  the  scale  of  seven  for 

2x7«  +  3x  72 +  6x7+6; 
in  the  scale  of  r  for 

2r«  +  3ra  +  5r  +  6. 

464.  Computation.  Computations  are  made  with  numbers  in 
any  scale,  by  observing  that  one  unit  of  any  order  is  equal 
to  the  radix-number  of  units  of  the  next  lower  order;  and 
that  the  radix-number  of  units  of  any  order  is  equal  to  one 
unit  of  the  next  higher  order. 

(1)  Add  66,432  and  15,646  (scale  of  seven). 

^^  The  process  differs  from  that  in  the  decimal  scale  only  in 

lAfUA      ^^^  when  a  sum  greater  than  seven  is  reached,  we  diyide  by 
^^  seven  (not  ten),  write  the  remainder,  and  carry  the  quotient  to 

the  next  column. 

378 
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(2)  Subtract  34,561  from  61,235  (scale  of  eight). 

When  the  number  of  any  order  of  units  in  the  minuend  is 
less  than  the  number  of  the  corresponding  order  in  the  subtra- 
hend,  we  increase  the  number  in  the  minuend  by  eight  instead 
of  by  ten,  as  in  the  common  scale. 

(3)  Multiply  5732  by  428  (scale  of  nine).  . 

6732 

428  We  multiply  the  number  of  units  in  each  order  in  the  multi- 

51477  plicand  by  the  number  of  units  in  each  order  in  the  multiplier, 

12564  divide  each  time  by  nine,  set  dovm  the  remainder,  and  carry 

25238  the  quotient. 
2712127 

(4)  Divide  2,712,127  by  5732  (scale  of  nine). 

428 

5732 )  2712127 

25238  '^^  operations  of  multiplication  and  subtraction  in- 

^yyoQ        volyed  in  this  problem  are  precisely  the  same  as  in  the 

12564        decimal  scale  of  notation,  with  the  exception  that  the 

-TTTyT      radix  is  9  instead  of  10. 

51477     , 

465.   Integers  in  Any  Scale.     If  r  is  any  positive  integer j  any 
positive  integer  N  may  be  expressed  in  the  form 

N  =  ar**  -f-  br"-^  H h  pr*  +  qr  +  s, 

in  which  the  coefficients  a,  b,  c,  •  •  •  are  positive  integers,  ea^h 
less  than  r. 

For,  divide  N  by  r",  the  highest  power  of  r  contained  in  Ny 
and  let  the  quotient  be  a  with  the  remainder  N^ 

Then,  iV  =  ar"  +  ^i- 

In  like  manner, 

and  so  on. 

By  continuing  this  process  a  remainder  s  is  at  length  reached 
which  is  less  than  r.     So  that, 

iV  =  a/"  +  br^-^  H \-pr^  -f-  g'r  -f-  «. 
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Some  of  the  coefficients  s,  q,  p,  -•'  may  vanish^  and  every 
coefficient  is  less  than  r  j  that  is,  the  values  of  the  coefficients 
may  range  from  zero  to  r  —  1. 

Hence,  including  zero,  r  digits  are  required  to  express  num- 
bers in  the  scale  of  r. 

Express  N  in  the  form 

ar"  +  br^~^  +  •  •  •  4- p^  -\-  qr  -{-  s, 

and  show  how  the  digits  a,  b,  -"  may  be  found. 

If  N  =  ar^  +  bi"^"^  +  •  •  •  +  P^^  +  q'l^  +  s, 

N  s 

then  —  =  ar"~^  +  br^~^  + \-  pr  -\-  a  -\ 

r  r 

That  is,  the  remainder  on  dividing  iV^  by  r  is  5,  the  last 
digit. 

Let  Ni  =  ar"""^  +  br^~^  -\ \- pr  -\-  q. 

N  a 

Then,  —  =  ar^"^  +  ^r»-«  H hi?  4-  -• 

T  T 

That  is,  the  remainder  is  q^  the  last  but  one  of  the  digits. 

466.   Hence,  to  express  an  integral  number  in  the  scale  of  r^ 

Divide  the  number  by  the  radix,  then  the  quotient  by  the  radix, 
and  so  on  until  a  quotient  less  than  the  radix  is  reached.  The 
successive  remainders  and  the  last  quotient  are  the  successive 
digits  beginning  with  the  units^  place. 

(1)  Express  42,897  (scale  of  ten)  in  the  scale  of  six. 

6)42897 

6) 7149 ...  3 

6)  1191 ...  8 

6^98. ..3 

6T33...O 

6 ...  3 

Therefore,  42,897  (scale  of  ten)  is  expressed  in  the  scale  of  six  by 
630,333. 
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(2)  Change  37,214  from  the  scale  of  eight  to  the  scale  of  nine. 

9)37214  The  radix  is  8.     Hence,  the  two  digits  on  the  left,  37, 

9)3363-  •  •  1  do  not  mean  thirty-seven,  but  3x8  +  7,  or  thirty-one, 

9)305'  •  -6  which  contains  9  three  times,  with  remainder  4. 

9)26 .  •  •  8  The  next  partial  dividend  is  4  x  8  +  2  =  34,  which 

2  •  •  •  3  contains  9  three  times,  with  remainder  7 ;  and  so  on. 
Therefore,  37,214  (scale  of  eight)  is  expressed  in  the  scale  of  nine  by 
23,861. 

(3)  In  what  scale  is  140  (scale  of  ten)  expressed  by  362  ? 

Let  r  be  the  radix ;  then,  in  the  scale  of  ten, 

140  =  3r2  +  6r  +  2,  or  Sr^  +  6r  =  138. 

Solving,  we  find  r  =  6. 

The  other  value  of  r  is  negative  and  fractional,  and  therefore  inad- 
missible, since  the  radix  is  always  a  positive  integer. 

467.   Radix-Fractions.     As  in  the  decimal  scale  decimal  frac- 
tions are  used,  so  in  any  scale  radix-fractions  are  used. 

Thus,  in  the  decimal  scale,  0.2341  stands  for 

10       102  ^  108       10*  * 

and  in  the  scale  of  r  it  stands  for 

2  +  l  +  l  +  i. 
r      r^     r^     r^ 

(1)  Express  f  J|  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  eight. 

.  245      a      h    ,    c       d   , 

Assume  —  =  -H —  H f-*" 

256      8      82      88  ^  8* 

.  Multiply  by  8,  7|i  =  a  +  g  + ^ +  ^3  +  ... 

Therefore,  a  =  7, 

A                                        21      6       c       d   , 
and  — -  =  — I rri  +  ... 


Multiply  by  8,  5i  =  6  +  -+-^+..- 


32      8      82      88 

c      d 
8      82 
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Therefore,  6  =  5, 

4'"8  '  83 
d 
8 


«nd  T  =  r  +  —  + 


Multiply  by  8,  2  =  c  +  ^  + 


Therefore,  c  =  2, 

and  0  =  d,  etc. 

Therefore,  f  ||  (scale  of  ten)  is  expressed  in  the  scale  of  eight  by  0.752 

(2)  Change  35.14  from  the  scale  of  eight  to  the  scale 

of  six.  3 

6 
We  take  the  integral  part  and  the  fractional  part  16)18(1 

separately.  15 


Integral  part ;  6  )35 

4  •  •  •  5. 


2 

6 

leJTi^o 


T.      ..       ,      ^  1       4       12       3  6 

FrojctumaX  part  :--f  —  =  —-  =  —-  " 


This  is  reduced  to  a  radix-fraction  in  the  scale  of  six 
as  in  the  margin. 


8      82      64      16  16)72(4 

64 
8- 
6 

16y48'(3 
Therefore,  35.14  (scale  of  eight)  is  expressed  in  the  48 

scale  of  six  by  45. 1043. 


Exercise  67 

1.  Add  435,  624,  737  (scale  of  eight). 

2.  E<»ra  32,413  subtract  15,542  (scale  of  six). 

3.  Multiply  6431  by  35  (scale  of  seven). 

4.  Multiply  4685  by  3483  (scale  of  nine). 
6.  Divide  102,432  by  36  (scale  of  seven). 

6.  Fmd  H.C.F.  of  2541  and  3102  (scale  of  seven). 

7.  Extract  the  squ^M^  33^224  (scale  of  six). 
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8.  Extract  the  square  root  of  300,114  (scale  of  five). 

9.  Change  624  from  the  scale  of  ten  to  the  scale  of  five. 

10.  Change  3516  from  the  scale  of  seven  to  the  scale  of  ten. 

11.  Change  3721  from  the  scale  of  eight  to  the  scale  of  six. 

12.  Change  4535  from  the  scale  of  seven  to  the  scale  of  nine. 

13.  Change  32.15  from  the  scale  of  six  to  the  scale  of  nine. 

14.  Express  ^^  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  four. 

15.  Express  ^^  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  six. 

16.  Multiply  31.24  by  0.31  (scale  of  five). 

17.  In  what  scale  is  21  x  36  equal  to  746  ? 

18.  In  what  scale  is  the  square  of  23  expressed  by  540  ? 

19.  In  what  scale  are  212,  1101,  1220  in  arithmetical  pro- 
gression ? 

20.  Show  that  1,234,321  is  a  perfect  square  in  any  scale 
(radix  greater  than  four). 

21.  Which  of  the  weights  1,  2,  4,  8,  •  •  •  pounds  must  be 
selected  to  weigh  345  pounds,  only  one  weight  of  each  kind 
being  used  ? 

22.  Multiply  72,646  by  46,723  (scale  of  eight). 

23.  Divide  162,542  by  6522  (scale  of  seven). 

24.  A  number  of  three  digits  in  the  scale  of  7  is  expressed 
in  the  scale  of  9  by  the  same  digits  in  reverse  order.  Find 
the  number. 

25.  If  two  numbers  are  formed  by  the  same  digits  in  dif- 
ferent orders,  show  that  the  difference  between  the  numbers  is 
divisible  by  r  —  1. 


CHAPTER  XXVIII 

THEORY  OF  NUMBERS 

468.  Definitions.  In  the  present  chapter,  by  the  term  nurnr 
ber  is  meant  positive  integer.  The  terms  prime,  compositey 
are  used  in  the  ordinary  arithmetical  sense. 

A  multiple  of  a  is  a  number  that  contains  the  factor  a,  and 
may  be  written  ma. 

An  even  number,  since  it  contains  the  factor  2,  may  be  writ- 
ten 2m\  an  odd  number  may  be  written  2m  -\-l,  2 m  —  1, 
2  m  4-  3,  2  m  —  3,  etc. 

A  number  a  is  said  to  divide  another  number  b  when  -  is 
an  integer. 

469.  Resolution  into  Prime  Factors.  A  number  can  be  resolved 
into  prime  factors  in  only  one  way. 

Let  N  be  any  number.  Suppose  N  =  abc  •  •  • ,  where  a,b,c,"' 
are  prime  numbers;  suppose  also  N=aPy'",  where  a,  p, 
y,  '"  are  prime  numbers. 

Then,  abc  •  •  •  =  afiy  •  •  • 

Hence,  a  must  divide  the  product  abc  •  •  • ;  but  a,  &,  c,  •  •  •  are 
all  prime  numbers  ;  hence,  a  must  be  equal  to  some  one  of 
them,  a  suppose. 

Divide  by  a,  ftc  •  •  •  =  ^y  •  •  • ;  and  so  on. 

Hence,  the  factors  in  afiy  • .  •  are  equal  to  those  in  abc  •  •  •, 
and  the  theorem  is  proved. 

470.  Divisibility  of  a  Product.  1.  If  a  number  a  divides  a 
product  be,  and  is  prime  to  b,  it  mu^t  divide  c. 

For,  since  a  divides  be,  every  prime  factor  of  a  must  be 
f oimd  in  be ;  but,  since  a  is  prime  to  b,  no  factor  of  a  will  be 

384 
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found  in  h ;  hence^  all  the  prime  factors  of  a  are  found  in  c ; 
that  is,  a  divides  c. 

From  this  theorem  it  follows  that : 

II.    If  a  prime  number  a  divides  a  product  bcde  •  •  •,  t^  must 
divide  some  factor  of  that  product ;  and  conversely, 

III.  If  a  prime  number  divides  b^,  it  must  divide  b. 

IV.  If  a,  is  prime  to  b  and  to  c,  it  is  prime  to  be. 

V.    If  3,  is  prime  to  b,  every  power  of  a,  is  prime  to  every 
power  of  b. 

a 
471.    If  -y  a  fraction  in  its  lowest  terms ^  is  equ^l  to  another 

fraction  ->  then.Q  and  d  are  equimultiples  of  3,  and  b. 

Tu  a      c    ,.        ad 

If  T  =  -;>  then  -7-  =  c. 

0      d  b 

Since  b  will  not  divide  a,  it  must  divide  d ;  hence,  (^  is  a 
multiple  of  b. 

Let  d  =  mbf  m  being  an  integer. 

Since  r  =  ->  and  d  =  w^,  -  =  — r ;  therefore,  c  =  ma. 
0       a  b      mb 

Hence,  c  and  (^  are  equimultiples  of  a  and  b. 
From  the  above  theorem  it  follows  that : 

I71  the  decimal  scale  of  notation  a  common  fraction  in  its 
lowest  terms  will  produce  a  non-terminating  decimal  if  its 
denominator  contains  any  prime  factor  except  2  and  5. 

For  a  terminating  decimal  is  equivalent  to  a  fraction  with 

a  denominator  10".     Therefore,  a  fraction  -   in  its   lowest 

0 

terms  cannot  be  equal  to  such  a  fraction,  unless  10"  is  a 
multiple  of  b.  But  10",  that  is,  2"  x  5",  contains  no  prime 
factors  besides  2  and  5,  and  hence  cannot  be  a  multiple  of  6, 
if  b  contains  any  prime  factors  except  2  and  5. 
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472.  Square  Numbers.  If  a  square  number  is  resolved  into 
its  prime  factors,  the  exponent  of  each  factor  is  even. 

For,  if  N  =  a^  xb"  xC"  -' 

N^  =  a*"  X  f^«  X  c^*"  •  •  • 

Conversely :  A  number  that  has  the  exponents  of  all  its 
prime  factors  even  is  a  perfect  square ;  therefore, 

To  change  any  number  to  a  perfect  square, 

Resolve  the  number  into  its  prime  factors,  select  the  favors 
which  have  odd  exponents,  and  multiply  the  given  number  by 
the  product  of  these  factors. 

Thus,  to  find  the  least  number  by  which  250  must  be  multiplied  to 
make  it  a  perfect  square. 

250  =  2x5^,  in  which  2  aud  5  are  the  factors  that  have  odd  exponents. 
Hence,  the  multiplier  required  is  2  x  5  =  10. 

473.  Diyisibility  of  Numbers.  I.  If  two  numhers  N  and  N' 
when  divided  by  a  have  the  same  remainder,  their  difference  is 
divisible  by  a. 

For,  if  N  when  divided  by  a  has  a  quotient  q  and  a  remain- 
der r,  then 

N  =  qa  -\-  r. 

And,  if  N'  when  divided  by  a  has  a  quotient  q'  and  a 
remainder  r,  then 

N'  =  q^a  +  r. 

Therefore,  N  —  N' =  (q  —  q')a. 

II.  If  the  difference  between  two  numbers  N  and  N'  is  ditnsi' 
ble  by  a,  then  N  and  N'  when  divided  by  a  have  the  same 
remainder. 

N  —  N* 

Let  =  m,  where  tw.  is  an  integer. 

a 

N  r 

Now,  —  =  gr  _|-  -,  where  r<a, 

a  a 
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N^  r' 

and  —  =  g'  -\ —  ?  where  r'  <  a, 

a  a 


N  —  N'  r  —  r' 

Subtract,  ^—  =  q  —  q'  -{■ 


a  a 


N  —  N' 
But  is  an  integer  by  hypothesis. 


r  —  r'  . 


Therefore,  is  an  integer,  or  zero. 

a 

Now,  r  —  r'  <r  (r  and  r'  being  integers),  and  r<a. 

,' .  r  —  r'  <  a. 
Hence,  a  cannot  divide  r  —  r'.     Therefore, 

cannot  be  an  integer,  and  hence  must  be  zero. 


r  —  r' 


a 

Therefore,  r  must  equal  r'. 

III.  If  two  numbers  N  and  N'  when  divided  by  a  given 
member  a  have  remainders  r  and  r',  then  NN'  and  rr'  when 
divided  by  a  have  the  same  remainder. 

For,  if  N  =  qa  -{-  r, 

and  N'  =  q'a  +  r', 

then  NN'  =  qq'a^  -f  qar'  +  q'ar  +  ^*^' 

=  (qq'a  4-  qr^  +  q'r)  a  +  ^^'. 

Therefore,  NN'  and  rr'  when  divided  by  a  have  the  same 

remainder. 

Thus,  37  and  47  when  divided  by  7  have  remainders  2  and  5. 

Now,  37  X  47  =  1739,  and  2  x  5  =  10. 

The  remainder  when  each  of  these  two  numbers  is  divided  by  7  is  3. 

From  II  it  follows  that,  in  the  scale  of  ten, 

1.  A  number  is  divisible  6y  2,  4,  8,  •  •  •  (f  the  numbers  denoted  by  its 
last  digit,  last  two  digits,  last  three  digits,  •  •  •  are  divisible  respectively  by 
2,  4,  8,  . . . 

2.  A  number  is  divisible  by  5,  25,  125,  •  •  •  if  the  numbers  denoted  by  its 
last  digit,  last  two  digits,  la^t  three  digits,  •  •  •  are  divisible  respectively  by 
5,  25,  125,  . . . 
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3.  IS  from  a  number  the  sum  of  its  digits  is  subtracted,  the  remainder 
is  divisible  by  9. 

For,  if  from  a  number  expressed  in  the  form 

a +  106  + 102c  +  108d  +  .-- 

a  +  b  -^^  c  +  d-\ is  subtracted,  the  remainder  is 

(10  -  1)  6  +  (102  -  1)  c  +  (108  -  1)  d  +  . . . 

and  10  -  1,  102  _  1,  10^  -  1,  •  •  •  are  each  divisible  by  10  -  1,  or  9. 

Therefore,  the  remainder  is  divisible  by  9. 

4.  A  number  N  may  be  expressed  in  the  form  9  n  +  s  (^  s  denotes  the 
sum  of  its  digits);  and  N  is  divisible  by  S  if  s  is  divisible  by  3  ;  and  by  9 
if  8  is  divisible  by  9. 

5.  A  number  is  divisible  by  11  if  the  difference  between  the  sum  of  its 
digits  in  the  even  places  and  the  sum  of  its  digits  in  the  odd  places  isO  or 
a  multiple  of  11. 

For,  a  number  N  expressed  by  digits  (beginning  from  the  right) 
a,  6,  c,  d,  •  •  •  may  be  put  in  the  form  of 

N=a  +  10b  +  102c  +  lO^d  +  •  •  • 

...  iV_  a  +  6  -  c  +  d =  (10  +  1)6  +  (102  _  l)c  +  (lO^  +  1)(J  +  •  •  • 

But  10  +  1  is  a  factor  of  10  +  1,  102  -  l,  10^  +  1,  •  •  . 

Therefore,  ^— a  +  6  —  c  +  d. is  divisible  by  10  +  1  =  11. 

Hence,  the  number  N  may  be  expressed  in  the  form 

11  n  +  (a  +  c  H )  —  (6  +  d  H ), 

and  is  a  multiple  of  11,  if  -{a  +  c  +  •••)  —  (6  +  d  +  ••  •)  is  0  or  a  multiple 
of  11.  ' 

474.  Theorem.  The  product  of  r  consecutive  integers  is 
divisible  by  Ir. 

Represent  by  P„ ,.  the  product  of  k  consecutive  integers 
beginning  with  n,    ' 

Then,         P„^;t  =  ii  (n  +  1)  • .  •  (n  +  A;  —  1) ; 

^n  +  i,*+i  =  (n  +  1)  (71  +  2)  . .  .(7i  +  A:)  (n  +  A:  +  1) 

=z  n(n  -\- 1)  (?i  -{-  2)  '  • '  (n  -\-  k) 

+  (A;  +  l)(n  +  l)(7i  +  2)  ...  (n  -h  k). 
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Assume,  for  the  moment,  that  the  product  of  any  k  con- 
secutive integers  is  divisible  by  \k. 

Then,  P„+,,*+i  =  P«,*+i  +(Aj  +  l)M\k', 

where  Jkf  is  an  integer. 

Hence,  if  P„,k+i  is  divisible  by  \Jc  +  1,  Pn+i,k+i  is  also 
divisible  by  \k  -f  1.  But  Pi,;i.+i  is  divisible  by  |A;  +  1  since 
-Pi.fc+1  =  1^  +  1-  Therefore,  ^2,*+!  is  divisible  by  [A;  +  1; 
hence,  Ps,k+i  is  divisible  by  1 7c  +  1 ;   and  so  on. 

Hence,  the  product  of  any  A;  +  1  consecutive  integers  is 
divisible  by  \k  +  1,  if  the  product  of  any  k  consecutive  inte- 
gers is  divisible  by  \k.  The  product  of  any  2  consecutive 
integers  is  divisible  by  [2;  hence,  the  product  of  any  3  con- 
secutive integers  is  divisible  by  [3 ;  hence,  the  product  of  any  4 
consecutive  integers  is  divisible  by  |4;  and  so  on.  Therefore, 
the  product  of  any  r  consecutive  integers  is  divisible  by  \r, 

475.   Examples.     (1)  Show  that  every  square  number  is  of 

one  of  the  forms  5n,  5 n  —  1,  5n  +  1. 

Every  number  is  of  one  of  the  forms : 

5n  — 2,  6n  — 1,  6n,  Sn  +  l,  5n  +  2. 

Now,     (5  w  ±  2)2  =  25  w2  ±  20  w  +  4  =  5  (5  n2  ±  4  n  +  1)  -  1 ; 

(5n  ±  1)2  =  25 n2±10n  +  l  =  5(6n2±2n)  +  l; 

and  (5  n)2  =  25  n2  =  5  (5  n^). 

Therefore,  every  square  number  is  of  one  of  the  three  forms : 

5n,  5n  —  1,  bn-\- 1. 

Hence,  in  the  scale  of  ten,  every  square  number  must  end  in  0,  1,  4, 
6,  6,  or  9. 

(2)  Show  that  n^  —  n  is  divisible  by  30  if  n  is  even. 

n^  -  n  =  n  (n  -  1)  (n  +  1)  (n^  +  1) 

=  n(n  -  1)  (n  +  1)  (n2  -  4  +  5) 
=  n(n  -  1)  (n  -h  1)  [(n  -  2)  (n  +  2)  +  5]. 
Now,  n  (n  -  1)  (n+  1)  is  divisible  by  [3.  {§  474) 
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One  of  the  five  consecutive  numbers  n  —  2,  n  —  1,  n,  n+l,  n  +  2  is 
divisible  by  6. 

If  n,  (n— 1),  or  (n+l)  is  divisible  by  5,  the  number  on  the  right  is  divis- 
ible by  6.  If  (n  -  2)  or  (w  +  2)  is  divisible  by  6,  then  [{n  -  2)  (n  +  2)  +  6] 
is  divisible  by  5,  since  5  is  divisible  by  5. 

Therefore,  the  number  on  the  right  is  always  divisible  by  5. 

Hence,  n^  —  n  is  divisible  by  6  x  [3,  that  is,  by  30. 

Exercise  68 

Find  the  least  number  by  which  each  of  the  following  must 
be  multiplied  that  the  product  may  be  a  square  number : 

1.   2625.  2.   3675.  3.    4374.  4.    74,088. 

6.   If  m  and  n  are  positive  integers,  both  odd  or  both  even, 
show  that  m*  —  n^  is  divisible  by  4. 

6.  Show  that  n^  —  n  is  always  even. 

7.  Show  that  w'  —  ti  is  divisible  by  6  if  w  is  even,  and  by 
24  if  71  is  odd. 

8.  Show  that  n^  —  n  is  divisible  by  240  if  w  is  odd. 

9.  Show  that  71^  —  n  is  divisible  by  42  if  n  is  even,  and 
by  168  if  n  is  odd. 

10.  Show  that  n  (n  -\- 1)  (n  -\-  5)  is  divisible  by  6. 

11.  Show  that  every  square  number  is  of  one  of  the  forms 
3«,  3 n  +  l. 

12.  Show  that  every  cube  number  is  of  one  of  the  forms 
9w,  9n  — 1,  9n4-l. 

13.  Show  that  every  cube  number  is  of  one  of  the  forms 

7  w,  7  n  —  1,  7  71  -f  1. 

14.  Show  that  every  number  which  is  both  a  square  and 
a  cube  is  of  the  form  7  7*  or  7  n  +  1. 

16.  Show  that  in  the  scale  of  ten  every  perfect  fourth 
power  ends  in  one  of  the  figures  0,  1,  5,  6. 
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476.   Origin.     If  we  solve  the  two  simultaneous  equations 

(^2^  +  %  =  ^2? 


we  obtain 


X 


Cyb2  —  cj)x 


y  = 


ax«,  —  a^c 


1^2 


2^1 


Similarly,  from  the  three  simultaneous  equations 

a<fic  4-  hy  +  C2«  =  o?2> 

«8^  4-  %  4-  Cg^s;  =  dg, 
we  obtain 

^i^2^8  —  dib^2  +  c^A^i  ~~  ^2^i^3  +  d^biC^  —  e^a^gCi 

^1^2^3  —  ^1*8^2  +  «2^8^l  —  <'^2*1^8  +  C^S^i^a  —  a8^2^1 

with  similar  expressions  for  y  and  z. 

The  numerators  and  denominators  of  these  fractions  are 
examples  of  expressions  which  often  occur  in  algebraic  work, 
and  for  which  it  is  therefore  convenient  to  have  a  special 
name.     Such  expressions  are  called  determinants. 

477.  Definitions.  Determinants  are  usually  written  in  a 
compact  form,  called  the  square  form. 


Thus,  aibi  —  0261  is  written 


ai    02 
61    62 
and  aib^Cs  —  OiftsCa  +  OzhsCi  —  OihiCs  +  Os&iCa  —  dib^i  is  written 

Cll  di  OLs 
61  62  &8 
Ci       C2      Cs 
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fi^  C;ULL£fi£   Al^tfiraiS^ 


vmo  invaaioDB,  viz,,  t  hdoBt  a,  aad  r  JMfioEe  a,  sad  tlie  mgn 
TImu  IteieflpeemlTaiflBfrm'  tfaf  — lae  agn  jc-the  f'riu'iial  xaks  of  f^ffl 


umoitor  of  mTeattaae  m  Ua^  two  aenflE-  ,,  ^  ^  ^  •    ^zii^  i^  to  ilie  £iBt 

pimtum  ;  tUk  iatenasuigSHS  in  litt-  two  BeiisB  r  and  a,  2  jmd  2.  In  «ac3i 
#dr««  ti«e  uumiier  of  mvesuDos  is  imnrnfd  or  diminidied  Irr  one  ^  4fiO), 
«fHi  Uta  unal  is.  tiieFefoF&.  incnBaBd  or  riiminHriiwi  ivy  sn  ^ybd  snmber. 

JUiierciduil^  i^  and  d^  ^tiien  imernhaT^pe  61  and  t^ ;  iiiiB  iirmgB  bi  to 
tite  •ecoud  jviaoe.  and  tis  iettesF  into  tiie  satinal  order.  .As  Jba£aan&,  'tiie 
iotal  uimrtier  of  inveiaioiig  ie  fdau^sed  Irr  an  wen  imiidKr. 

Tiie  tanc  m  now  fviimaii  Os^^jcsd^.  and  -tiif  TiinnfaRr  of  inyezBiaiK  difiea 
ii^  loi  even  iiumtier  from  tiiatfoimd  by  l^^>raiffialTi^  fianoe, 

te  44^  ^vec  by  I  agmee  witb  tike  nigm  ^pveii  by  liie  gBTimal  toIb. 

m.  ^Bie  EK|MnwiimL  TLte  «x;paiifiian  of  Any  detemmuciit 
jtitiiV  Ue  j^uund  b}'  formrng  all  iib^  pcfisihk  prodncte  Id^  taikiiig 
%ni^  tikmieut,  oimT  onZy  ofM^,  dEram  «adL  row,  find  one  element 
^und  iml^  ime,  from  ^eacL  edhiiniu  find  pre&dng  to  ^adh  prodsct 
iius  pxQp^  fiign. 

TJbe  nimilier  of  terms  in  the  fTrnamnan  is 

•XT 

Far^  tQ  f Qian  tbe  eKpsnsiqp  of  a  dfthnrmTPgnt  of  1^  «^  order 
w^e  jGoaJ&e  ^  like  possible  ajraxigemBntE  of  s  eLemenls,  taking 
;aU  <tf  tbem  in  each  arrangenaent  {i  339). 

4M.  If  all  the  elements  in  any  row  or  column  are  nero,  the 
4/eiU!irminaxrt  is  jsero.  For  erery  term  contains  one  of  liie  zexos 
frooi  titij*  XQw  or  eolumn  (f  483),  and  tiierefore  every  texm  of 
tiM$  de^^erminiauat  is  :&era 

A  de^JiKUiuuirt  is  imdbanged  if  the  ror«rs  are  ehaoged  to 
0(>luximf  aiMl  tliie  ec^tuxms  to  fowe.  For  the  roles  (§§  478-483) 
ii/«  uoebttagei  if  row  is  dianged  to  eolimm  and  oobmin  to 


«i    «t    «t 

^    i»i    ik 


€t    €^   €^\     \m^   H    €^ 


«i    *i    «i 
«t    &i    ^ 
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485.   A  determinant  of  the  third  order  may  be  conveniently 
expanded  as  follows : 


Three  elements  connected  by  a  full  line  form  a  positive 
term ;  three  elements  connected  by  a  dotted  line  form  a  nega- 
tive term.     The  expansion  obtained  from  the  diagram  is 

which  agrees  with  §  477. 

There  is  no  simple  rule  for  expanding  determinants  of 
orders  higher  than  the  third. 


Exercise  69 


Prove  the  following  relations  by  expanding : 


1. 


«! 

aa 

^ 

«! 

h 

a, 

«i 

h 

h 

h 

h. 

ttj 

b. 

b. 

h 

^2 

«! 

2. 


a^     a^ 
h     h 


a 


8 


Co 


*1 


h 
h 

h 


ai 
a. 


a« 


Find  the  value  of 

12     3 

3.     2    "4     4 

3     4     5 


4. 


3  2  4 
7  6  1 
5    3     8 


5. 


4      5      2 

-1      2-3 

6-4      5 
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Find  the  value  of 


6. 


5  8     7 

6  4     4 
5     7     9 


7. 


13    5 

2  4     6 

3  5    7 


8. 


9     6     3 

5     7     7 
8     4     2 


9.   Count  the  inversions  in  the  arrangement : 

5413  2.      751436  2.     d  a  c  e  h. 
4152  3.      654213  7.     c  e  b  d  a. 

10.  In  the  determinant  \ai  h^  c^  d^  e^\  find  the  signs  of  the 
following  terms : 

aib^c^d^^  afi^c^^e^  e^c^ajl}^ 

(^j^6^^\^A'  h^c^a^e^^r  c^cbJl>^A^^ 

11.  Write,  with  their  proper  signs,  all  the  terms  of  the 
determinant  |ai  ^2  ^a  ^4!' 

12.  Write,  with  their  proper  signs,  all  the  terms  of  the 
determinant  \ai  h^  c^  d^  e^\  which  contain  both  a^  and  h^\  all 
the  terms  which  contain  both  h^  and  e^. 

Expand : 


13. 


a 

h 

0 

0 

0 

0 

0 

a 

a 

b 

c 

0 

b 

a 

0 

0 

.     14. 

0 

0 

b 

0 

.     15. 

c 

a 

b 

0 

0 

a 

a 

b 

a 

a 

b 

b 

b 

c 

a 

0 

0 

h 

b 

a 

b 

b 

a 

a 

a 

b 

c 

1 

486.  Number  of  Terms.  Consider  a  determinant  of  the  nth 
order. 

In  forming  a  term  we  can  take  from  the  first  row  any  one 
of  n  elements ;  from  the  second  row  any  one  of  w  —  1  ele- 
ments ;  and  so  on.  From  the  last  row  we  can  take  only  the 
one  remaining  element. 

Hence,  the  full  number  of  terms  is  w  (n  —  1)  •  •  •  1,  or  [w. 
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487.  Interchange  of  Columns  or  Rows.  If  two  adjacent 
(olumns  or  two  adjacent  rows  of  a  determinant  A  are  inter- 
changed, the  determinant  thus  obtained  is  —  A. 

For  example,  consider  the  determinants 


A  = 


«! 

a^ 

^8 

a* 

«! 

^8 

^2 

a* 

^^8 

C4 

,       A'  = 

h 

Cs 

dt 

d^ 

di 

d. 

d. 

di 

d^ 

d. 

The  individual  elements  in  any  row  or  column  of  A'  are  the 
same  as  those  of  some  row  or  column  of  A,  the  only  difference 
being  in  the  arrangement  of  the  elements.  Since  every  term 
of  each  determinant  contains  one,  and  only  one,  element  from 
each  row  and  column,  every  term  of  A'  must,  disregarding  the 
sign,  be  a  term  of  A. 

Now  the  sign  of  any  particular  term  of  A'  is  found  from 
an  arrangement  (§  482,  I)  in  which  3  2  is  the  natural  order. 
The  sign  of  the  term  of  A  which  contains  the  same  elements 
is  found  from  an  arrangement  in  which  3  2  is  regarded  as  an 
inversion.  Consequently,  every  term  which  in  A'  has  a  +  sign 
has  in  A  a  —  sign,  and  vice  versa  (§  480). 

Therefore,  A'  =  —  A. 

Similarly  if  any  two  adjacent  columns  or  two  adjacent  rows 
of  any  determinant  are  interchanged. 

488.  In  any  determinant  A,  if  a  particular  column  is  carried 
over  m  columns,  the  determinant  obtained  is  (—  1)"A. 

For,  successively  interchange  the  column  in  question  with 
the  adjacent  column  until  it  occupies  the  desired  position. 
There  are  m  interchanges  made ;  hence,  there  are  m  changes 
of  sign  (§  487).  We  may  make  each  change  of  sign  by  multi- 
plying A  by  —  1.     Therefore,  the  new  determinant  is  (—  1)"*A. 

Similarly  for  a  particular  row. 
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489.  In  any  determinant  A,  if  any  two  columns  are  inter- 
changed^  the  determinant  thus  obtained  is  —  ^. 

Let  there  be  m  columns  between  the  columns  in  question. 

Bring  the  second  column  before  the  first.  The  second 
column  is  carried  over  m  +  1  columns,  aud  the  determinant 
obtained  is  (-  1)"»+»A  (§  488). 

Bring  the  first  column  to  the  original  position  of  the  second. 
The  first  column  is  carried  over  m  columns,  and  the  deter- 
minant obtained  is  (-  !)'"(-  1)'"+*A,  or  (-  1)2*»+»A. 

Since  2  m  +  1  is  always  an  odd  number,  (—  !)'"•+ ^  A  =  — A 

Similarly  for  two  rows. 


Thus, 


ai 

oa 

Og 

6i 

62 

h 

— 

Cl 

C2 

cz 

Os 

Oi     Oi 

h 

62    &1 

— 

cs 

C2      Cl 

oLz    (I2    ai 

Cs      C2       Cl 

63     ^     &i 


490.  Useful  Properties.  If  two  columns  of  a  determinant 
are  identical,  the  determinant  vanishes. 

For,  let  A  represent  the  determinant. 

Interchanging  the  two  identical  columns  ought  to  change 
A  into  —  A  (§  489).  But  since  the  two  columns  are  identical, 
the  determinant  is  unchanged. 

.•.A  =  -A,     2A  =  0,     A  =  0. 

Similarly  if  two  rows  are  identical. 

491.  If  all  the  elements  in  any  column  are  multiplied  by 
any  number  m,  the  determinant  is  multiplied  by  m. 

For,  every  term  contains  one,  and  only  one,  element  from 
the  column  in  question.  Hence  every  term,  and  consequently 
the  whole  determinant,  is  multiplied  by  m. 

Similarly  for  a  row. 


Thus, 


mdi 

02 

Og 

mbi 

62 

hz 

=  m 

mci 

C2 

Cz 

Oi 

02 

as 

&i 

bt 

68 

= 

Cl 

ca 

c$ 

mfli    mbi    mci 

Og  &2  Cf 

Og  68  Cs 
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Again, 


be  a  a^ 
ca  b  62 
db    c     c^ 


abc 


abc    o2    o^ 

1    o2    a8 

bca    63     53 

= 

1    63     i^ 

cab    c*    c* 

1      C2       C8 

492.  If  each  of  the  elements  in  a  column  or  row  is  the 
sum  of  two  numbers,  the  determinant  may  be  expressed  as 
the  sum  of  two  determinants. 


Thus, 


ai  +  a    02    as 

61  +  /3     62     63 

— 

Ci  +  7      C2      Cs 

ai 

a2    ag 

61 

62    bs 

+ 

Cl 

C2       C8 

a    02    ^8 

P       62       68 

7     C2     Cs 


For,  consider  any  term,  as  (aiH-a)62^3.  This  may  be 
written  ai^a'^s  +  <3:ft2^3-  Hence,  every  term  of  the  first  deter- 
minant is  the  sum  of  a  term  of  the  second  determinant  and  a 
term  of  the  third  determinant.  Consequently,  the  first  deter- 
minant is  the  sum  of  the  other  two  determinants. 

Similarly  for  any  other  case. 

493.  If  the  elements  in  any  column  or  row  are  multiplied 
by  any  number  m,  and  added  to,  or  subtracted  from,  the 
corresponding  elements  in  any  other  column  or  row,  the  deter- 
minant is  unchanged. 


Thus, 


tti  ±  77102      Ct2      0,3 

CLl      OL2      OLz 

77ia2      (1%      dz 

61   ±  77162       62       63 

— 

61      62      63 

± 

mbi     62     63 

Cl    ±  77IC2       C2       C3 

Cl       C2      Cs 

f7lC2       C2       Cs 

The  last  determinant  may  be  written 

and  therefore  vanishes  (§  490). 


±  771 


0,2  0,2  As 
62  62  63 
C2     C2     C3 

Hence,  we  have  only  the  first  determinant  on  the  right-hand  side. 

Similarly  for  any  other  case. 

This  process  may  be  applied  simultaneously  to  two  or  more 
columns  or  rows ;  but  in  this  case  care  must  be  taken  not  to 
make  two  columns  or  rows  identical  (§  490). 

This  last  property  is  of  great  use  in  reducing  determinants 
to  simpler  forms. 
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494.   Examples.    (1) 


b  -\-  c  a  1 
c  -\-  a  h  1 
a-\-b    c    1 


b  +e  +  a 

a   1 

= 

c  +a  +  b    b    1 
a  +  b  +  c    c    1 

1    a   1 

=  (a  +  b  +  c) 

16    1 

1    c 

1 

=0. 


Begin  by  adding  the  second  column  to  the  first. 


(2) 


14     16     11 
21     22     16 
23    29     17 

rz: 

3 
5 
6 

= 

2 

4     11 

6     16 

6    12     17 

3     2         2 

5  3         1 

6  6-1 


=  2 


3    2     11 

5  3     16 

6  6     17 


=  2  (19)  =  38. 


Begin  by  subtracting  the  third  column  from  the  first  and  second  col- 
umns. Then  take  .out  the  factor  2  (§  491),  subtract  3  times  the  first 
column  from  the  third,  and  expand  the  result  by  §  486. 

495.  Factoring  of  Determinants.  If  a  determinant  vanishes 
when  for  any  element  a  we  put  another  element  b,  then  a  —  b 
is  a  factor  of  the  determinant, 

For,  the  expansion  contains  only  positive  integral  powers  of 
the  several  elements,  and  we  can  write 

A  =  ^0  +  ^la  +  A^a^  +  A^a^  +  •  •  •,  [1] 

where  A^,  A^^  A^,  A^,  •  •  •  are  expressions  that  do  not  involve  a, 
and  consequently  remain  unchanged  when  we  put  h  for  a. 
Put  h  for  a.     Since  A  becomes  0  by  hypothesis, 

0  =  ^  +  ^i5  +  Aj)^  +  ^36'  +  ...  [2] 

Subtract  [2]  from  [1], 

A  =  ^  1  (a  -  ft)  +  ^2  (a^  -  *^)  +  ^3  («'  -  **)  +  •  •  • 

Since  a  —  5  is  a  factor  of  each  term  of  the  expansion^  a  —  h 
is  a  factor  of  the  determinant. 


.  «•..  'J 
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The  theorem  also  holds  true  when  a  and  b  are  not  elements, 
provided  a  and  b  enter  into  the  expansion  in  positive  integral 
powers  only. 

By  the  principle  just  proved,  and  the  principle  of  §  490,  we 
can  resolve  into  factors  many  determinants  without  expanding 
them. 


(1)    Resolve  into  factors 


The  determinant  vanishes  when  a  =  6,  when  a  =  c,  and  when  &  =  c. 
Hence,  a  —  h^h  —  c^  and  c  —  a  are  factors.  A  is  of  the  third  degree  in 
a,  6,  c,  and  these  are  easily  seen  to  be  all  the  factors.  It  remains  to 
determine  the  sign  before  the  product. 

In  A,  as  given,  a^ft  is  +  ;  in  the  product  (a  —  6)  (6  —  c)  (c  —  a)  the  term 
a?h  is  — .     Hence, 

A  =  —  (a  —  6)  (6  —  c)  (c  —  a). 


a^ 

a 

1 

b^ 

b 

1 

c^ 

c 

1 

a» 

a     b  +  e 

6« 

b     c  +  a 

c» 

c     a  +  b 

(2)  Resolve  into  factors 


As  in  the  last  example  a  —  6,  6  —  c,  c  —  a  are  found  to  be  factors. 
There  is  one  other  factor  of  the  first  degree. 

To  the  third  column  add  the  second ;  the  result  may  be  written 


(a  +  6  +  c) 


or,  by  Example  (1),     —  (a  +  6  +  c)  (a  —  6)  (6  —  c)  (c  —  a). 


a2 

a 

1 

62 

h 

1 

C2 

c 

1 

Show  that : 


1. 


0  a  b 
a  0  c 
b     c     0 


Exerciae  70 


=  2  abc. 


2. 


b  +  c  a  a 
b  c  +  a  b 
c  c       a  +  b 


=  4  abc. 
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3. 


4. 


1 
1 
1 
1 

0 
1 
1 
1 


a* 


a* 

c* 

= 

d* 

1 

1  1 

0 

c^     b^ 
0  a' 

— 

b^ 

a?  0 

bed 
cda 
dab 
abc 

0  a 

a  0 

b  c 

c  b 


a 
b 
c 
d 

b 
c 
0 
a 


Find  the  value  of : 


6. 


Resolve  into  simplest  factors : 


20 

16 

26 

17 

12 

22 

6. 

19 

20 

16 

8. 


1     a     a' 
1,    6     i» 


9. 


a     a* 
/.a 


11. 


a 

b 

c 

^ 

c 

a 

12. 

c 

a 

b 

1 
1 
1 
1 


a 
b 
c 
d 


a* 
b^ 

d^ 


be 
ca 
ab 

a* 
ft* 
c* 
d^ 


c 
b 
a 
0 


10. 


13. 


3 

23 

13 

7 

53 

30 

7. 

9 

70 

39 

22  29  27 
25  23  30 
28     26     24 


a" 
ft» 

a 
d 


be 
ca 
ah 


b 
a 
d 
c 


1 
1 
1 

c  d 

d  c 

a  b 

b  a 


14.   If  all  the  elements  on  one  side  of  a  diagonal  term  are 
zeros,  show  that  the  expansion  reduces  to  this  term. 


Show  that : 


16. 


a^  —  be  a  1 
b^-ea  b  1 
c^  —  ab     e     1 


=  0. 


16. 


a  +  ^^  a  +  4:b  a-\-6b 
a  +  Sb  a  +  5b  a-^lb 
a  +  4iiiH||ii    a  +  %b 


=  0. 
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17. 


J3  -|-  c*       ha  ca 

ah     c^  4-  a*       ch 
ewj  he       a^  +  h^ 


=  4  a«6  V. 


18. 


(a  +  6)' 


a-* 
h^ 


(h  +  c)' 


(r» 


a' 


(c  +  a)« 


=  2aic(a  + J  +  c)» 


19. 


1+x      2  3  4 

1  2+x      3  4 

1  2  3+x      4 

1  2  3  4  +  aj 


=  a*  +  10a». 


20. 


a^  + 1       ^<^  <?^         <^ 

ah  h^-\-l      ch         dh 

ac  he  c*  + 1      dc 

ad         hd         cd  d^  +  1 


=  ^3  +  ja  +  c«  +  rf«  +  1. 


496.  Minors.  If  one  row  and  one  column  of  a  determinant 
are  erased,  a  new  determinant  of  order  one  lower  than  the 
given  determinant  is  obtained.  This  determinant  is  called  a 
first  minor  of  the  given  determinant. 

Similarly,  by  erasing  two  rows  and  two  columns,  we  obtain 
a  second  minor ;  and  so  on. 


Thus;  in  the  determinant 


,  by  erasing  the  second  row  and 


ai    (Zs    ccs 
h\    h2    h% 

Ci       C2      Cg 

Ai      (Zs 

to  correspond  to  the  element  ds*  and  is  generally  represented  by  Aa,  ;  so 


the  third  column,  we  obtain  the  first  minor 


This  minor  is  said 


that,  in  this  case,  A^,  = 


ci     Ca 


In  general,  to  every  element  corresponds  a  first  minor 
obtained  by  erasing  the  row  and  column  in  which  the  giveB 
element  stands. 
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497.   If  all  the  elements  of  the  first  row  after  the  first  ele- 
ment are  zeros,  the  determinant  reduces  to  aiA^j. 

0      0     0 


Consider  the  determinant  A  = 


d. 


h     h     h 


^2 


'8 
d 


8 


d. 


Every  term  of  A  contains  one,  and  only  one,  element  from 
the  first  row ;  and  each  term  that  does  not  contain  Oi  contains 
one  of  the  zeros,  and  therefore  vanishes.  Each  term  that 
contains  a^  contains  no  other  element  from  the  first  row  or 
column,  and,  consequently,  contains  one,  and  only  one,  ele- 
ment from  each  row  and  column  of  the  determinant 


^2 


^8 

d» 


d. 


y  or  A^. 


Hence,  disregarding  the  sign,  each  term  of  A  consists  of  Oj 
multiplied  into  a  term  of  A^^. 

Take  any  particular  term  of  A,  as  a^^c^^y  ^®  sign  is 
fixed  (§  482,  I)  by  the  number  of  inversions  in  the  series 
14  3  2;  the  sign  of  the  term  h^c^^  of  A^  is  fixed  by  the 
number  of  inversions  in  the  series  4  3  2.  Adding  a^  makes 
no  new  inversions  among  either  the  letters  or  the  subscripts. 
Consequently,  the  sign  of  the  term  in  A  is  the  same  as  the 
sign  of  the  term  in  a^A^^. 

Since  this  is  true  of  every  term  of  A,  we  have 

^  =  «^  V 

Similarly  for  any  determinant  of  like  form. 

498.  Terms  containing  an  Element  By  §  486  the  sum  of 
the  terms  that  contain  a^  may  be  written  a^l^^.  For,  no  one 
of  the  terms  that  contain  a^  can  contain  any  one  of  the  ele- 

•  ,  and  these  terms  are  therefore  unchanged 


ments  a 


39 


0-3,  a^ 


if  f or  Oj,  a^,  a^,  •  •  •  in  the  given  determinant  we  put  zeros. 
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If  we  carry  the  second  column  over  the  first,  the  determi- 
nant is  changed  to  —  A.     By  §  496  the  sum  of  the  terms  of 

—  A  that  contain  aj  is  a^^of)  ^^^  ^®  sum  of  the  correspond- 
ing terms  of  A  is,  therefore,  —  cl^o^' 

In  general,  for  the  element  of  the  ^th  row  and  ^h  column 
we  carry  the  j^th  row  over  p  —  1  rows,  and  the  giih  column 
over  q  —  1  columns,  in  order  to  bring  the  element  in  question 
to  the  first  row  and  first  column.  The  new  determinant  is  A 
if  ^  +  2'  —  2  is  even,  and  is  —  A  if  ^  +  gr  — .  2  is  odd  (§  488). 
Consequently,  the  sum  of  the  terms  of  A  that  contain  the 
element  of  the  ^th  row  and  qth.  column  is  the  product  of  that 
element  by  its  minor,  the  sign  being  -f-  if  ^  -f-  g^  is  even,  and 

—  if  ^  -t-  2'  is  odd. 


Thus,  in 


cti    Oa    ds    <Z4 

&1      62      68       ^4 
Cl      Cj      Cs       C4 

di    d2    dz    d^ 
Here,  p  =  3,  g  =  3,  and  p  +  qls  even. 


we  find  that  the  sum  of  the  terms  which 
contain  Cg'is  CgAc^. 


499.  Co-Factors.  Since  every  term  contains  one  element 
from  each  row  and  column,  if  we  add  the  sum  of  terms  con- 
taining ai,  the  sum  of  the  terms  containing  ag,  and  so  on,  we 
shall  obtain  the  whole  expansion  of  the  given  determinant. 

Thus,  in  the  determinant  |ai  62  <^8  <24|, 

A  =  aiAoj  —  a2Aa,  +  asAo,  —  a^^- 

The  expressions  A„^,  —  A^  A^^^  —  A^  are  called  the  co-factors 
of  the  several  elements  a^,  a^,  a^,  a^  and  are  generally  repre- 
sented by  Aiy  A2,  A^  A^, 

Hence,  in  the  case  of  \ai  b^  c^d^],  we  may  write 

A  =  a^Ai  -\-  a^A^  -|-  a^A^  -|-  a^^A^ 

=  Ml  +  ^2^2  +  Ms  +  Mi, 
=  a^A^  -f  Ml  +  CjCi  -h  d^B^ ; 

and  so  on.     Similarly  for  any  other  determinant. 
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500.  If  the  elements  in  any  row  are  multiplied  by  the 
co-factors  of  the  corresponding  elements  in  another  row,  the 
sum  of  the  products  vanishes. 

Thus,  in  the  determinant  |ai  62  ^s  ^4 1? 


biBi  +  bA  +  ^8^8  +  ^4^4 


No  one  of  the  co-factors  B^,  B^,  B^  B^  contains  any  of  the 
elements  bu  b^,  b^  b^.  Hence,  these  co-factors  are  unaffected 
if  in  the  above  identity  we  change  b^,  Jg?  hf  ^4  ^o  a^  ag,  Oj,  a^. 
This  gives 


«! 

a^ 

^8 

a^ 

61 

h. 

h 

h 

Cl 

Cj 

Cz 

C4 

d. 

d^ 

d. 

d. 

a^Bi  +  a^2  +  <^z^z  +  ^4^4. 


Similarly  for  any  other  case. 


a. 


a^ 


di     a<i 


ag 

^8 


a^ 
a. 


di     d^     d^     d^ 


=  0. 


501.  Evaluation  of  Determinants.  By  the  use  of  §  491,  §  493, 
and  §  499  we  can  readily  obtain  the  value  of  any  numerical 
determinant. 


Evaluate 


3 
1 
2 
4 


1 
3 
1 
3 


4 
2 
3 
2 


1 
1 
3 
3 


From  the  first  row  subtract  8  times  the  second,  from  the  third  twice 
the  second,  from  the  fourth  4  times  the  second.    The  result  is 

0    -8    -2  -2 

18        2  1 

0-6-1  1 

0    -9    -6  -1 


which,  by  §  486,  reduces  to 


-8 

-2 

-2 

-6 

-1 

1 

"SSI 

-9 

-6 

-1 

8  2 
6    1 

9  6 


2 

-1 

1 


=  70. 


(§486) 


.1  i  -..,• 
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502.    Simultaneous  Equations.     Consider    the   simultaneous 
equations 


Write  the  determinant 


a. 


h 


do  Oft  Co 


a 


8 


h     <^z 


,  and  let  A^,  A^y  Biy  B^, 


etc.,  be  the  co-factors  in  this  determinant. 

Multiply  the  first  equation  by  A  if  the  second  by  ^2>  ^^^  third 
by  ^3,  and  add. 

Then   (aiA^  +  03^2  "l~  ^s-^s)^  =  ^1-^1  +  ^2-^2  +  ^«^a> 
since  (§  500)  b^A^  +  b^A^  -+-  Ms  =  0, 

and  Ci-4i  +  C2A2  4*  c^Ag  :=  0. 

Hence  (§  499), 


a 


'8 


^1 
^2 
h 


a 


8 


aj  = 


rt'2       ^2 
^8      -^8 


or     05  = ;- — ; • 


In  a  similar  manner. 


__  [^  ^2  ^^sl . 


a^  b^ 


'8 


#5    !^^  


l^l  ^2   ^ 


Similarly  for  any  set  of  simultaneous  equations  of  the  first 

degree. 

503.   Elhnination.     To  eliminate  x,  y,  and  z  from  the  four 

equations 

a^x  4-  ^iy  +  CiZ  '\'  di  =  0, 

ajX  +  %  -f  C8«  +  <?,  =  0, 

«8«  +  %  +  ^8*  +  ^  =  0, 
a^x  +  b^  +  c^z  +  e?4  =  0, 
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we  substitute  in  the  fourth  equation  the  values  of  a;,  y,  «  found 
from  the  first  three ;  viz,  (§  502), 


X  =  — 


1^1  h  ^sf 


Then  —  a. 


h 
h 


-h 


—  c. 


di     di 

«2       ^ 
«8       ^8 

«2 

a. 


<«, 


i-g 


+  «?« 


<h 

h 

<h 

h 

<h 

h 

0, 


or  —  a^]bi  C2  rfslH-  ^4]^!  ^2  ^al""  ^4]%  ^2  ^|+  ^4!^!  ^a  ^s]  =  0. 

This  equation,  by  §  499,  may  be  written 


«! 

^1 

cr 

^ 

<h 

^2 

C2 

^2 

ag 

^8 

^8 

rfg 

^4 

^ 

^4 

d, 

=  0. 


Observe  that  this  determinant  is  the  determinant  formed  by 
the  sixteen  coefficients. 

Similarly  for  any  other  set  of  simultaneous  equations. 

This  determinant  is  called  the  eliminant  of  the  system  of 
the  given  equations, 

The  eliminant  of  a  system  of  n  equations  with  n  —  1 
unknowns  is  the  determinant  formed  by  eliminating  all  the 
unknowns  from  the  system. 

(1)  Eliminate  y  and  z  from  the  equations 

2x*  +  3y+    «='0, 
Sx  +  1+    y  +  2«  =  0, 

-f  4«  =  0. 
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The  result  is 


which  reduces  to 


2x3 

3 

1 

3x  +  l 

1 

2 

4x2 

-3 

4 

8»2- 

-9x 

-3 

=  0, 


=  0. 


(2)  Eliminate  x  from  the  two  equations 

2y^  +  3x    +4  =  0. 

[l]is  4»2+      3y»        +        6        =0 

X  X  [2],  3xa  +  (2y2+4)a.  :=0 

Transpose  [2],  3x  +(2y2  +  4)  =  o 

Represent  x^  by  u,  and  eliminate  u  and  x. 

4        32/  6 

Then,  3    2y2  +  4         0         =0. 

0  3  2y2  +  4 

(3)  Eliminate  x  from  the  two  equations 

ax^  +  bx  -{-  c  =0, 
a'x  +  c'  =  0. 


[l]is 

Multiply  [2]  by  x, 

[2]  is 

Eliminate  x^  and  x, 
which  reduces  to 


ax2  +6x  +c  =0 

a'x2  +  c'x         =0 

a'x  +  c'  =  0 

a     6     c 

a'    c'    0    =0, 

0     a'    c" 

-^  +  --  — =  0 


[1] 
[2] 


[1] 
[2] 


This  must  be  the  condition  that  there  exists  a  value  of  x  which  satis- 
fies both  equations,  since  it  is  assumed  that  such  is  the  case  when  we 
apply  the  process  of  elimination. 

We  have  obtained,  therefore,  the  condition  that  the  two  given  equa- 
tions have  a  common  root. 

In  general^  the  eliminant  of  a  system  of  n  equations  with 
n  —  1  unknowns  is  that  function  of  the  coefficients  of  the 
equations  which  becomes  zero  when  the  equations  have  com- 
mon rootSy  and  only  then. 
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Exercise  71 


1.  In  the  determinant  ja^  b^  c^  d^\  write  the  co-factors  of  Og, 

0^  0^  Cif  C^  <l2f  d^r 

2.  Express  as  a  single  determinant 


e    /    9 

beg 

i     9    f 

h    f    6 

f  h    k 

+ 

e    f    k 

+ 

c     k    h 

+ 

c     h     f 

g  k     I 

d    g     I 

d    I     k 

d    k     g 

3.   Write  all  the  terms  of  the  following  determinant  which 


contain  a : 


a 
a 
0 
0 
b 


0  b 

b  c 

c  h 

0  0 

0  0 


c  b 

b  0 

c  0 

b  c 

c  b 


Expand : 


4. 


a 
b 
a 
0 


b 
a 
a 
a 


b 

a 

a 

b 

5. 

b 

b 

b 

b 

0 
a 
b 
c 


d 
0 
b 
c 


d 
a 
0 
c 


d 
a 
b 
0 


6. 


Find  the  value  of : 


7. 


3  2 

2  3 

2  2 

2  2 


2 
2 
3 
2 


2 
2 
2 
3 


8. 


3     2   14 

15   29   2   14 

9. 

16   19  3   17 

33   39   8  38 

1 

a 

a 

a 

1 

b 

a 

a 

1 

a 

ft 

a 

1 

a 

a 

b 

2 

1 

3 

4 

7 

4 

5 

9 

3 

3 

6 

2 

1 

7 

7 

5 

Solve  the  equations : 

3aj  — 4y +  2«  = 

10.   2aj  +  3y-3«== 

5a;  —  5i/  +  4»  = 


4a;  — 7y +  «  =  16' 
11.      3a;  +  y-2«  =  10 
5x-6v-3«  =  10, 
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12. 


13. 


4:X-{-7y  +  3z-Sw=z    6l 
2x-y-4:z  +  3w  =  13 

3x-h2y-7z-4:w=    2 
5x  —  32/-{-z-{-5w  =  13 

3x-^2y  -\-^z-w-\3\ 
hx  -\-y  —  z-\-2w  —    9 
2x-{-3y-7z  +  3wmcl4: 
4:x  —  4:y  -{-  3z  ^  5w  =    4 


14.    Eliminate  y  from  the  equations 

x^-{-2xy-i-3x  +4y +  1 


4aj  +  3y  +  l 


=:} 


16.   Eliminate  m  from  the  equations 

m^  —  2  mx 
m  -\-  x^ 


r^aj^  +  1  =  0 1 
-3maj  =  0j 


Eind  the  eliminant  of : 
cux^  -{-bx  -\-  c  = 


16. 


x^  =  l] 


17. 


dx^  -\-hx  -\-  c  — 
a^x^  4-  h^x  4-  c' 


::} 


18. 


ax^  -\-  bx  -\-  c  ^ 
x^  -\-  qx  -\-  r  == 


'D 


19. 


4aj2  4.  3a;  4.2  =  0 
2aj2  4.aj4-l  =  0 


Are  the  following  equations  consistent  ? 

3a;2  +  4a;y4-4aj  +  l  =  0^ 
20.  a;  —  3y  —  7  =  0 

2aj-y-4  =  0^ 

21.   If  0)  is  one  of  the  complex  cube  roots  of  1,  show  that : 

1  O)         0)2       1 

0,        0)2       1         1 


1    - 


a> 


—  0) 


(0 


0,2        1 

1       —  O) 


=  -4! 


0,"         1 
0)"        1  1 


0) 


1    1 


Ul  «li 


=  3  V"zr3. 


\ 
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22.  Show  that  in  any  determinant  there  are  two  terms 
which  have  all  but  two  elements  alike ;  and  that  these  two 
terms  have  different  signs. 

23.  Show  that  the  sign  of  a  determinant  of  order  4  m  +  2 
or  4  m  4-  3  is  unchanged  if  the  order  of  both  columns  and 
rows  is  reversed. 

504.  Product  of  Two  Determinants.    Consider  the  determinant 
(h^a  4-  hPa  +  ^172     ^2^2  +  hPa  +  ^272     «8^2  +  bJS^  +  c^y^ 

^l^S  +  ^\Pz  +  ^178       ^2^3  +  ^zPz  +  ^278       «8^8  +  ^8^8  +  ^sTs 

By  §  491  this  determinant  may  be  expressed  as  the  sum  of 
twenty-seven  determinants,  of  which  the  following  are  types : 


a^a^ 

«2«1 

^8^1 

a^ai 

^2^1 

Ml 

«1^1 

Ml 

^871 

a^a^ 

^2^2 

^8^2 

J 

a^a^ 

a^oc^ 

^2 

> 

a^a^ 

Ms 

^872 

a^a^ 

02^8 

agOTg 

«1^8 

^2^8 

^3 

a^a^ 

M8 

«878 

There  are  three  determinants  of  the  first  type,  eighteen  of 
the  second  type,  and  six  of  the  third  type.  Those  of  the  first 
and  second  types  are  easily  seen  to  vanish  (§  §  490, 491).  There 
remain  the  six  determinants  of  the  third  type. 

Consider  any  one  of  the^e  six  determinants,  as 

Ml 


^i7i 

^172 
^178 


^2^1 
^2^3 


M2 

Ms 


This  may  be  written 

7i     ^1     A 

^i«A  72     ^2     A 

78     ocz     Pz 


or     —  c^agftg 


OTi 


a<i 


OTc 


A 

yi 

A 

y» 

A 

y» 

It  is  evident  that  the  number  of  interchanges  required  to 
bring  the  columns  into  the  order  a  fi  y  is  the  same  as  the 
flumber  of  inversions  among  the  letters  a,  ^,  y  \  and  also  the 
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same  as  the  number  of  inversions  among  the  letters  a,  b,  e. 
Hence,  the  sign  is  +  if  that  number  is  even,  and  —  if  that 
number  is  odd.  The  sign  before  CiaJ)^  is,  therefore,  the  sign  of 
this  term  in  the  determinant  joi  b^  ^al  (§  ^^2,  II). 

Since  the  preceding  is  true  for  each  of  the  six  determinants 
of  the  third  type,  the  given  determinant  is  the  product  of 
the  determinant  \ai  ^2  ^sl  ^7  *^®  determinant  \ai  p^  y^\,  and 
is  one  of  the  forms  in  which  the  product 


«! 

h 

Cl 

^l 

A 

yi 

»« 

h 

C2 

X 

«2 

P2 

72 

^8 

h 

^8 

^3 

A 

73 

may  be  written. 

The  above  proof  is  perfectly  general  and  may  be  extended 
to  the  product  of  any  two  determinants. 


(1)  Write  as  a  determinant 


a 
c 


b 
d 


The  result  is 


a2  +  63     ac  +  6d 
w&^-M    c2  +  (P 


a 
c 


b 
d 


(2)   Write  as  a 

determinant  the  product 

a     b     c 

X     y     z 

cab 

X 

z     X     y 

b     c     a 

y     z     X 

X    Y    Z 

The  result  is 

Z     X   y 

» 

T 

Z 

X 

where  X  =  ox  +  &y  +  cz,  F  =  ex  +  ay  +  62,  Z  =  6x  +  cy  4-  a** 


505.   The  notation 


^1       ^2       ^8       ^A 

bi     b^     ^8     ^4=0 

Oi       Cg        C3       C4 

is  used  to   denote   that  the  four  determinants  obtained  by 
omitting  in  turn  one  of  the  four  columns  all  vanish* 
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Ezercise  72 


1.    Show  that 


a 

b 

0 

c 

0 

c 

X 

0 

b 

a 

0  a  b 
c  0  c 
b     a     0 


=  -  4  a2^  V. 


2.   Express  as  a  single  determinant 


0 

c 

b 

c 

0 

a 

X 

b 

a 

0 

0  c  ft 
c  0  a 
b     a     0 


3.   Express  as  a  single  determinant 

-1  1 

0  -1 

0  0 

1  1 


a 

a 

a 

a 

a 

b 
b 

b 

b 

X 

a 

c 

c 

a 

b 

c 

d 

0 

1 
1 
1 


0 
0 

1 
-1 


and  thence  resolve  the  first  determinant  into  its  simplest 
factors. 

4.   Express  as  a  single  determinant 

a  -\-bi     —  c  -\-  di  oc  ^  pi    —  y  +  hi 

c  -\-  di         a  ^  bi  y  -{-  hi  a  —  pi 

where  i  =  V—  1 ;  and  thence  prove  Euler's  theorem,  viz,^ 
the  prodicct  of  two  sums  of  four  squares  can  itself  be  expressed 
as  the  sum  of  four  squares, 

^8 


A^      A2     A^ 

a^     (X2 

6.   Show  that 

Bi      B2     B^ 

= 

bi      b^ 

Ci      C2      Cg 

Ci        Cg 

b  -{-  c      c  -{-  a      a+ft 

6.    Show  that 

^i  +  ^i     ^1  +  »!      «!  +  bi 

ftj  +  c^     c^  -V 

■  a^ 

(h-^K 

=  2 


a 
a. 


a. 


h      c 


CHAPTER  XXX 

GBN£RAL  PROPERTIES  OF  EQUATIONS 

506.  Algebraic  Functions.  A  function  of  a  variable  x  has 
already  been  defined  (§  373)  as  any  expression  that  changes 
in  value  when  x  changes  in  value.  Any  expression  that 
involves  x  is,  in  general,  a  function  of  x.  If  x  is  involved 
only  in  a  finite  niunber  of  powers  and  roots,  the  expression  is 
an  algebraic  function  of  x. 

Thus,  «•,  Vx2  +  X,  ^  are  algebraic  functions  of  x;  but  a*,  logo;, 
are  not  algebraic  functions  of  x. 

507.  Rational  Integral  Functions.  An  algebraic  function  of 
x  is  rational  as  regards  x,  if  x  is  involved  only  in  powers ;  that 
is,  not  in  roots.  An  algebraic  function  of  x  is  rational  and 
integral  as  regards  x,  if  x  is  involved  only  in  positive  integral 
powers ;  that  is,  in  numerators  and  not  in  denominators. 

Thus,  -5»  x-8,  -J — -^»  -T— — r»  -    a  .  Q — —r  are  rational,  but  not 
'x2  ^  ^x +  S    x^  +  a^    bx^ +  Sx  +  2 

integral,  algebraic  functions  of  x ;  while  4x2  +  3x  +  7,  ox'  +  6x*  +  ex  +  d 
are  rational  integral  algebraic  functions  of  x. 

508.  Quantics.  An  algebraic  function  that  is  rational  and 
integral  with  regard  to  all  the  variables  in  it  is  called  a  quantic. 

We  shall  consider  in  this  chapter  only  functions  of  one 
variable,  and  by  quantic  will  be  meant  a  rational  integral 
algebraic  function  of  one  variable,  unless  it  is  expressly  stated 
that  several  variables  are  involved. 

Note.  The  term  quantic  is  generally  applied  only  to  homogeneous 
expressions  like  ax^  +  hxy  +  cy^.    This  expression  is  obtained  from 

ox*  +  6x  +  c  by  putting  -  for  x,  and  multiplying  through  by  -y^.    'Sfes^ 

415 
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theory  of  the  two  expressions  is  precisely  the  same,  and  we  shall  there- 
fore extend  the  term  quarUic  to  include  expressions  like  ax^  +  &x  +  c, 
ax"  +  bx^  +  cz  +  d,  etc. 

The  degree  of  a  quantic  that  involves  only  one  variable  x  is 
iudic^ted  by  the  exponent  of  the  highest  power  of  x  involved 
in  the  quantic  (§  122). 

A  quantic  of  the  first  degree  is  called  a  linear  function ; 
quantics  of  higher  degrees  are  called  quadratics,  cubics, 
biquadratics  or  quartics,  quintics,  etc. 

509.  General  Form.  Any  quantic  of  the  nth  degree  in  which 
X  is  the  variable  may  be  written  in  the  form 

where  ao,  a^,  02,  ...,  a»^i>  ««  ^^^  coefficients  which  do  not 
involve  x.  Some  of  these  coefficients  may  be  zero^  and  in  that 
case  the  corresponding  terms  are  wanting. 

The  coefficients  may  be  real  or  complex,  surd  or  rational 
expressions.  We  shall,  in  general,  consider  only  quantics 
that  have  real  and  rational  coefficients.  The  student  will 
readily  see  what  properties  of  such  quantics  are  possessed  by 
quantics  that  have  surd  or  complex  coefficients. 

510.  Abbreviations.  Eor  brevity  a  quantic  that  involves  x 
is  often  represented  by  /(cc),  F(x)f  <^(x),  or  some  similar 
notation. 

K  any  quantic  is  represented  by  f(x),  it  is  represented  by 
f(a)  when  a  is  put  for  x. 

Thus,  if  f(x)  =  2x8  -  aj2  +  3x  4-  4, 

/(2)  =  2  (2)«  -  22  +  3(2)  +  4  =  16  -  4  +  6  +  4  =  22. 

511.  Equations.  Every  equation  that  contains  no  variables 
except  rational  integral  algebraic  functions  of  x  can,  by  the 
transposition  of  all  the  terms  to  the  first  member,  be  made 
to  assume  the  form  f(x)  =  0,  where  f(x)  is  a  quantic  that 
involvea  the  one  vaxiaUA  9^    l!li&  \&:keQ»T^  ot  this  quantio  and 
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that  of  the  corresponding  equation  are  closely  related,  and  we 
shall  develop  the  two  together. 

The  roots  of  the  equation  f(x)  =  0  are  those  values  of  x  that 
satisfy  the  equation.  These  roots  are  also  called  the  roots  of 
the  quantic. 

The  degree  of  the  equation /(aj)  =  0  is  the  same  as  that  of 
the  quantic  /(ar). 

512.  Divisibility  of  Qualities.  Theorem  I.  If  h.  is  a  root  of 
the  equation  f  (x)  =  0,  the  qtcantic  f  (x)  is  divisible  ^y  x  —  h. 

For  example,  consider  the  quantic 

f(x)  =  a^""  +  aiX^-i  +  a2«"""*  ^ h  »«-.!«  +  ««•         [1] 

Now,  since  A  is  a  root  of  the  equation  /(a)  =  0,  we  have 

0  =  aJhT'  4-  ajA"-^  +  ajh""-^  ^ h  ^n-i^  +  ««•        [2] 

Subtract  [2]  from  [1], 

ao  (a;"  -  A")  +  a^  (o;"-^  -  A»-^)  +  ^2  (^"^  -  ^"~*)  H 

Each  of  the  expressions  o^  —  A,**,  x""^  —  A*"^,  «**""*  —  A**"*, 
•  ..,  x  —  h,  is  divisible  by  a?  — A  (§  86).  Therefore,  /(a)  is 
divisible  by  a;  —  A.  Similarly  for  any  other  quantic.  Com- 
pare §§  87,  495. 

513.  Theorem  IL  Conversely,  if  a  quantic  f  (x)  is  divisible 
by  X  —  h,  then  h  is  a  root  of  the  equation  f  (x)  =  0. 

For,  if  <^  (x)  is  the  quotient  obtained  by  dividing  f(x)  by 

X  —  h,  we  have 

f(x)  =  (X''h)<t>(x). 

Hence,  equation /(x)  =  0  may  be  written 

(x  -  A,)  «^  (a;)  =  0, 

of  which  h  is  evidently  a  root  (§  124). 

514.  Synthetic  Division.     Divide  the  quantic 

3a;«-4a:*  +  a;«~12a;^  +  3a;  +  6  by  x  — ^. 
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3x*-4x*+    x3_  l2x2  +  3x  +  6[Xj-_2 

8a^-6a*  3x* +  2x^  +  Sx^  _2x  -  1 

+  2x*+    x8 

+  2x*-4x» 

+  6x8-12x2   . 
+  5x8-  lOx^ 


-  2x2 +  3x 

-  2x2  +  4x 

-  x  +  6 

-  x  +  2 

+  4 

The  work  may  be  abridged  as  follows,  by  omitting  the  powers  of  x  and 
writing  only  the  coefficients  (§  70) : 

3_4  +  l  -12  +  3  +  611  -2 


3-6  3+2+6-2-1 


+  2  +  1 
+  2-4 

+  6- 
+  5- 

12 
10 

2  +  3 

2+4 

-1  +  6 
-1+2 

+  4 

The  operation  may  be  still  further  abridged.  As  the  first  term  of  the 
divisor  is  unity,  the  first  term  of  each  remainder  is  the  next  term  of  the 
quotient,  and  we  need  not  write  the  quotient.  Further,  we  need  not 
bring  down  the  several  terms  of  the  dividend  or  write  the  first  terms  of 
the  partial  products.     Thus, 

3-4  +  1-12  +  3  +  611-2 
-6 
+  2 
-4 

+  6 
-10 
-   2 

+  4 


-1 

+a 

•V4 
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If  we  omit  the  first  term  of  the  divisor,  which  is  now  useless,  change 
—  2  to  +2,  and  add,  we  may  shorten  the  work  to 

3-4  +  1-12  +  3  +  6(2 

+  6  +  4  +  10-4-2 
3+2+5-    2-1+4 

The  last  term  below  the  line  is  the  remainder,  the  preceding  terms  the 
coefficients  of  the  quotient.  In  this  particular  problem  the  quotient  is 
3  X*  +  2  x'  +  6  ic2  —  2  X  —  1,  and  the  remainder  is  4. 

This  method  is  called  synthetic  division.  For  dividing 
any  quantic  in  aj  by  a  —  A  we  have  the  following  rule : 

Arrange  the  quantic  according  to  descending  powers  of  x, 
supplying  any  missing  powers  of  x  by  these  powers  with  zero 
coefficients. 

Write  the  coefficients  a,  b,  c,  etc.,  in  a  horizontal  line. 

Bring  down  the  first  coefficient  a. 

Multiply  a  by  h,  and  add  the  product  to  b. 

Multiply  this  sum  by  h,  and  add  the  product  to  c. 

Continue  this  process  ;  the  last  sum  is  the  remainder^  and  the 
preceding  sums  the  coefficients  of  the  quotient. 

Divide  2x^  -  6x^ -{- 5x''2hj  x  -  S. 

2  +  0-    6+    6-     2[3 

+  6  +  18  +  36  +  123 
2  +  6  +  12  +  41  +  121 

The  quotient  is  2  x^  -|.  6  x^  +  12  jc  +  41,  and  the  remainder  121. 

515.   Value  of  a  Quantic.     If  we  put  h  for  x  in  the  quantic, 

f(x)  =  ao«»  +  aix""-^  -\ h  a^^^x  +  a^ 

f(h)  =  aoh^  +  aih"*"^  +  •  — |-  h^^iX  -f  a^, 

.'.  f(x)  -f{h)  =  ao(aj»  -  A»)  +  a^  (aj— ^  -  h^'") 

H V  dn-^iix  —  h).  [1] 

Divide  the  right  member  of  [1]  hj  x  —  h  and  represent  the 
quotient  by  4>{x), 

Then,  f(x)  -f{h)  =  (aj  -  ^)  <^  (aj). 

.\f{x)  =  (x^h)<l>  (x)  +f(h). 
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HencBy  the  value  which  a  quantic  f  (x)  asstimes  when  we  ptU 
h  for  X  is  equal  to  the  laM  remainder  obtained  in  the  operation 
of  dividing  f  (x)  by  x  —  h. 

This  remainder,  and,  consequently,  the  value  of  the  quantic, 
may  be  easily  calculated  by  synthetic  division. 

The  truth  of  the  above  theorem  may  also  be  shown  by 
another  method,  which  has  the  advantage  of  showing  the 
form  of  the  quotient  and  remainder. 

For  example,  divide  the  quantic  ax^  -{- bx^  -{'  cx^  -}-  dx -\-  e  by 

a        b        c         d        e  \h 

ah      Bh      Ch      Dh 
a        B        C        D        R 

where  B  —  ah  +b, 

C  ==Bh  +c  =ah^'i-bh  -f  <?, 

D  =  Ch  -{^  d  =  ah^  +  bh^  +  ch  +  d, 

R  =  Dh-{-  e  =  ah^'i-  bh^ -{-  ch^  +  dh  +  e. 

The  remainder  R  is  evidently  the  value  which  the  quantic 
assumes  when  we  put  h  for  x. 
The  quotient  is 

ax^  +  (ah  +  ft)ic»  +  (ah^  +  bh  +  c)x  +  (ah^  +  bh^  +  ch  +  d). 
Similarly  for  any  other  quantic. 

Ezercise  73 

Find  the  quotient  and  the  remainder  obtained  by  dividing 
each  of  the  following  quantics  by  the  divisor  opposite  it : 

1.  x^-3x^-x^-i-2x-l,  x-2. 

2.  aj*-3aj«  +  2a;-7.  aj  -  3. 

3.  2aj*  +  3a;«  -  8x2 -7aj- 10.  aj  -  2. 

4.  3a;*4-2a;«~6aj  +  50.  a  +  3. 
6.  ax^  +  3  bx^  -\-3cx  -{-  d,  x+h. 
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Determine  whether  each  of  the  following  numbers  is  a  root 
of  the  quantic  opposite  it  (§  513)  : 

6.  (3).  x^  +  x^-ex-{-2  =  0, 

7.  (-7).       aj*  +  7aj»  + 21a; +  147  =  0. 

8.  (0.3).        x^  -  2.3  aj«  +  3.6  x^  +  4.9  a?  +  1.2  =  0. 

Find  the  value  of  each  of  the  following  quantics  when  for 
X  we  put  the  number  opposite : 

9.  3flj»  +  2aj2_6aj  +  l.  (-3). 

10.  2a;*  +  6flj2-9aj-5.  (6). 

11.  aj'^-f  7a;»-2a;«-49.  (-4). 

12.  a;*  +  6a;«-7a;«-3aj  +  l.       (-0.2). 

516.  Number  of  Roots.  We  shall  assume  that  every  rational 
integral  equation  has  at  least  one  root.  The  proof  of  this 
truth  is  beyond  the  scope  of  the  present  chapter.* 

Let  f(x)  be  a  rational  integral  quantic  of  the  nth  degree, 
and  let  f(x)  =  0.  This  equation  has,  by  assumption,  at  least 
one  root.     Let  ai  be  a  root. 

Then,  by  §  512,        f(x)  =  (x  -  a,)f,  (x), 

where  /i  (x)  is  a  quantic  of  degree  n  —  1. 

The  equation  /i  (x)  =  0  must,  by  assumption,  have  a  root. 
Let  a2  be  a  root. 

Then,  by  §  512,       f,  (x)  =  (x  ^  a,)f,  (x), 

where  f^  (x)  is  a  quantic  of  degree  n  —  2, 

Continuing  this  process,  we  see  that  at  each  step  the  degree 
of  the  quotient  is  diminished  by  one.  Hence,  we  can  find 
n  factors  x  —  ai,  x  —  a2,  •  •  • ,  x  ^  a^.  The  last  quotient  will 
not  involve  x,  and  is  readily  seen  to  be  a©,  the  coefficient  of 
a;**  in  f(x). 

*  See  Burnside  and  Panton's  Theory  of  Equations.  H.  Weber's  TraiU 
d'Alglbre  Sup^rieure, 
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Now,  f(x)  =  (x-  ai)fi  (x) 

=  (a;  —  ai)  (x  -  a^)/^  (x) 

•  •  •  •  •  • 

^ao(x  —  ai)  (x  —  a2)"-(x  —  a^). 
Therefore,  the  equation  f(x)  =  0  may  be  written 
ao(x  —  ai)  (x  —  org)  •  •  •  (aJ  —  a^)  =  0, 
which  evidently  holds  true  if  x  has  any  one  of  the  n  values 

It  follows,  then,  that  if  every  rational  integral  equation  has 
at  least  one  root,  an  equation  of  the  nth  degree  has  n  roots, 

517.  Linear  Factors.  The  factors  a  —  ai,  aj  —  era,  *  •  *>  ^  —  ^« 
are  linear  functions  of  a?  (§  508). 

When/(a;)  is  written  in  the  form 

ao(a;  —  <xi) (a;  —  Oj)  ...  (a;  —  or,), 

it  is  said  to  be  resolved  into  its  linear  factors, 

From  §  516  it  follows  that  a  quantic  can  be  resolved  into 
linear  factors  in  only  one  way. 

To  resolve  a  quantic  f(x)  into  its  linear  factors  is  evidently 
equivalent  to  solving  the  equation  f(x)  =  0. 

518.  Multiple  Roots.  The  n  roots  of  an  equation  of  the  nth 
degree  are  not  necessarily  all  different. 

The  equation  x^  —  7 x^  -{-15x  —  9  =  0  may  be  written 

(x  -l)(x-  3)  (a;  -  3)  =  0, 

and  the  roots  are  seen  to  be  1,  3,  3. 

The  root  3  and  the  corresponding  factor  a:  —  3  occur  twice ; 
hence,  3  is  said  to  be  a  double  root.  When  a  root  occurs  three 
times  it  is  called  a  triple  root;  four  times,  a  quadruple  root; 
and  so  on. 

Any  root  that  occurs  more  than  once  is  a  multiple  root. 

519.  Roots  given.  When  all  the  roots  of  an  equation  are 
^yen  the  equatioa  caa^jMgbe ^wtitt&n. 
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Write  the  equation  of  which  the  roots  are  1,  2,  4,  —  5. 

The  equation  is       (x  —  l){x  —  2)(x  —  4)  (jc  +  6)  =  0, 
or  X*  -  2x8  -  21x2  +  62x  -  40  =  0. 

520.  Solutions  by  Trial.  When  all  the  roots  but  two  of  an 
equation  can  be  found  by  trial  the  equation  can  be  readily 
solved  by  the  process  of  §  516.  The  work  can  be  much 
abbreviated  by  employing  the  method  of  synthetic  division 
(§  514).     (Compare  §  180.) 

Solve  the  equation  aj*  —  3  cc'  —  6  cc^  +  14  a;  +  12  =  0. 

Try  +  1  and  —  1.     Substituting  these  values  for  x,  we  obtain 

1  _  3  _  6  +  14  +  12  =  0, 
1  +  3  _-  6  -  14  +  12  =  0, 

which  are  both  false,  so  that  neither  +  1  nor  —  1  is  a  root. 

Try  +  2.     Dividing  by  x  -  2, 

1  -3 -.6 +  14  +  12(2 

+  2-2-16-    4 
1-1-.8-    2+    8 

we  see  that  +  2  is  not  a  root. 

Try  -  2.     Dividing  by  x  +  2, 

1  -  3  -    6  +  14  +  12 1-2 

-2  +  10-    8-12 
1-5+4+6        0 

we  see  that  —  2  is  a  root.     The  quotient  is  x^  —  6  x^  +  4  x  +  6. 

In  this  quotient  try  —  2  again.     Dividing  by  x  +  2, 

1_5+    4+    6|-2 
-2  +  14-36 


1-7  +  18-80 
we  see  that  —  2  is  not  again  a  root. 

Try  +  3.    Dividing  by  x  -  3, 

l-6  +  4  +  6|3 
+3-6-6 


1-2-2      0 
we  see  that  +  3  is  a  root.    The  (juotient  is  x«  —  2x  —  ^, 
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Hence,  the  given  equation  may  be  written 

(X  +  2)  (X  -  3)  (a;2  -  2x  -  2)  =  0. 

Therefore,  one  of  the  three  factors  must  vanish. 

Ifx  +  2  =  0,  x  =  --2;  ifx-3  =  0,  x  =  3;   ifx2-2x  —  2=0,  by 
solving  this  quadratic,  we  find  x  =  1  +  Vs  or  x  =  1  —  Vs. 
Hence,  the  four  roots  of  the  given  equation  are 

-2,    3,     I+V3,     I-V3. 

Exercise  74 

Solve : 

1.  aj»-7a;«+ 16a; -12  =  0.       4.   «»  + 9a;« -f  2a;  —  48  =  0. 

2.  a;»-5a;2-2a;4-24  =  0.         5.    a;»  -  4a;' -  8a;  +  8  =  0. 

3.  a;«-6a;2  4- 6a; +  99  =  0.         6.   a;' +  2a;* -f  4a;  +  3  =  0. 

7.  6a;»-29a;2  + 140-  + 24=0. 

8.  2a;»  +  3a;2- 13a;- 12  =  0. 

9.  a;*-15a;2-10a;  +  24  =  0. 

10.  a;*  +  5a;»-5a;2-45a;-36  =  0. 

11.  ,'c*  +  4a;8-29a;«- 156a; +  180  =  0. 

12.  a;*- 5a;'»-2a;2  +  12a;  +  8  =  0. 

13.  6a;* -5a;«-30a;2  + 20a; +  24  =  0. 

14.  4a;*  +  8a;«-23a;*-7a;  +  78  =  0. 

Form  the  equation  which  has  for  its  roots ; 

15.  2,  6,  -  7.  20.  5,  3  +  V^,  3  -  V^. 

16.  2,  4,  -  3.  21.  2,  i,  2,  -  i. 

17.  2,  0,  -  2.  22.  2,  3,  -  2,  -  3,  -  6. 

18.  2,  1,  -  2,  -  1.  23.  I  h-h-  h 

19.  0.2,  0.125,  -  0.4.  24.  0.3,  -  0.2,  -  3^,  —  |. 

25.  3+V2,  3-V2,  2+V3,  2-V3. 

26.  2+V^,2.-V^Ll  +  2  V^,1-2V^. 
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521.  Relations  between  the  Roots  and  the  Coe^cients.  The 
quadratic  equation  of  which  the  roots  are  a  and  ^  is  (§  193) 

or  a;^  —  (a  +  /8)a;  +  ar^  =  0. 

The  cubic  equation  of  which  the  roots  are  a,  )8,  y  is 

or        aj'  -(a  +  iS  +  i)x^  +  (cc^  +  «y  +  ?i)x  -  apy  =  0. 
The  biquadratic  equation  of  which  the  roots  are  or,  )8,  y,  3  is 
{x  -  a)(x  ^  p)(x-  y) (a;  -  8)  =  0, 

or  a;*- (a  +  iS 4- y  +  8)a;«  +  (a)8  +  ay  +  «8  +  iSy  +  ^8  +  r8)a;^ 

-  (a/?y  +  aph  +  ayS  +  Py^)x  +  a/SyS  =  0. 

Similarly  for  equations  of  higher  degree. 

Take  any  equation  in  which  the  highest  power  of  x  has  the 
coefficient  unity.  From  the  above  we  have  the  following  rela- 
tions between  the  roots  and  the  coefficients : 

The  coefficient  of  the  second  term,  with  its  sign  changed,  is 
the  sum  of  the  roots. 

The  coefficient  of  the  third  term  is  the  sum  of  all  the  prod- 
ucts that  can  be  formed  by  taking  the  roots  two  at  a  time. 

The  coefficient  of  the  fourth  term,  with  its  sign  changed,  is 
the  sum  of  all  the  products  that  can  be  formed  by  taking  the 
roots  three  at  a  time. 

The  coefficient  of  the  fifth  term  is  the  sum  of  all  the 
products  that  can  be  formed  by  taking  the  roots  four  at  a 
time ;  and  so  on. 

If  the  number  of  roots  is  even,  the  last  term  is  the  product 
of  all  the  roots.  If  the  number  of  roots  is  odd,  the  last  term, 
vdth  its  sign  changed,  is  the  product  of  all  the  roots. 

Observe  that  the  sign  of  the  coefficient  is  changed  when  an 
odd  number  of  roots  is  taken  to  form  a  product ;  that  the  sign 
is  unchanged  when  an  even  niunber  of  roots  is  taken  to  form 
a  product. 
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522.  Reduction  to  the  p  Form.  By  dividing  the  equation  by 
the  coefficient  of  the  highest  power  of  x,  any  rational  integral 
algebraic  equation  whatever  can  be  reduced  to  a  form  in  which 
the  coefficient  of  the  highest  power  of  x  is  unity. 

We  shall  write  an  equation  reduced  to  this  form,  called  the 
p  form,  as  follows  : 

aj»  -\-p^x''-^  H-i^i^c""*  H \-Pn-\^  -^Pn  =  0. 

Let  a,  ^,  y,  •••  be  the  roots  of  this  equation.  Represent 
by  2a  the  sum  of  the  roots,  by  ^afi  the  sum  of  all  the  products 
that  can  be  formed  by  taking  the  roots  two  at  a  time;  and 
so  on  (§  102). 

From  §  521  we  now  have 

Sa=  — ^1,  jOi=— Sa, 

2a)3  =  +  i>a,  i>2  =  +  Saft 

SajSy  =-pz,  Ps=-  SajSy, 

a/3y8  .•■=(-  l)-p,.  p,  =  (-  l)-a^y8  •  •  • 

Thus,  let  a,  /3,  y  be  the  roots  of  the  equation 

Then,  2a=a  +  /3  +  7  =  7, 

2a/3  =  /37  +  7a  +  a/3  =  -  9, 

a/37  =  -  4. 

The  relations  between  the  roots  and  the  coefficients  of  an 
equation  do  not  assist  us  to  solve  the  equation.  In  every  case 
we  are  brought  at  last  to  the  original  equation. 

Thus,  in  the  equation 

x«-7ic2-9x  +  4  =  0, 

we  have  a  +  /3  +  7  =  7, 

/37  +  7a  +  a/3  =  -  9, 

a/37  =  —  4. 

If  we  eliminate  any  two  of  the  three  unknowns  as  /3  and  7,  we  have  to 

solve  the  equation 

a»-7a«-9a  +  4  =  0. 

That  is,  we  haye  to  solve  the  ^ven  equation. 
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523.  Symmetric  Functions  of  the  Roots.  The  expressions  2a. 
S«j8,  2<2r)3y,  •  •  •  are  examples  of  symmetric  functions  of  the 
roots  (§  192).  Any  expression  that  involves  all  the  roots, 
and  all  the  roots  have  the  same  exponents  and  the  same  coeifi- 
cients,  is  a  symmetric  function  of  the  roots. 

From  the  relations 

2a  =  —  ^1,     2a)3  =  H-i?2,     2aj3y=  — ^a?     ••• 

the  value  of  any  symmetric  function  of  the  roots  of  a  given 
equation  may  be  found  in  terms  of  the  coeflBcients. 
If  a,  Pj  y  are  the  roots  of  the  equation 

aj«  — 4x^4- 6aj  — 5  =  0, 

we  may  calculate  the  values  of  symmetric  functions  of  the 
roots  as  follows : 

We  have  a  +  /3  +  7  =  4,  [1] 

/37  +  7a  +  a/3  =  6,  [2] 

a/37  =  6.  [3] 

(1)  2a»  =  a«  +  i8«  +  7«. 

Square  [1],  a*  +  /32  +  78  +  2/37  +  27a  +  2 a/3  =  16 

Multiply  [2]  by  2,    2/87  +  27a  +  2a/3  =  12 

.•.a2  +  /32  +  7«  =4  [4] 

(2)  Sa*/3  =  a3/3  +  a27  -f  /327  +  /32a  +  7*a  +  72/3. 

Multiply  [1]  by  [2],  Sa«/3  +  3  a/37  =  24 

Multiply  [3]  by  3,  3  a/37  =  15 

.-.  Sa3/3  =9  •       [5] 

(3)  2a»  =  a8  +  /3«  +  7«. 

Multiply  [1]  by  [4],     a»  +  /3«  +  7«  +  Sa^/S  =  16 

[6]  is  2a«/3=    9 

.•.a«  +  /3«  +  7«  =    7 

Similarly  for  any  symmetric  function  of  the  roots.     (Compare  §  192.) 

524.  By  the  aid  of  the  preceding  sections  we  can  find  the 
condition  that  a  given  relation  should  exist  among  the  roots 
of  an  equation. 
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Pind  the  condition  that  the  roots  of  the  equation 

x^  +  px^  +  g'x  -f-  r  =  0 
shall  be  in  geometrical  progression. 

Let  j3  be  the  mean  root.    Then, 

a  +  /3-f7=-p,  [1] 

i87  +  7«  +  a/3  =  q,  [2] 

£r/37=-r,  [3] 

and  ^  =  7a.  [4] 

From  [2]  and  [4],  J87  +  a/3  +  /32  =  g, 

or,  i8(7  +  a  +  /3)=g'. 

By[l],  -Pp  =  q' 

.-.  j8  =  -  ?. 
P 

SubsUtate  in  [3],  /S^  for  ya  and  —  -  for  /3, 

.-.  g'  =  p*r,  the  required  condition. 

525.  Complex  Roots.  If  a  complex  number  is  a  root  of  an 
equation  with  real  coefficients,  the  conjugate  complex  number 
(§  216)  is  also  a  root.  

Let  a  +  pi,  where  i  =  V—  1,  be  a  root  of  the  equation 

aoX"  -j-  ajX**-^  +  a2a;"~2  ^ 1_  a^_^x  +  a»  =  0, 

the  coefficients  of  which  are  real. 

Put 'a  4-  pi  for  x  in  the  left  member  of  this  equation,  and 
expand  the  powers  of  a  +  pi  by  the  binomial  theorem.  All 
the  terms  which  do  not  contain  i,  and  all  the  terms  which 
contain  even  powers  of  i,  are  real;  all  the  terms  which  con- 
tain odd  powers  of  i  are  orthotomic.  Representing  the  real 
part  of  the  result  by  P,  and  the  orthotomic  part  of  the  result 
by  Qij  we  have  (§  511),  since  a  +  ^t  is  a  root. 

Therefore,  J^^B|jftf>  0.  (§  219) 
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Now  put  a  ^  pi  for  x  in  the  given  equation.  The  result 
may  be  obtained  from  the  former  result  by  changing  i  to  —  i. 
The  even  powers  of  i  are  unchanged,  while  the  odd  powers  have 
their  signs  changed.  The  real  part,  therefore,  is  unchanged, 
and  the  orthotomic  part  is  changed  only  in  sign.    The  result  is 

P-Qi  =  0, 

which  vanishes,  since  by  the  preceding  P  =  0  and  Q  =  0. 
Therefore,  a  —  piis  sl  root  of  the  given  equation  (§  511). 
This  theorem  is  generally  stated  as  follows  ; 

Complex  roots  always  enter  an  equation  in  pairs. 

Corresponding  to  a  pair  of  complex  roots,  we  shall  have 

the  factors 

X  —  a  —  pi,  X  —  a  -{■  pi. 

The  product  of  these, 

(x-ccy  +  ^, 

is  positive,  provided  x  is  real.  Hence,  corresponding  to  a 
pair  of  complex  roots,  we  have  a  factor  of  the  second  degree, 
which  for  real  values  of  x  does  not  change  sign  (§  220). 

Ezerciae  75 

1.   Form  the  equations  of  which  the  roots  are 

2,  4,  -  3 ;         3,-2,-4. 

If  a,  p,  y  are  the  roots  of  «*  —  5  x^  +  4  a;  —  3  =  0,  find  the 
value  of : 


2.    2a'. 

5.    ^a^py. 

8.    Sa*. 

3.    %a^p. 

6.    l,a^p\ 

9.    2a»^y. 

4.    So*. 

7.    Sa»j3. 

\Q.   l.a^^^-|. 
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If  «,  Pj  y  are  the  roots  of  x*  +  px^  -{-  qx  -]-  r  =  0,  find  in 
terms  of  the  coefficients  the  value  of : 

16.    (^  +  y)(y+a)(a  +  ^). 


a         /?  y 


18. 


19. 


jg"  H-  y^  ,  y"  +  tr'  ,   Qr«  +  /^ 


+ 


H- 


11.  2^2 

12.  Sa»)8. 

13.  Sa«. 

14.  Sa«j3^ 

15.  Sa*. 
In  the  equation  x*  +^a'  +  g^x  +  r  =  0,  find  the  condition: 

20.  That  one  root  is  the  negative  of  another  root. 

21.  That  one  root  is  double  another. 

22.  That  the  three  roots  are  in  arithmetical  progression. 

23.  That  the  three  roots  are  in  harmonical  progression. 


Py  ya        '        a^ 

jg"  +  y'  ,  y'  +  «^  J  g'  +  ^ 

P-hy        y  +  g        cc  -^ p 


GRAPHICAL  REPRESENTATION  OF  FUNCTIONS 

The  investigation  of  the  changes  in  the  value  of  f(x)  cor- 
responding to  changes  in  the  value  of  x  is  much  facilitated 
by  using  the  system  of  graphical  representation  explained  in 
the  following  sections. 

526.  Coordinates.  Let  XX'  be  a  horizontal  line  and  let 
YY'  bQ  a  line  perpendicular  to  XX'  at  the  point  O. 

Y  Any  point  in   the  plane  of  the 

lines  XX'  and  YY'  is  determined 
by  its  distance  and  direction  from 
each  of  the  perpendiculars  XX'  and 
YY'.  Its  distance  from  FF,  meas- 
ured on  XX',  is  called  the  abscissa 
of  the  point;  its  distance  from 
XX',  measured  on  YY*,  is  called 
the  cvdinate  of  the  point. 


P. 


A 


r- 


+-4 


O 


^aL| 


+-♦- 


Pi 


B, 


Bi 


^9 


r* 
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Thus,  the  abscissa  of  Pi  is  OBu  the  ordinate  of  Pi  is  OAi ; 
the  abscissa  of  P2  is  OBq^  the  ordinate  of  Ps  is  OA2  ; 
the  abscissa  of  Pz  is  OBz,  the  ordinate  of  Ps  is  OAz  ; 
the  abscissa  of  P4  is  0^4,  the  ordinate  of  P4  is  OA^, 

The  abscissa  and  the  ordinate  of  a  point  are  called  the 
coordinates  of  the  point;  and  the  lines  XX'  and  YV  are 
called  the  axes  of  coordinates.  XX'  is  called  the  axis  of 
abscissas  or  the  axis  of  z;  YY'  is  called  the  axis  of  ordinates 
or  the  axis  of  y;  and  the  point  0  is  called  the  origin. 

An  abscissa  is  generally  represented  by  x,  an  ordinate  by  y. 

The  coordinates  of  a  point  are  written  thus :  (x,  y). 

Thus,  (7,  4)  is  the  point  of  which  the  abscissa  is  7  and  the  ordinate  4. 

Abscissas  measured  to  the  right  of  YY'  are  positive;  to  the 
left  of  YY*  are  negative.  Ordinates  measured  above  XX'  are 
positive^  below  XX'  are  negative. 

Thus,  the  points  Pi,  Pa,  Ps,  P4  are  respectively  (3,  4),  (—4,  3), 
(-3,  -4),  (4,  -3). 

527.  It  is  evident  that  if  a  point  is  given,  its  coordinates 
referred  to  given  axes  may  be  easily  found. 

Conversely,  if  the  coordinates  of  a  point  are  given,  the 
point  may  be  readily  constructed. 

Thus,  to  construct  the  point  (4,  —  3),  a  convenient  length  is  taken  as  a 
unit  of  length.  A  distance  of  4  units  is  laid  off  on  OX  to  the  rtght,  from 
O  to  JB4 ;  and  a  distance  of  3  units  on  OY'  downwards,  from  O  to  A4, 
The  intersection  of  the  perpendiculars  erected  at  B^  and  A^  determines 
the  required  point  P4. 

Construct  the  pomts  (3,  2) ;  (5,  4) ;  (6,  -  3) ;  (-4,  -  3) ; 
(-4,2);  (-3,-6);  (4,-3). 

528.  Graph  of  a  Function.  Let  f(x)  be  any  function  of  x, 
where  aj  is  a  variable.  Put  y  =/(«);  then  y  is  a  new  vari- 
able connected  with  x  by  the  relation  y  =f(x).  ltf(x)  is  a 
rational  integral  function  of  x,  it  is  evident  that  to  every 
value  of  x  there  corresponds  one,  and  only  one^  yal^<^  ol )!« 
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If  different  values  of  x  are  laid  ofF  as  abscissas,  and  the 
corresponding  values  of  /(x)  as  ordinates,  the  points  thus 
obtained  all  lie  on  a  line.  This  line  in  general  is  a  curved 
line,  ot  a  curee,  and  is  called  t^e  graph  of  the  fnnction  f(z); 
it  is  also  called  the  locus  of  tlie  equation  y  =  f  (z). 

(1)  Construct  the  graph  of  3  —  2  x. 

Pat  y  =  3  —  2  X.    The  following  table  is  readil j  computed ; 

Ifj  =  +1,  y=:+l; 


x  =  +3,  y  =  -3; 

x  =  +4,  y  =  -5; 

x  =  +6,  »  =  -7. 

If  i  =  -l,  y  =  +6; 


«  =  -  5, 


V  =  +13. 


ConstmctiDg  the  above  points, 
It  appears  that  the  graph  of  the 
fimctioD  Z  —  2x  U  the  straight 
line  JfJf. 

^'  In  general,  if  the  qnautic  /(z) 

IS  only  the  first  powers  of  x  and  v<  the  graph  is  a  straigM  hue. 


Construct  the  graphs  of  the  following  functions : 


31  +  2. 

6.   1(7 -2»). 

x-6. 

7.   J(9-3«). 

x  +  6. 

8.   S(4  +  6«). 

J(«-6). 

9.   (x-2)(x-3). 

J(x  +  6). 

10.   6i"-17«-12. 

GRAPHICAL  REPRESENTATION  OF  FUNCTIONS    433 


(2)  Plot  the  graph  of  ^x^  -  4. 

Put  y  =  \x^  —  4.     We  readily  compute  the  following  table : 


If  x  =  +  0, 

y  =  -4; 

»  =  ±1, 

y  =-3.6; 

x  =  ±2, 

y  =  -2; 

»  =  ±3, 

y  =  +  0.6; 

x=±4, 

y  =  +  4; 

x  =  ±6, 

y=+8.6; 

x  =  ±6, 

y  =  + 14. 

Plotting  these  points,  we  obtain 
the  curve  here  given. 

(3)  Plot  the  graph  of 


X* 


x^  -{-  X  —  ^, 


Put  y  =  x8  -  x2  +  X  -  6.     We 
compute  the  following  table : 


If  x  =  +  0.6, 
X  =  +  1.0, 
X  =  +  1.6, 
X  =  +  2.0, 
x  =  +  2.6, 
X  =  +  0.0, 
X  =  —  0.6, 
x  =  —  1.6, 


y  =  - 

y  =  - 


4.626 
4.000 
2.376 
1.000 


y=+  6.876 
5.000 
6.875 


y  =  - 

y  =  - 12.126. 


Interpolation  (§  433)  shows  that 
if  y  =  0,  X  =  1.88  +  .  Does  the 
result  agree  with  the  figure? 


X' 


« 

r 

. 

1 
1 

1 

1 

t 

, 

1 

f 

■/ 

t 

f 

1 

1 

1  ■ 

1 

1 
1 

irt 


529.   Consider  any  rational  integral  algebraic  function  of  x, 
for  example  x^  -{-  x  —  ^. 

Put  y  =  x2  +  X  -  V- 

Assume  values  of  a;,  compute  the  corresponding  values  of  y, 
and  construct  the  graph.     Now,  any  value  of  x  ^la\R.\3L  Ts^sbks^^ 
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y  =5  0  satisfies  the  equation  a;'  +  a  —  ^-  =  0,  and  is  a  root 
of  that  equation.  Hence,  any  abscissa  whose  corresponding 
ordinate  is  zero  represents  a  root  of  this  equation.  The  roots 
may  be  found,  approximately,  by  measuring  the  abscissas  of 
the  points   in  which   the   graph   meets   XX\  for   at   these 

points  y  =  0. 

Y 

From  the  given  equation  the  f oUowiiig 

table  may  be  formed  : 


X^ '  '  H  '   '   ' 


'   ','1  I  'Jg 


If 


If 


ic  =  +  0, 

y  =  - 16.75; 

x  =  +  l, 

y  =  - 13.75; 

«=  +  2, 

y  =  -    9.76; 

x  =  +3, 

y  =  -    3.76; 

x  =  +  4, 

y  =  +    4.26. 

x  =  -l, 

y 

=  -16.76; 

x=-2, 

y 

=  -13.76; 

x  =  -3, 

y 

=  -    9.76; 

x  =  -4, 

y 

=  -    3.76; 

X  =  — 6, 

y 

=  +    4.26. 

The  table  shows  that  one  root  of  /(x)  =  0  lies  between  3  and  4 
(since  y  changes  from  —  to  +«  and  therefore  passes  through  zero); 
and,  for  a  like  reason,  the  other  root  lies  between  —  4  and  —  6. 

530.  An  equation  of  any  degree  may 
be  thus  plotted,  and  the  graph  will  be 
found  to  cross  the  axis  XX'  as  many 
times  as  there  are  real  roots  in  the 
equation. 

When  an  equation  has  no  real  roots 
the  graph  does  not  meet  XX', 

In  the  equation  x^  —  Qx-^\Z  =  0^  both  of  ^'-t 
whose  roots  are  imaginary,  the  graph,  at  its 
nearest  approach,  is  4  unita  diataace  txom  XXf. 
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If  an  equation  has  a  double  root, 
its  graph  touches  XX',  but  does  not 
intersect  it  at  the  point  of  contact. 

The  equation 

»2  +  4x  +  4  =  0 

has  the  roots  —  2  and  —  2,  and  the  graph 
is  as  shown  in  the  figure. 

Ezercise  77 


..  / 

I 

I 
../ 

.1 


I 
f 

/4. 


I    I    I    \^Y  I    I    I    I    f  X 


F' 


Construct  the  graphs  of  the  following  functions : 

1.  x^-fSa;  — 10.  4.    x^  —  ^x  +  10. 

2.  x^ -2x^-^1.  5.   a;*-5a;«  +  4. 

3.  a*  -  20 x^  +  64.  6.   «»  -  4aj«  +  «  -  1. 

531.   Change  of  Origin.     Consider  the  function : 

y  =  a;^  H-  4  a;  -  1.  [1] 

Construct  the  graph  of  the  given  function,  for  convenience 
using  on  the  coordinate  paper  3  spaces  for  1  horizontal  unit, 
and  1  space  for  4  vertical  units. 


If  a;  =  +  0, 

a;  =4-1, 
x  =  -{-2, 
aj=H-3, 

«=+4, 
a;  =  4- 5, 


2/  =  -i; 

y  =  +  4; 

y  =  +ll; 

y=  +  20; 
y  =  H-31; 
y  =  +  44. 


Ifaj=—  1,  y=— 4 

«=—  2,  y  =  — 5 

«=—  3,  y=— 4 

a;=—  4,  y=— 1 

a;  =  -5,  y=+4 

«5  =  —  6>  y  =  +  11. 


Now  change  the  origin  from  its  present  position  0  to  any 
point  R  on  the  axis  of  abscissas,  keeping  the  axis  of  ordinates 
RY^  parallel  to  its  original  position  OY.  This  change  does  not 
alter  the  values  of  the  ordinates  of  points,  but  does  alter  the 
values  of  the  abscissas. 
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■V 

1 

The  value  of  the  given  function  ofxia  aitered. 

For,  let  OR  =  h.  The  old  coordinates  of  any  point  P  of 
the  graph  are  OM  =  x,  MP  =  y.  Let  x'  denote  the  new 
abscissa  RM  of  the  point  P. 

Then,  x  =  x'  +  h. 

Sabstitute  x'  +  h  for  x  in  [1]. 

Then,  y==(a!'  +  hf  +  i{x'  +  h)—l 

=  a:'*  +  (4  +  2  h)x'  +  ft*  +  4  A  -  1. 

Wiite  X  for  x',  and  we  have  the  transformed  funotion 
1/  =  3^'  +  (4  +  2  A)a!  +  A»  +  4  A  - 1. 

Hence,  when  the  origin  is  moved  along  the  axis  of  z  a  dis- 
tance of  h  nnits,  the  new  function  of  x  is  obtained  by  subati- 
tuting  X  +  h  for  x  in  the  old  function  of  x. 

If  the  origin  is  moved  a  distance  of  k  units  to  the  left  of  0, 
the  value  of  h  must  of  course  he  regarded  ss  negative. 


BzeTcisa  78 

1.   Transform    the   function   y  =  x 
origin,  the  point  (5,  0). 
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2.  Transform  the  function  y  =  4: x^^Sx  — 10  to  a  new 
origin,  the  point  (—  2,  0). 

3.  Transform   the   function   y  =  3a;*  —  10a;^-f9a5  —  2   to 
a  new  origin,  the  point  (2,  0). 

4.  Transform  the  function  y  =  aj*  —  1  to  a  new  origin,  the 
point  (—  1,  0). 

DERIVATIVES 
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532.   Definitions.     Leb  MN  be  a  part  of  the  graph  of  a  func- 
tion of  X,  as 

/(a;)  =  2  +  Vl2  a;  -  a;2 

Let  y  =  2  +  ■-Jl2x-x\  [1] 

Let  P  be  any  point  on  the  graph.    Draw  the  coordinates  OH 
and  HP  of  that  point. 

Let  X  =  OH,  and  y  =  HP. 

It  is  obvious  from  [1]  that        y  =f(x).  [2] 

Add  to  X  any  arbitrary  amount  HH\ 

Draw  ^'P'  ±  to  XX',  and  draw  PK  \\  to  XZ'. 

Let  x'  =  0^',  and  y'  =  P'H'. 


488 
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It  is  obvious  from  [1]  that 

y'  =/(*').  [3] 

It  is  evident  that  when  HW  is  added  \jq  x^  y  changes  to  y\ 
and  that  the  amount  of  change  in  y  is  KP\ 

The  arbitrary  amount  HIV  added  to  x  is  called  the  incre- 
ment of  jr.  This  is  written  Ao; 
and  read  delta  x. 

Similarly,  the  amount  KP^ 
added  to  y  is  called  the  incre- 
ment of/. 

Let  Aa  =  the  increment  of  «, 

and      Ay  =  the  increment  of  y. 

Then,     Ay  =  KP\ 

X  and  since  it  is  added  to  y,  the 
increment  is  positive. 

When  the  increment  of  y  is 
taken  from  y,  the  increment  is  negative. 

Hence,  an  increment  may  he  either  positive  or  negative. 

The  increment  of  a  variable  is  any  arbitrary  amount  added  to 
the  variable. 

The  increment  of  a  function  is  the  amount  of  the  change  pro- 
duced in  the  function  when  an  increment  is  given  to  the 
variable  of  the  function. 

Now,  x'  =  a;  -f  Ax. 

Hence,  by  [3],  y'  =/(«  +  Ax).                           [4] 

Again,  Ay  =  y'  —  y. 

Hence,  by  [2]  and  [4],  Ay  =/(«  +  Aa;)  -f(x).              [5] 

Therefore,  to  find  the  increment  of  a  function  when  the  variable 
takes  an  increment, 

Svhtra^et  the  original  value  of  the  function  from,  the  value  of 
the  function  after  the  variable  ha^  taken  an  increment. 


Jk..tfM^ 
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Divide  [5]  by  Ax, 

Then,  Ay  ^/(x  + Ax) -/(.). 


Ax  Ax  ^  -• 

Now  let  P  remain  fixed  and  let  P'  move  towards  P  along 
the  curve  in  such  a  way  that  we  can  make  it  approach  P  as 
nearly  as  we  please. 

Then,  Ax  is  an  infinitesimal,  and  the  fraction  —^  is,  in  gen- 

Ax 

eral,  a  variable,  and  this  variable,  in  general,  approaches  a 
definite  limit. 

When  the  variable  does  approach  a  definite  limit  this  limit 
is  called  the  derivative  of/  or  the  derivative  of  f(x). 

The  derivative  of  f(x)  is  ^^  ^  • 

By  [6]  it  is  seen  that  the  derivative  oif(x)  is 

limit    f(x-\-Ax)-f(x) 

The  first  form  of  this  definition  is  the  more  significant  when 
we  wish  to  show  the  relation  of  the  increments  to  the  deriva- 
tive ;  the  second  is  the  more  significant  when  we  wish  to  show 
the  relation  of  the  function  to  the  derivative. 

The  derivative  with  respect  to  x  of  f(x)  is  represented  by 
D^f(x) ;  that  of  f{y)  with  respect  to  y  by  Dyf{y) ;  that  of  v 
with  respect  to  u  by  D^v ;  and  so  on. 

The  derivative  of  f(x)  with  respect  to  x  is  also  represented 

by/'(x). 

Thus,  Da/(x)  =f(x) ;  Dyf(y)  =f(y) ;  and  so  on. 

533.  From  [7]  may  be  deduced  the  following  rule  for  finding 
the  derivative  of  a  function : 

Divide  the  increment  of  the  function  by  the  increment  given  to 
the  variable. 

Find  the  limit  of  this  quotient  when  the  increment  of  the  varir 
able  is  an  infinitesimal. 

This  limit  is  the  derivatvoe  of  the  function. 
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Denote  the  derivative  off(x)  hy  f'(x). 
Then,  f'^.^^^^l^^l(^±^=:m. 

(1)  Given /(a)  =  5 a;2 ;  find /'(a;). 

f{x  +  Ax)  =  5  {X  +  Ax)2  =  6x2  +  lOxAx  +  5(Ax)2 
/(x)  =  5x2. 
/(x  +  Ax)  -/(x)  =  lOx Ax .+  6(Ax)2. 

Ax 

limit    /(x  +  Ax)~-/(x)^^^^ 
'Ax  =  0  Ax 

.•./'(x)  =  10x. 

(2)  Find  i>^(a;«  + 4  a; +  1). 

The  function  is        x'  +  4  x  +  1. 
Change  x  to  x  +  ^»  (x  +  ^)*  +  4  (x  +  ^)  +  1, 
or  x8  +3^2  +  3^2x4-  A8  +  4x  +  4A  +  l. 

From  the  new  value  subtract  the  old, 

Shx^  +  Sh^x  +  h^-^-^k. 
Divide  hy  h,  3x2  +  3^  +  ^2  +  4. 

Take  the  limit  as  h  approaches  0  as  a  limit ; 

Dx(x8  +  4x  +  1)  =  3x2  +  4. 

534.  Derivative  of  x*^.  The  function  is  af^.  Changing  x  to 
X  -f  h,  we  obtain  (x  +  h)\  Now  (aj  +  hy  can  be  expanded 
by  the  binomial  theorem,  and  we  obtain 

(x  +  hy  =  a;"  +  nx^'-^h  +  ^\~    ^  x^'^h^  H 

From  this  new  value  of  the  function  subtract  a:"^  the  old 
value,  and  divide  by 
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We  now  have 


D.ix") = ^Ti  [«=""-' + ^^^r^  *""** +•••]= 


nx^^K 


The  sum  of  the  terms  after  the  first  approaches  0  as  a  limit 
by  §  405.     Hence, 

To  find  the  derivative  with  respect  to  x  of  any  power  of  x, 

Multiply  by  the  exponent^  and  diminish  the  exponent  of  x 
by  o?ie. 

Thus,  2);b(x*)  =  4x8;  Dx (x-8)  =  -  3 ar** ; 

Note.  It  can  be  proved  that  this  nsile  holds  true  whether  n  is  inte- 
gral or  fractional,  positive  or  negative. 

The  derivative  of  a  constant  is  zero,  since  the  increment  of 
a  constant  is  zero. 

Ezercise  79 

Find  the  derivative  with  respect  to  aj  of : 

1.  x^.  4.    aj-2.  7.    x-\  10.    (x  +  ay. 

2.  x\ 

3.  i. 

X 

535.  Derivative  of  a  Sum  of  Two  or  More  Functions.  Let  f(x) 
and  <l>(x)  be  two  functions  of  cc;  their  sum/(aj)  +  €f>(x)  is  also 
a  function  of  x,     Now, 

_  Umit  r/(^  +  ^)  -/(a')l  ,    limit  f'^C'"  +  ^)- '^('g)"! 

~*  =  o|_  h  J     '^  =  oL  A  J 

Similarly  for  the  sum  of  any  number  of  functiowft. 


5.    x\ 

8.  x^-\-x. 

9.  x^-h2x\ 

11          1 

X^ 

12.    (aj  +  l)-2. 
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Hence^  the  derivative  with  respect  to  "x.  of  the  sum  of  two  or 
more  functions  ofxis  the  sum  of  the  derivatives  with  respect  to 
z  of  the  several  functions. 

The  above  may  be  formulated, 

i>^(/+  4>  H-  ...)=  i>^/+  i>,<^  H-  ... 

Here /is  an  abbreviation  for /(a),  <f>  for  ^(a),  etc. 

By  means  of  the  above  and  §§  533,  634  the  derivative  with 
respect  to  a;  of  any  rational  integral  algebraic  function  of  x 
may  be  found. 

Find  i>,(2aj«  +  4a;« -  8aj  +  3). 

D,(2  x«  +  4 xa  -  8 X  +  3)  =  Dx(2 x«)  +  2)x(4 x^)  -  2)x(8x)  +  i>x(3) 

=  2DxX«  +  4DxX2  -  SDxX  +  i>x3 
=  2(3x2) +  4(2x)- 8(1) +  0 
=  6x8  +  8x-8. 

536.   Derivative  of  a  Product  of  Two  or  More  Functions.     Let 

f(x)  and  <f>  (x)  be  two  functions  of  x ;  their  product  f(x)  ^(x) 
is  a  new  function  of  x. 
Now, 


limit 
h=zO 


'f(x-hh)tf>(x  +  h)  -f(x  +  A)<^(a;) 

-^fix  +  h)4>{x)-f{x)4>{x) 

h 


= fix)  D,^  (x)  +  <^  {x)  D,f(x), 
sine.  ft  ?U/(*  +  ^)]  =/(*)• 
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The  above  may  be  formulated 

Similarly  for  three  or  more  functions.     Thus, 
r>.{f4>F)  =fcl>D,F  +fFD,cl>  +  <t>FDJ^. 

Hence,  the  derivative  with  respect  to  x  of  the  product  of  two 
or  more  functions  ofxis  the  sum  of  the  several  products  found 
by  multiplj/ing  the  derivative  with  respect  to  x  of  each  function 
by  each  one  of  the  other  functions, 

637.   Derivative  of  (x  —  a)'.     (See  note,  page  441.) 

_  limit  r(a;  —  a)**  +  ^^(g  —  ay-^h  -j (x  —  g)*"| 

"■^  =  0L  h  J 

Tkus,  Dx(x  -  3)*  =  4 (X  -  3)«. 

Bzercise  80 

Write  the  derivative  with  respect  to  aj  of : 

1.  aj»  +  4.  4.   aj*- 3  »*  +  «». 

2.  X* +  3x^-1.  6.  4ic*  +  6ir»  +  2. 

3.  x^-^x^-\-2.  6.    ex^  —  Tx^  +  Tx. 

7.  3ic*  +  4aj*  +  a;«  —  a;»  — 6x4-5. 

8.  4ic*-2x*-a;«  +  6ic2-7. 

9.    («  -  2)  (a;  H- 3).  12.    (a  -  4)^  (a;  -  2)  («  +  1). 

10.  (aj-l)(a;-2)(a;-3).      13.    (x-ay(x-ff)^ 

11.  (a;-3)«(a;  +  4).  14.    (x  -  a)  (a?  -  )8)  (x  -  y). 

15.  (x  -  2)  (x  -  3)  (x  +  6)  (x  +  4). 

16.  (x«  +  2)(x«-4xH-8). 


444  COLLEGE  ALGEBRA 

538.  Successive  Derivatives.  The  deriyative  of  a  fxinctioii  of 
X  is,  in  general,  a  function  of  x  and  has,  in  general,  a  deriva- 
tive with  respect  to  x. 

The  derivative  of  the  derivative  is  called  the  second 
derivative;  the  derivative  of  the  second  derivative,  the  third 
derivative;  and  so  on. 

By  derivative  is  meant  the  first  derivative,  unless  the  con- 
trary is  expressly  stated. 

The  second  derivative  with  respect  to  x  of  f(x)  is  repre- 
sented by  D^f{x)y  or  by/"(ic);  the  third  derivative  by 
Djf(x),  or  by  /'"  (x) ;  and  so  on. 

Evidently,        /'  (x)  =  Djf(x)  =  DJ)J(x)  ; 

/"  (X)  =  Djf(x)  =  DJ)Jf(x)  =  DJ)J)J{x) ; 
and  so  on. 

539.  Values  of  the  Derivatives.  The  value  which  f(x) 
assumes  when  we  put  a  for  x  is  represented  hy /(a). 

Similarly,  the  value  which  /'(x)  assumes  when  we  put  a 
for  X  is  represented  by  f  (o)\  the  value  of  f^(x)  by  /"(a); 
and  so  on. 

Thus,  if  /(x)=x«  -  2a;8  +  X  +  4, 

then  /'(x)  =  3x2-4x  +  l, 

r(x)  =  6x-4, 

and  /*▼  (x),  /^  (x),  •  •  •  all  vanish. 
If  we  put  2  for  x,  we  obtain 

/(2)  =  6  ;  r  (2)  =  6 ;  /- (2)  =  8  ;  r'(2)  =  6. 

Similarly  for  any  other  function. 

540.  Sign  of  the  Derivative.  In  the  function  f(x)  let  x 
increase  by  the  successive  addition  of  very  small  increments. 
As  X  increases,  the  value  of  f(x)  will  change,  sometimes 
increasing,  sometimes  decreasing. 

Suppose  that  x  has  reached  a  fixed  value  a ;  the  corre- 
sponding values  of  f(x)  and  f(x)  are  f{a)  and  f(a). 


DERIVATIVES  446 

By  §532,     f^a)=^^l[£(2±Jll^m'j. 

If  f{x)  is  increasing  as  x  passes  through  the  value  a, 
f(a  4-  A)  >  f(a)  and  f  (a)  Is  positive. 

If  /(a)  is  decreasing  as  aj  passes  through  the  value  a, 
f(a  -\-  K)<  f{a)  and  /'  (a)  is  negative. 

Conversely,  if  f{a)  is  positive,  f(a  +  A)  —f((i)  is  positive, 
and  /(ic)  is  increasing  as  x  passes  through  the  value  a. 

If  f'(a)  is  negative,  f(a  +  h)—f{a)  is  negative,  and  /(x) 
is  decreasing  as  x  passes  through  the  value  a. 

Hence,  for  a  particular  value  of  x,  if'f'(x)  is  positive,  f  (x) 
is  increasing ;  and  if  f'(x)  is  negative,  f(x)  is  decreasing; 
and  conversely. 

Observe  that  we  are  speaking  of  increasing  and  decreasing 
algebraically. 

Thus,  if  /(x)  =  x8  -  3x»  -  6x  +  10, 

/'(x)  =  3x2-6x-6. 
We  find  /(I)  =  2,  /'  (1)  =  -  9. 

.*.  f(z)  is  decreasing  as  x  passes  through.the  value  1 ;  for  example, 

/(I)  =  2,  /(l.l)  =  1.101,  and  1.10K2. 
Again,  /(3)  =  -8,  r(3)  =  +  3. 

.*.  /(x)  is  increasing  as  z  passes  through  the  value  3 ;  for  example, 
/(3)  =  -  8,  /(3.1)  =  -  7.639,  and  -  7.639  >  -  8. 

Exercise  81 

Write  the  successive  derivatives  with  respect  to  a  of : 

1.  aj»  — 4aj2  +  2.  6.  ax* -{- 3  bx^ -\- 3  ex -\- d. 

2.  x*  +  4:x^  —  5x.  7.  ax* -{-4:bx* -^6cx^-]-4:dx-\-e 

3.  2x»  +  2ic2-4a;  +  l.  8.  (x-ay(x-  fi). 

4.  3a;*  +  3aj«  — a;2  +  jr.  9.  (x  —  a)  (x  —  fi)  (x  —  y). 

5.  4a;*  -  7  a;«  +  5a;  -  2.  10.  (x  -  afCx  -  gy. 
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543.  Multiple  Roots.  In  the  quantic  f(x)  let  or  be  a  triple 
root.     Then,  we  can  write  (§  518) 

where  the  degree  of  ^(aj)  is  less  by  3  than  that  of  f(x). 

By  §636,    /'(x)  =  (x-a)«<^'(x)  +  3(x-a)2<^(a:) 

=  (x-  ay\_(x  -  a) <^'(x)  +  3 <^(aj)]. 

Hence,  iff(x)  has  a  triple  root  a,  the  factor  (x  —  ay  occurs 
in  the  H.C.F.  of /(a)  and/(x). 

Similarly  for  a  multiple  root  of  any  order. 

To  find  the  multiple  roots  of  /(x). 

Find  the  H.  C.F.  of  f  (x)  and  f '(x),  and  resolve  it  into  factors, 
Ea^h  root  occurs  once  more  in  f  (x)  tJian  the  corresponding  factor 
occurs  in  the  H,  C.F. 

Find  the  multiple  roots  of 

a*  -  a*  —  5a;»  +  a*  H-  8a;  +  4  =  0. 

Here,  f(x)  =  7^  -  x*  -  5x«  +  «»  +  8x  +  4. 

.•./(x)  =  6x*  -  4x»  -  15x2  +  2x  +  8. 

Find  the  H.C.F.  of /(x)  aiid/'(x)  as  follows: 


6-4-15+   2  +  8 
6  +  0-16-10 
-4+   0  +  12  +  8 
-4+    0  +  12  +  8 


6-5-26+    5+   40+   20 

6-4-16+2+     8 

_1_10+    3+    32+    20 

-5-50  +  15  +  160  +  100 

-5+4  +  15-     2-     8 


-1 


-  54)  -  54  +    0  +  162  +  108 

1-    0-     3-     2      -6+4 

Hence,  xS^8x-2isthe  H.C.F. 

We  find,  by  substitution,  that  —  1  is  a  root  of  the  equation 

x»-3x-2  =  0. 

The  other  roots  are  found  to  be  —  1  and  2  (§  520). 

Hence,  x«-3x-2  =  (x  +  l)2(x  -  2). 

Therefore,  —  1  is  a  triple  root,  and  2  is  a  double  root,  of  the  gi^en 
equation.  As  the  given  equation  is  of  the  fifth  degree,  these  are  all  the 
roots,  and  the  equation  may  be  written 
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Having  found  the  multiple  roots  of  an  equation,  we  may 
divide  by  the  corresponding  factors  and  find  the  remaining 
rootS;  if  any,  from  the  reduced  equation. 

Exercise  83 

The  following  equations  have  multiple  roots.  Find  all  the 
roots  of  each  equation ; 

1.  ic»-8aj2  +  13aj-6  =  0. 

2.  a;«-7ic2  +  16aj-12  =  0. 

3.  x^-6x^-Sx-3=:0, 

4.  aj*  -  7  a;«  +  9  aj2  +  27  a  -  54  =  0. 

5.  aj*  +  6ic«  +  a;2-24a;  +  16  =  0. 

6.  x'  -  llaj*  4-  19a;«  +  115x^  -  200aj  -  500  =  0. 

7.  Resolve  into  linear  factors  * 

aj«  _  5a;6  4-  5a;*  +  9ic«  —  Ua;^  —  4aj  +  8. 

8.  Show  that  an  equation  of  the  form  a"  =  a*  can  have  no 
multiple  root. 

9.  Show  that  the  condition  that  the  equation 

X*  -{-Sqx  -{-r  =  0 
shall  have  a  double  root  is  4  g-'  +  r^  =  0. 

10.    Show  that  the  condition  that  the  equation 

««  +  3px^  +  r  =  0 
shall  have  a  double  root  is  r  (4^*  +  r)  =  0. 

544.  Expansion  of  f  (z  -f  h).  Consider  a  quantic  of  the 
fourth  degree 

f(x)  =  ax*  4-  bx*  4-  cx^  -]-  dx  -\-  e. 

Put  x  -^  h  in  place  of  x.    Then, 

f(x  +  h)=  a(x  +  hy  -^  b (x  -^  hy  -h  c(x  +  hy  +  d(x  -k-  h^-^ e,. 
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Expand  the  powers 
descending  powers  of  x. 


/(ar  +  A)  =  a 


;c*-h4aA  a:»-h6aA«  a:*  +  4 aA»  x  +  «A* 


+  * 


+  3W 


+  2eA 


Bat  /(A)=      aA*+    ftA*+    eh^^dh^e, 

/'(A)=   4aA»  +  3ftA«4-2tfA  4-rf, 
/"(A)=12aA«  +  6ftA  +2«, 
/'"(A)=24aA  +6ft, 
/«-(A)=24a, 
/-(A)=0. 


.•./(*  +  ^)=/W  +  ^/'WH-a^^ 


../§*>.. 


IT 


If  we  arrange  the  expansion  of  /(x  +  A)  b^  ascending 
powers  of  h,  we  find 

Similarly  for  any  other  qnantic. 

M5.  Calculation  of  the  Coefficients.  The  coefficients  in  the 
expansion  of  f(x  +  A)  may  be  conveniently  calculated  as 
follows : 

Take  f(x)  =  ax*  -\- bx* -^  ex* -\- dx -{- e. 

Put       f(x  +  A)  =  Ax^  +  Bx*  -h  Cx*  -\-  Dx  -{-  E, 

where  A,  B,  C,  D,  E  are  to  be  found. 
In  the  last  identity  put  x  —  h  for  x. 
Then,  since  f(x  —  A  +  A)  =f(x),  we  obtain 

/(x)  =  ^  (x  -  A)*  +  5(x  -  A)«  +  C(x  -  A)« 
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From  the  last  identity  we  derive  the  following  rule  for  find- 
ing the  coefficients  of  the  powers  of  a  in  the  expansion  of 
fix  H-  h). 

Divide  f(x)  by  a;  —  A;  the  remainder  is  E,  that  is,  f(h)f 
and  the  quotient  is 

A(x-  hy  +  B(x  -hy  +  C(X'-h)  +  D, 

Divide  this  quotient  by  (x  —  h)\  the  remainder  is  D,  that 
is,  f\h) ;  and  the  quotient  is 

Aix-  hf  +  B(x  -  ^)  4-  C. 

Continue  the  division.     The  last  quotient  is  A  or  a. 
The  above  division  is  best  arranged  as  follows  (§  615)  : 

a  h  c  d  6  [A 

ah  Vh  c'K  d}h 


a 

V 

c' 

6} 

E 

ah 

V'h 

c''h 

a 

ah 

V^'h 

D 

a 

jm 

C 

ah 

a  B 

Hence,   f{x  +  h)  =  ax^  +  Bx*  +  Cx*  -^  Dx  i-  E. 
This  method  is  easily  extended  to  equations  of  any  degree. 

Exercise  84 

In  the  following  quantics  put  for  x  the  expression  opposite, 
and  reduce : 

1.  x*-Sx^+Ax-6,  («  +  2) 

2.  a*  -  2a;*  +  6a; -3.  («  +  4) 

3.  3a;*-2a;«-t-2a;*-a;-4.  (a;  +  3) 

4.  2a;*-3a;«  +  6a;»-7a;-8.  (x  -  2) 
6.  2a;*-2a;»  +  4a;«-5x-4.  (x  -  i^ 
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Expand  the  powers  of  x  +  h,  and  arrange  the  terms  by 
descending  powers  of  x. 


f(x  +h)=a 


x^  -\-  ^ah 


«» +  6  aA* 


jc*  +  4  ah} 
+  3hh^ 
+  2ch 

+  d 


X  +  ah^ 
+  dh 


But  /(^)=       «^*+     ^^•+    ch^  +  dh-\-e, 

f'(h)^12ah^  +  65A  +  2(j, 
f"\h)==24:ah  +65, 
/^(A)=24a, 

K  we  arrange  the  expansion  oi  f(x  +  h)  by  ascending 
powers  of  A,  we  find 

f(^^  +  h)  =  f(x)  +  hf'(x)  +  h'^+h*C^  +  h*C^. 

Similarly  for  any  other  quantic. 

545.  Calculation  of  the  Coefficients.  The  coefficients  in  the 
expansion  of  f(x  +  h)  may  be  conveniently  calculated  as 
follows : 

Take  f(x)  =  ax*  +  bx*  +  cx^  +  dx  +  e. 

Put       f(x  +  h)  =  Ax^  +■  Bx^  -\-  Cx^  +  Dx  -\-  E, 

where  A,  B,  C,  D,  E  are  to  be  found. 
In  the  last  identity  put  x  —  ^  f  or  x. 
Then,  since  f(x  —  h  -{-  h)  =zf(x),  we  obtain 

f(x)  =  ^  (x  -  ;^)*  H-  B(x  --hy-\-C(x-  hy 

-\-D(x  —  h)+E. 
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From  the  last  identity  we  derive  the  following  rule  for  find- 
ing the  coefficients  of  the  powers  of  aj  in  the  expansion  of 
fix  +  h). 

Divide  f(x)  by  x  —  h\  the  remainder  is  E,  that  is,  f(h)f 
and  the  quotient  is 

Aix-  hy  +  B{x  -  A)»  +  C(aj  -  ^)  +  D, 

Divide  this  quotient  by  (x  —  h)\  the  remainder  is  D,  that 
is,  /'  (h) ;  and  the  quotient  is 

A(x-  hy  +  B(x  -  A)  +  C. 

Continue  the  division.     The  last  quotient  is  A  or  a. 
The  above  division  is  best  arranged  as  follows  (§  515) : 

a  h  c  d  e  [A 

ah  b'h  6%  d'h 


a 

b' 

e' 

d' 

E 

ah 

b"h 

c"h 

a 

b" 
ah 

c" 
b"fh 

D 

a 

b'" 

C 

ah 

a  B 

Hence,   f(x  +  A)  =  ax*  +  Bx*  +  Cx*  +  Dx  i-  E. 
This  method  is  easily  extended  to  equations  of  any  degree. 

Exercise  84 

In  the  following  quantics  put  for  x  the  expression  opposite, 
and  reduce : 

1.  «»  -  3aj^  +  4 X  -  6.  (x  +  2) 

2.  x^-2x^  +  6x-3,  (x  +  4) 

3.  3x*-2ic»  +  2x*-x-4.  (x  +  S) 

4.  2x*-3x»  +  6ic»-7x-8.  (x  -  2) 
6.  2x*-2x«H-4x«-5x-4.  (x  -  3) 
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TRANSFORMATION  OF  EQUATIONS 

546.  The  solution  of  an  equation  and  the  hiTestigation  of 
its  properties  are  often  facilitated  by  a  change  m  the  form  of 
the  equation.  Such  a  change  of  form  is  called  a  tnnsforma- 
tkm  of  the  equation. 

547.  Soots  with  Signs  changed.  The  roots  of  the  equation 
f  (—  x)  =  0  are  those  of  the  equation  f  (x)  =  0,  each  with  its  sign 
changed. 

For,  let  a  be  any  root  of  equation /(«)  =  0. 

Then  we  must  hare /(or)  =  0. 

In  the  quantic/(—  x)  put  —  a  for  x ;  that  is,  a  far  —  x. 

The  result  is  f(oi). 

But  we  have  just  seen  that/(<r)  vanishes,  since  a  is  a  root 
of  the  equation  f(x)  =  0.  Hence,  /(—  x)  yanishes  when  we 
put  —  a  for  Xy  and  (§  511)  —  a  is,  therefore,  a  root  of  the 
equation  /(—  x)  =  0. 

Similarly,  the  negative  of  each  of  the  roots  of  f(x)  =  0  is  a 
root  of  /(—  a;)  =  0 ;  and,  since  the  two  equations  are  evidently 
of  the  same  degree,  these  are  all  the  roots  of  the  equation 

/(-  *)  =  0. 

To  obtain  /(—  x)  we  change  the  sign  of  all  the  oM  powers 
of  a;  in  the  quantic  f(x). 

Thus,  the  roots  of  the  eqiiation  a^  —  2z*  —  132>  +  142  +  24  =  0are2, 
4,  -  1,  -  3 ;  and  those  of  the  equation  x*  +  2x»  -  13x2  -  143.  +  24  =  0 
are  -  2,  -  4,  +  1,  +  3. 

548.  Soots  multiplied  by  a  Given  Number.      Consider  the 

equation 

oic*  +■  &c«  +  caj*  H-  £ix  -h  e  =  0.  [1] 

y 

Put  y  =  mx,  then  a;  =  —  •     Then  the  equation  becomes 

Tfl 

<£y^<i)'+<£)'^<S)^'=<'-     ra 
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The  left  member  of  [2]  differs  from  the  left  member  of  [1] 

only  in  that  —  is  put  in  place  of  x. 

Let  a.  be  any  root  of  [1]  ;  the  left  member  of  [1]  vanishes 
when  we  put  a  for  x. 

That  is,  aa*  +  ho?  +  ca*  +  c^a  +  e  =  0. 

In  the  left  member  of  [2]  put  ma  for  y. 

Then,  aa*"  +  he?  +  ca*  +  da  +  e, 

which,  as  we  have  just  seen,  vanishes.  Hence,  if  a  is  a  root 
of  [1],  ma  is  a  root  of  [2].  Since  the  above  is  true  for  each 
of  the  roots  of  [1],  and  the  two  equations  are  evidently  of  the 
same  degree,  the  roots  thus  obtained  are  all  the  roots  of  [2]. 

Similarly  for  an  equation  of  any  degree. 

Equation  [2]  may  be  written  in  the  form 

ay^  +  mhy^  +  m^cy^  +  m^dy  +  m^e  =  0. 

Hence,  to  write  an  equation  the  roots  of  which  are  the  roots 
of  a  given  equation  multiplied  by  m. 

Multiply  the  second  term  of  the  given  eqvxition  hy  m;  the 
third  term  hy  m^;   and  so  on. 

Zero  coefficients  are  to  be  supplied  for  missing  powers  of  x. 
Write  the  equation  of  which  the  roots  are  double  the  roots 
of  the  equation 

3a;*  -  2ar«  +  4aj«  -  6aj  -  5  =  0. 

Here  m  =  2,  and  the  result  is 

3x*  -  2(2)x8  +  4(2)2x2  -  6(2)8x  -  5(2)*  =  0, 
or  3x*  -  4x«  +  16x2 -48x- 80  =  0. 

549.   Removal  of  Fractional  Coefficients.     If  any  of  the  coeffi- 
cients of  an  equation  in  the  form 

are  fractions,  we  can  remove  fractions  aa  tollo^%  \ 
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Multiply  the  roots  by  m ;  then  take  m  so  that  all  of  the  eoeffir 
dents  will  be  integers. 

Reduce  to  an  equation,  in  the  p  form,  with  integral  coeffi- 
cients 2a!» -  Ja;»  +  |ir  +  J  =  0. 

Divide  by  2,  x«  -  Jx^  +  ^a-  +  J  =  0. 

Multiply  the  roots  by  m  (§  648), 

m   -      6  m*     .  m*      _ 

X* x2  H X  A =  0. 

612  8 

The  least  value  of  m  that  will  render  the  coefficients  all  integral  is  seen 
to  be  6.    Put  6  for  m,  x*  —  x*  +  16  x  +  27  =  0,  the  equation  required. 

550.   Reciprocal  Roots.     Consider  the  equation 

oic*  4-  bx*  +  caj2  -f  f^x  +  e  =  0.  [1] 

Put  y  =  -;  then  x  =  -;  and  the  equation  becomes 
X  y 

Let  a  be  any  root  of  [1]. 

Then,  aa^  +  &a«  +  ca:«  +  (fa  +  e  =  0. 

1  1 

In  the  left  member  of  [2]  put  a  for  - ;  that  is,  -  for  y, 

if  ^ 

acr*  +  bo^  +  ca^  +  c^a  +  «, 
which,  as  we  have  just  seen,  vanishes. 

Hence,  -  is  a  root  of  [2].     Since  the  above  is  true  for  each 

root  of  [1],  and  the  two  equations  are  of  the  same  degree,  the 
reciprocals  of  the  roots  of  [1]  are  all  the  roots  of  [2]. 

Similarly  for  an  equation  of  any  degree. 

Equation  [2]  may  be  written 

a  +  by  +  cy^-^  dy^  -f  ey*  =  0, 
or,  -siting  x  in  place  of  y, 

ex*  +  dx*  -\-  cx^  -{-  bx  +  a  =z  0\ 
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so  that  the  coefficients  are  those  of  the  given  equation  in 
reversed  order. 

Write  the  equation  of  which  the  roots  are  the  reciprocals  of 
the  roots  of  2a;*  -  3a;»  +  4a;«  -  5aj  -  7  =  0. 

The  result  is  2  -  3x  +  4a;8  -  5x«  -  7x*  =  0, 

or  7aj* +  6x«"- 4x24- 3x -2  =  0. 

551.  Reciprocal  Equations.  The  coefficients  of  an  equation 
may  be  such  that  reversing  their  order  does  not  change  the 
equation.  In  this  case  the  reciprocal  of  a  root  is  another 
root  of  the  equation.  That  is,  half  the  roots  are  reciprocals 
of  the  other  half.     Such  an  equation  is  a  reciprocal  equation. 

Thus,  the  roots  of  the  equation 

6x6  _  29x*  +  27x«  +  27x8  -  29x  +  6  =  0 
are  —  1,  2,  8,  i,  i.     Here  —  1  is  the  reciprocal  of  itself ;  i  of  2 ;  i  of  3. 

552.  Roots  diminished  by  a  Given  Number.     Consider  the 

equation 

f(x)  =  ic*  +  oic'  +  ftaj»  +  caj  +  c?  =  0,  [1] 

and  the  corresponding  graph  with  the  point  0  as  origin. 


To  diminish  the  roots  of  this  equation  by  any  number  h  is 
equivalent  to  changing  the  origin  from  the  point  0  to  a  point 
R  on  the  axis  of  x  such  that  OR  =  h.  The  change  is  made 
(§  631)  by  writing  x  -\-  hfoi  x  in  [1].     The  result  is 

f(x+h)  =  (x+hy+a  (x+hy+b  (x+hy+e  (x+h)  +rf= 0.     [2\ 
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543.  Multiple  Roots.  In  the  quantic  f(x)  let  or  be  a  triple 
root.     Then,  we  can  write  (§  518) 

f(x)^{x--ay<t>(x), 

where  the  degree  of  <^  (x)  is  less  by  3  than  that  of  f{x). 

By  §536,    f{x)^{x--ay4>\x)^S{x-ay4>(x) 

=  (a  -  <xy[(x  -  a)  <l>'(x)  4-  3  <^(aj)]. 

Hence,  iif(x)  has  a  triple  root  a,  the  factor  (x  —  ay  occurs 
in  the  H.C.F.  of /(a;)  and/(aj). 

Similarly  for  a  multiple  root  of  any  order. 

To  find  the  multiple  roots  of  f{x), 

Find  the  H,  C.F.  of  f  (x)  and  f '(x),  and  resolve  it  into  factors. 
Fach  root  occurs  once  more  in  f  (x)  tJian  the  corresponding^  factor 
occurs  in  the  H,  C,F. 

Find  the  multiple  roots  of 

aj*^  -  aj*  —  5a;»  +  aj«  +  8aj  4-  4  =  0. 

Here,  f{x)  =  afi  -  aj*  -  5x«  +  x2  +  8x  +  4. 

.•./(x)  =  5aj*  -  4x»  -  16«a  +  2x  +  8. 

Find  the  H.C.F.  of /(x)  and/(x)  as  follows: 


5-4-15+  2  +  8 
5  ^  0  ^  15  -  10 

-4+  0  +  12  +  8 
-4+  0  +  12  +  8 


5-6-25+  5+  40+  20 
5_4_15+2+  8 
-1-10+  3+  32+  20 
-5-50  +  16  +  160  +  100 

_5+4  +  15-     2-     8 


-1 


-54) -54+    0  +  162  +  108 

1_    0-     3-     2      -5+4 

Hence,  x>  -  3x  -  2  is  the  H.C.F. 

We  find,  by  substitution,  that  —  1  is  a  root  of  the  equation 

x«-3x-2  =  0. 

The  other  roots  are  found  to  be  —  1  and  2  (§  520). 

Hence,  x8-3x-2  =  (x  +  l)2(x  -  2). 

Therefore,  —  1  is  a  triple  root,  and  2  is  a  double  root,  of  the  given 
equation.  As  the  given  equation  is  of  the  fifth  degree,  these  are  all  the 
roots,  and  the  equation  may  be  written 
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Having  found  the  multiple  roots  of  an  equation,  we  may 
divide  by  the  corresponding  factors  and  find  the  remaining 
roots,  if  any,  from  the  reduced  equation. 

Exercise  83 

The  following  equations  have  multiple  roots.  Find  all  the 
roots  of  each  equation : 

1.  a;»-8a;2  4.13aj-6  =  0. 

2.  a;8- 7x2  4- 16a; -12  =  0. 

3.  a;*-6aj2-8aj-3  =  0. 

4.  aj*  -  7  aj»  4- 9  a^  4- 27  aj  -  64  =  0. 

5.  a;*4-6a;»  +  a;2-24aj4-16  =  0. 

6.  a;6  -  11  x*  +  19a;»  +  llSaj^  -  200aj  -  600  =  0. 

7.  Resolve  into  linear  factors  " 

aj«  —  6a;*^  +  6aj*  +  9aj»  —  14a;2  —  4x4-8. 

8.  Show  that  an  equation  of  the  form  a*  =  a"  can  have  no 
multiple  root. 

9.  Show  that  the  condition  that  the  equation 

aj*  4-  3  g'aj  4-  r  =  0 
shall  have  a  double  root  is  4  g-'  4-  r^  =  0. 

■ 

10.    Show  that  the  condition  that  the  equation 

«»  +  Spx^  4-  r  =  0 
shall  have  a  double  root  is  r  (4jp'  4-  r)  =  0. 

544.  Expansion  of  f  (z  4-  h).  Consider  a  quantic  of  the 
fourth  degree 

f(x)  =  aaj*  4-  b^^  4-  cx^  -\-  dx  -\-  e. 

Put  X  -{-  h  in  place  of  x.    Then, 

f(x  +  h)^  a(x  -\-  hy  -\-b(x  -\-  hy  -\-  c(x  +  hy  ^d(x  +  h)-\re. 
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Expand  the  powers  of  x  -[-  h,  and  arrange  the  terms  by 
descending  powers  of  x. 


f(x  +  A)  =  a 


aj*  +  4  aA 


aj»  +  6  ah^ 

aj«  4-  4  ah^ 

X  +  ah^ 

+  3bh 

-\-3bh^ 

+  *A» 

+  c 

-\-2ch 

+  cA« 

-{-d 

■i-dh 

+  6 

+  h* 


But  /(A)=      «A*+    bh*+    cK'  +  dh  +  e, 

f(K)=   4aA»  +  36A«  +  2cA  +d, 
/"(A)=12aA*+66A  +2c, 
/"'(A)=24aA  +66, 

.:f(x  +  K)=f(h)  +  xf'(h)  +  x'^+x»£^+x*^- 

If  we  arrange  the  expansion  oi  f(x  +  h)  by  ascending 
powers  of  h,  we  find 

Similarly  for  any  other  quantic. 

545.  Calculation  of  the  CoefBlcients.  The  coefficients  in  the 
expansion  of  /(»  +  h)  may  be  conveniently  calculated  as 
follows  : 

Take  f(x)  =  ax*  +  bx*  -f-  cx^  +  dx  -\-  e. 

Put       f(x  -\-h)  =  Ax*  4-  J5aj«  +  Cx^  +  Dx  +  E, 

where  A,  B,  C,  D,  E  are  to  be  found. 
In  the  last  identity  put  x  —  h  for  x. 
Then,  since  f(x  —  h  -\-  h)  =/(»),  we  obtain 

f(x)  =  A(x-hy-\-  B(x  -  hy  +  C(a;  -  h)* 

+  D(x  —  h)-\-E. 


f(x  +  A)  =  /(x)  +  hf(x)  +  A^  4^ 
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From  the  last  identity  we  derive  the  following  rule  for  find- 
ing the  coefficients  of  the  powers  of  a;  in  the  expansion  of 
f(x  +  h). 

Divide  f(x)  by  aj  —  A;  the  remainder  is  E,  that  is,  f(h); 
and  the  quotient  is 

il  (aj  -  hy  +  B{x  -  A)a  +  C(aj  -  A)  +  D, 

Divide  this  quotient  by  (x  —  h)\  the  remainder  is  Z),  that 
is,  f*(h) ;  and  the  quotient  is 

A{x-'  hy  +  B{x  -  A)  4-  C. 

Continue  the  division.     The  last  quotient  is  A  or  a. 
The  above  division  is  best  arranged  as  follows  (§  615)  : 

a  h  c  d  e  [A 

ah  Vh  c'h  Wh 


a 

V 

c' 

d' 

E 

ah 

b"h 

c"h 

a 

ah 

b'"h 

D 

a 

1,111 

C 

ah 

a  B 

Hence,   f(x  +  h)  =  ax^  +  Bx^  +  Cx^  +  Dx  ■{-  E. 
This  method  is  easily  extended  to  equations  of  any  degree. 

Ezercise  84 

In  the  following  quantics  put  for  x  the  expression  opposite, 
and  reduce  : 

1.  aj«-3aj*+ 4aj  — 6.  («  +  2) 

2.  aj*-2aj«  +  6aj-3.  (a;  +  4) 
8.  3aj*  — 2aj«4-2a;«  — aj  — 4.  (x  +  S) 
4.  2a;*  -  3a;»  4- 6a;«- 7a; -8.  (a;  -  2) 
6.  2a;*-2a;«  +  4a;»-6a;-4.  (a;  -  3) 
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TRANSFORMATION  OF  EQUATIONS 

546.  The  solution  of  an  equation  and  the  investigation  of 
its  properties  are  often  facilitated  by  a  change  in  the  form  of 
the  equation.  Such  a  change  of  form  is  called  a  transforma- 
tion of  the  equation. 

547.  Roots  with  Signs  changed.  The  roots  of  the  eqtiation 
f  (—  x)  =  0  are  those  of  the  equation  f  (x)  =  0,  eacA  with  its  sign 
changed. 

For,  let  a  be  any  root  of  equation /(a?)  =  0. 

Then  we  must  have  f(a)  =  0. 

In  the  quantic  /(—  x)  put  —  a  for  x ;  that  is,  a  for  —  x. 

The  result  is /(a). 

But  we  have  just  seen  that /(a)  vanishes,  since  a  is  a  root 
of  the  equation  f(x)  =  0.  Hence,  /(—  a;)  vanishes  when  we 
put  —  a  for  X,  and  (§  511)  —  a  is,  therefore,  a  root  of  the 
equation  /(—  x)  =  0. 

Similarly,  the  negative  of  each  of  the  roots  of  f(x)  =  0  is  a 
root  of  /(—  x)  =  0;  and,  since  the  two  equations  are  evidently 
of  the  same  degree,  these  are  all  the  roots  of  the  equation 

/(-  x)  =  0. 

To  obtain  /(—  x)  we  change  the  sign  of  all  the  odd  powers 
of  aj  in  the  quantic  f(x). 

Thus,  the  roots  of  the  equation  x*  —  2  x«  —  13  x^  -f  14  x  +  24  =  0  are  2, 
4,  -  1,  -  3 ;  and  those  of  the  equation  x*  +  2x8  -  ISx^  —  14x  +  24  =  0 
are  -  2,  -  4,  H- 1,  +  3. 

548.  Roots  multiplied  by  a  Given  Number.      Consider  the 

equation 

ax^  4-  bx*  +  cx^-\-dx  +  e  —  0.  [1] 

y 

Put  y  =  mXf  then  cc  =  -^  •     Then  the  equation  becomes 
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The  left  member  of  [2]  differs  from  the  left  member  of  [1] 

only  in  that  —  is  put  in  place  of  x. 

m 

Let  a  be  any  root  of  [1]  ;  the  left  member  of  [1]  vanishes 
when  we  put  a  for  x. 

That  is,  aa^  +  ha^  +  ca^  4.  c?a  +  e  =  0. 

In  the  left  member  of  [2]  put  ma  for  y. 

Then,  aa*  +  ha^  +  ca^  '\- da -{- e, 

which,  as  we  have  just  seen,  vanishes.  Hence,  if  a  is  a  root 
of  [1],  ma  is  a  root  of  [2].  Since  the  above  is  true  for  each 
of  the  roots  of  [1],  and  the  two  equations  are  evidently  of  the 
same  degree,  the  roots  thus  obtained  are  all  the  roots  of  [2]. 

Similarly  for  an  equation  of  any  degree. 

Equation  [2]  may  be  written  in  the  form 

ay^  +  mhy^  4-  m,^cy^  +  m^dy  +  w*e  =  0. 

Hence,  to  write  an  equation  the  roots  of  which  are  the  roots 
of  a  given  equation  multiplied  by  m. 

Multiply  the  second  term  of  the  given  equation  hy  m;  the 
third  term  hy  m^;   and  so  on. 

Zero  coefficients  are  to  be  supplied  for  missing  powers  of  x. 
Write  the  equation  of  which  the  roots  are  double  the  roots 
of  the  equation 

3«*  -  2aj8  +  4ic2  -  6a;  -  5  =  0. 

Here  m  =  2,  and  the  result  is 

3jc*  -  2(2)«8  +  4(2)2x2  -  6(2)8x  -  5(2)*  =  0, 
or  3x* -4x8  + 16«2-48x- 80  =  0. 

549.   Removal  of  Fractional  Coefficients.     If  any  of  the  coeffi- 
cients of  an  equation  in  the  form 

x""  'i-pix''-^  -{-pftx*"-^  H hpn  =  0 

are  fractions,  we  can  remove  fractions  as  follows : 
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axis  of  a;  to  a  point  above  that  axis^  we  must  cross  the  axis 
an  odd  number  of  times. 

Thus,  in  x*  —  2x2  -|-  3x  —  7  =  0,  if  we  put  2  for  x,  the  value  of  the 
left  member  is  —  1 ;  if  we  put  3  for  x,  the  value  is  +  11.  Hence,  cer- 
tainly one  root  lies  between  2  and  3,  and  possibly  all  three  roots  of  the 
equation  lie  between  2  and  3. 

559.  An  eqiiation  of  odd  degree  has  at  least  one  real  root  the 
sign  of  which  is  opposite  to  that  of  the  constant  term. 

For,  if  the  first  coefficient  is  not  positive,  change  signs  so  as 
to  make  it  positive.  If  the  last  term  is  negative,  make  x  posi- 
tive and  very  large ;  the  sign  of  the  left  member  is  +  (§  555). 
Put  a;  =  0 ;  the  sign  of  the  left  member  is  — .  Hence,  there 
is  at  least  one  real  positive  root. 

Similarly,  if  the  last  term  is  positive,  there  is  at  least  one 
real  negative  root. 

560.  Descartes'  Rule  of  Signs.  An  equation  in  which  all  the 
powers  of  x  from  x^  to  x^  are  present  is  said  to  be  complete ;  if 
any  powers  of  x  are  missing,  the  equation  is  said  to  be  incom- 
plete. An  incomplete  equation  can  be  made  complete  by  writ- 
ing the  missing  powers  of  x  with  zero  coefficients. 

A  permanence  of  sign  occurs  when  +  follows  +,  or  —  fol- 
lows —  ;  a  variation  of  sign  when  —  follows  +,  or  +  follows  — . 
Thus,  in  the  complete  equation 

x«-3x6-f2x*-fx«-2aJ8-«-3  =  0, 
writing  only  the  signs 

+     -     +     +     _--, 

we  see  that  there  are  three  variations  of  sign  and  three  permanences. 

For  positive  roots,  Descartes'  rule  is  as  follows : 

The  number  of  positive  roots  of  the  equation  f  (x)  =  0  cannot 
exceed  the  nurriber  of  variations  of  sign  in  the  quantic  f  (x). 

To  prove  this  it  is  only  necessary  to  prove  that  for  every 
positive  root  introduced  into  ^n  equation  there  is  one  variation 
of  sign  added. 
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Suppose  the  signs  of  a  quantic  to  be 

+    -    +    +    +    --+, 

and  introduce  a  new  positive  root.     We  multiply  by  05  —  A,  or, 
writing  only  the  signs,  by  H — .     The  result  is 

+    -    +    +    +    --    + 

+    - 

+    -    +    +    +    --    + 
-    +    ---    +    +    - 

The  ambiguous  signs  ±,  ±  indicate  that  there  is  doubt 
whether  the  term  is  positive  or  negative.  Examining  the 
product,  we  see  that  to  permanences  in  the  multiplicand 
correspond  ambiguities  in  the  product.  Hence,  we  cannot 
have  a  greater  number  of  permanences  in  the  product  than 
in  the  multiplicand,  and  may  have  a  less  number.  But  there 
is  one  more  term  in  the  product  than  in  the  multiplicand,  and 
this  term  always  adds  a  new  variation.  Hence,  we  have  at  least 
one  more  variation  in  the  product  than  in  the  multiplicand. 

For  each  positive  root  introduced  we  have  at  least  one  more 
variation  of  sign.  Hence,  the  number  of  positive  roots  cannot 
exceed  the  number  of  variations  of  sign. 

Negative  Roots,  Change  a;  to  —  cc.  The  negative  roots  of 
the  given  equation  are  positive  roots  of  this  latter  equation. 

561.   Hence,  from  Descartes'  rule  we  obtain  the  following : 

If  the  signs  of  the  tei^ms  of  an  equation  are  all  positive,  the 
equation  has  no  positive  root. 

If  the  signs  of  the  terms  of  a  complete  equation  are  alternately 
positive  and  negative^  the  equation  *has  no  negative  root. 

If  the  roots  of  a  complete  equation  are  all  real,  the  number  of 
positive  roots  is  the  same  as  the  number  of  variations  of  sign, 
and  the  number  of  negative  roots  is  the  same  (w  th^  number  of 
permanences  of  sign. 
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562.  Existence  of  Complex  Roots.  In  an  incomplete  equation 
Descartes'  rule  sometimes  enables  us  to  detect  the  presence  of 
complex  roots. 

Thus,  the  equation  z^  +  Sx-^7  =  0 

may  be  written  ««  ^  q  x^  +  5  x  +  7  =  0. 

We  are  at  liberty  to  assume  that  the  second  term  is  positive,  or  that  it 
is  negative. 

Taking  it  positive,  we  have  the  signs 

+        +        +        H-; 
there  is  no  variation,  and  the  equation  has  no  positive  root. 
Taking  it  negative,  we  have  the  signs 

+        -        +        +; 
'  there  is  but  one  permanence  and,  therefore,  not  more  than  one  negative 
root. 

As  there  are  three  roots,  and  as  complex  roots  enter  in  pairs,  the  given 
equation  has  one  real  negative  root  and  two  complex  roots. 

Ezercise  86 

All  the  roots  of  the  equations  given  below  are  real  j  deter- 
mine their  signs. 

1.  a;*4-4aj«-43aj2- 58a; +  240  =  0. 

2.  a;»-22ic2  + 155a; -350  =  0. 

3.  a;*  +  4aj»-35a;2-78a;  +  360  =  0. 

4.  a;»-12a;2- 43a; -30  =  0. 

5.  a:«-3a;*-5a;»  +  15a;2  +  4a;-12  =  0. 

6.  a;8  -  12  a;2  +  47  a;  -  60  =  0. 

7.  a;*-2aj«-13a;2  +  38a;-24  =  0. 

8.  a;^  -  a;*  -  187 a;»  -  3S9a;2  +  186aj  +  360  =  0. 

9.  ««  -  10a;«  +  19aj*  +  110aj«-  536aj2  +  800a;  -  384  =  0. 

10.  If  an  equation  involves  only  even  powers  of  a;,  and  the 
signs  are  all  positive,  the  equation  has  no  real  root,  except  0. 
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11.  If  an  equation  involves  only  odd  powers  of  aj,  and  the 
signs  are  all  positive,  the  equation  has  the  root  0,  and  no 
other  real  root. 

12.  Show  that  the  equation  x^  —  3x^  —  x-\-l  =  0  has  at 
lea.st  two  complex  roots. 

13.  Show  that  the  equation  aj*  +  15  aj^  4-  7  aj  —  11  =  0  has 
two  complex  roots,  and  determine  the  signs  of  the  real  roots. 

14.  Show  that  the  equation  x^  -{■  qx  +  r  =  0  has  one  negar 
tive  root  and  two  complex  roots  when  q  and  r  are  both 
positive ;  and  determine  the  character  of  the  roots  when  q  is 
negative  and  r  positive. 

15.  Show  that  the  equation  aj**  —  1  =  0  has  but  two  real 
roots,  +  1  and  —  1,  when  n  is  even ;  and  but  one  real  root, 
+  1,  when  n  is  odd. 

16.  Show  that  the  equation  a:**  +  1  =  0  has  no  real  root 
when  n  is  even ;  and  but  one  real  root,  —  1,  when  n  is  odd. 

563.  Limits  of  the  Roots.  In  solving  numerical  equations  it 
is  often  desirable  to  obtain  numbers  between  which  the  roots 
lie.     Such  numbers  are  called  limits  of  the  roots. 

A  superior  limit  to  the  positive  roots  of  an  equation  is  a 
number  greater  than  any  positive  root.  An  inferior  limit  to 
the  positive  roots  of  an  equation  is  a  positive  number  less 
than  any  positive  root. 

General  methods  for  finding  limits  to  the  roots  are  given  in 
most  text-books ;  but  in  practice  close  limits  are  more  easily 
found  as  follows : 

(1)  x*  -  5  ««  +  40  aj2  -  8  x  +  23  =  0. 

Writing  this        x8(x  -  5)  +  8x(6x  -  1)  +  23  =  0, 

we  see  that  the  left  member  is  positive  for  all  values  of  x  as  great  as  6  ; 
consequently,  it  cannot  become  0  for  any  value  as  great  as  6|  and  there  is 
no  root  as  great  as  5. 
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(2)  a;«  +  3  ic*  +  «»  -  8  ««  -  51  a;  +  18  =  0. 

Writing  this  x^(7fi  -  8)  +  3x(x«  -  17)  +  »«  +  18  =  0, 

we  see  that  the  left  member  is  positive  for  all  values  of  x  as  great  as  3 ; 
consequently,  there  is  no  positive  root  as  great  as  3. 

Sometimes  we  can  find  close  limits  by  distributing  the 
highest  positive  powers  of  x  among  the  negative  terms. 

(3)  a*  +  a*  -  2ic«  -  4aj  -  24  =  0. 

Multiply  by  2,  2«*  +  2x8-  4x2  -  8x  -  48  =  0. 

Writing  this    x^(x^  -  4)  -f  2x(x2  _  4)  +  x*  -  48  =  0, 
we  see  that  there  is  no  positive  root  as  great  as  3. 

An  inferior  limit  to  the  positive  roots  is  found  by  putting 

cc  =  -  (§  550),  and  then  finding  a  superior  limit  to  the  positive 

roots  of  the  transformed  equation. 

Limits  to  the  negative  roots  of  the  equation  f(x)  =  0  are 
found  by  finding  limits  to  the  positive  roots  of  the  equation 
/(-  aj)  =  0  (§  547). 

Ezerciae  87 

Find  superior  limits  to  the  positive  roots  of : 

1.  a;»-2a;2  4.4a;+3  =  0. 

2.  2aj*-aj2-ic  +  l  =  0. 

3.  3a;*  +  5a;«-12ic2  +  10a;-18  =  0. 

4.  4ic*-3ic«-a;2  +  7ic4-5  =  0. 

5.  a;*-a;»-2a;2-4aj-24  =  0. 

6.  4a;«  -  8a;*  +  22  aj«  +  90aj2-60aj  + 1  =  0. 

7.  5ic»4-14a;*~7a;»  +  12ar2-24a;4-2  =  0. 

8.  2aj«  +  7aj*  +  5aj»-8aj2-4a;  +  3  =  0. 


CHAPTEE  XXXI 

NUMERICAL  EQUATIONS 

564.  A  real  root  of  a  numerical  equation  is  either  commen- 
surable or  incommensurable. 

Commensurable  roots  are  either  integers  or  fractions. 
Recurring  decimals  can  be  expressed  as  fractions  (§  280), 
and  roots  in  that  form  are  consequently  commensurable. 

Incommensurable  roots  cannot  be  found  exactly,  but  may 
be  calculated  to  any  desired  degree  of  accuracy  by  the  method 
of  approximation  explained  in  this  chapter. 

•  COMMENSURABLE  .ROOTS 

565.  Integral  Roots.  The  process  of  finding  integral  roots 
given  in  §  520  is  long  and  tedious  when  there  are  many  num- 
bers to  be  tried.  The  number  of  divisors  to  be  tried  may  be 
diminished  by  the  following  theorem : 

Every  integral  root  of  an  equation  with  integral  coefficients 
is  a  divisor  of  the  last  term. 

Let  A  be  an  integral  root  of  the  equation 

ax»  +  hx""-^  +  ca"-*  H [-dx^  +  ex  +/=  0, 

where  the  coefficients  a,  b,  c,  •",  d,  e  are  all  integers. 
Since  A  is  a  root, 

aA"  4-  hh^-^  4-  ch^'^  +  •  •  •  +  ^^^  +  eA  +/=  0,    (§  611) 
or  f^—eh  —  dh^ cA»-«  -  ftA—*  -  ah"". 

Divide  by  A,  ^  =  -  e  -  c?A cA»-»  -  *A»-«  -  aA— I 

467 
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Since  the  right  member  is  an  integer,  the  left  member  must 
be  an  integer.     That  is,  /  is  divisible  by  h. 

Hence,  in  applying  the  method  of  §  520,  we  need  try  only 
divisors  of  the  last  term.  The  necessary  labor  may  be  still 
further  reduced  by  the  method  of  the  following  section. 

566.   Newton*s  Method  of  Divisors.     In  the  above  equation 

f  f 

Y  is  an  integer.     Put  ^  =  E,  transpose  —  e,  and  divide  by  h. 

Then,         ^^-7^  =  -d ch^-'^  -  6A"-»  -  ah^-\ 

h 

Since  the  right  member  is  an  integer,  E-{-e  must  be  divisible 

^^  ^-  E-\-e 

Put  — 7 —  =  D,  transpose  —  dy  and  divide  by  h. 

Then,  7     = c^**"^  -  ^^""*  —  a^""^ 

As  before,  D  -\-  d  must  be  divisible  by  h. 

By  continuing  the  process  we  find  that  C  -\-  c,  and  jB  4-  6  are 

B  A-h 

divisible  by  A,  and  for  the  last  equation  — r —  =  —  a. 

B-^h 
Transpose  —  a,       — h  a  =  0,  provided  A  is  a  root. 

The  preceding  gives  the  following  rule : 

Divide  the  last  term  by  h]  if  the  quotient  is  an  integer,  to  it 
add  the  preceding  coefficient,  and  again  divide  byh;  if  this  quo- 
tient is  an  integer,  add  the  preceding  coefficient  to  it ;  and  so  on. 

If  A  is  a  root,  the  quotients  are  all  integral,  and  the  last 
sum  is  zero.  A  failure  in  either  respect  implies  that  h  is  not 
a  root. 

From  the  above  we  also  obtain 

E=-'  (ah""-^  +  hh""-^  +  ch""'^  ^ \- dh -{- e), 

Z)  =  -  (ah''-^  +  &A»-3  +  ch""-^  -\ \-d), 

•         •         •••■••• 
C  =  -  {ah^  +  ^>A  4-  c), 
B  =  —  (a/i  +  6"^, 
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so  that  the  successive  quotients,  with  their  signs  changed, 
are  (§  515),  in  reversed  order,  the  coefficients  of  the  quotient 
obtained  by  dividing  the  left  member  hy  x  —  h. 

Find  the  integral  roots  of 

3ic*  -  23a;»  +  A2x^  +  32a;  -  96  =  0. 

By  substitution  we  find  that  neither  +  1  nor  —  1  is  a  root. 
The  otJier  divisors  of  —  96  are  ±2,  ±3,  ±4,  ±6,  etc. 

Try  +  2.  -  96  +  32  +  42  -  23  +  3[2 

-48-    8  +  17-3 
-16  +  34-6      0 

Hence,  +  2  is  a  root.  The  coefficients  of  the  depressed  equation  in 
reversed  order  are  —48  —  8  +  17—3. 

Try +2  again.  -48-    8  +  17-3|2 

-  24  -  16 
-32+1 

Since  2  is  not  a  divisor  of  +  1,  +  2  is  not  again  a  root. 

Try -2.  -48-   8  +  17-3|-2 

+  24-8 
+  16+9 

Since  —  2  is  not  a  divisor  of  +  9,  —  2  is  not  a  root. 

Try +3.  -48-    8  +  17-3|3 

-  16  -    8  +  3 
-24+9      0 

Hence,  +  3  is  a  root.     The  depressed  equation  is 

3x2 -8x- 16  =  0, 

of  which  the  roots  are  4  and  —  f . 

Therefore,  the  roots  of  the  given  equation  are  2,  3,  4,  —  J. 

The  advantage  of  this  method  over  that  of  §  520  is  that  if  the  number 
tried  is  not  a  root,  this  fact  is  detected  as  soon  as  we  come  to  a  fractional 
quotient ;  whereas,  in  §  520,  we  have  to  complete  the  division  before  we 
can  decide  whether  or  not  the  number  tried  is  a  toot. 
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567.  Fractional  Roots.  A  rational  fraction  cannot  be  a  root 
of  an  eqtuUion  with  integral  coefficients  in  the  p  form. 

If  possible  let  -}  where  h  and  k  are  integers  and  t  is  in 
its  lowest  terms^  be  a  root. 

Multiply  by  A;"""^  and  transpose^ 

A* 

-—  =  —  pih*"^  —  pJV^~'^k  —  . . .  —pjc^"^* 

Now  the  right  member  is  an  integer ;  the  left  member  is  a 
fraction  in  its  lowest  terms,  since  A*  and  k  have  no  common 
divisor  as  h  and  k  have  no  common  divisor  (§  470,  V).  But 
a  fraction  in  its  lowest  terms  cannot  be  equal  to  an  integer. 

Hence,  ->  or  any  other  rational  fraction,  cannot  be  a  root. 

The  real  roots  of  an  equation  with  integral  coefficients  in 
the  p  form  are,  therefore,  integral  or  incommensurable. 

If  an  equation  has  fractional  roots,  we  can  find  these  roots 
as  follows  : 

Transform  the  equation  into  an  equation  with  integral  coeffir 
dents  by  multiplying  the  roots  by  some  number  m  (§  548). 
Find  the  integral  roots  of  the  transformed  equation  and  divide 
each  by  m. 

Solve  the  equation  36  a;*  —  65  oj*  —  35  a;  —  6  =  0. 

Write  this  x*+  Ox^  -  f  Jx^  _  ^x  -  J  =  0. 

Multiply  the  roots  by  6, 

aj4  -  66x2 -210x- 216  =  0, 

of  which  the  roots  are  found  to  be  —  2,  —  3,   —  4,  +  9. 
Hence,  the  roots  of  the  given  equation  are 

-i,  -i  -Ii  +I-,  or,  -i  -i,  -J,  +f 
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Exercise  88 

Find  the  commensurable  roots,  and  if  possible  all  the  roots, 
of  each  of  the  following  equations  : 

1.  aj*-4aj»-8a;  +  32  =  0. 

2.  aj»-6a;2  +  10a;-8  =  0. 

3.  x^  +  2x^-7x^-Sx  +  12=^0. 

4.  aj»  +  3aj»-30aj  +  36  =  0. 

6.  a;*-12a;»  +  32aj»  +  27aj-18  =  0. 

6.  aj*-9a;'  +  17aj2  +  27aj-60  =  0. 

7.  a*  -  5a;* +  3a;»  +  17aj»-28aj  4-12  =  0. 

8.  x^-lOx^  +  SBx^-  50x-\- 24^  =  0. 

9.  a;«-8aj*4-llaj»  +  29aj=-36aj-45  =  0. 

10.  a;«  —  a;*  —  6  a*  +  9  a;*  +  a;  —  4  =  0. 

11.  2aj*-3aj»-20aj*4-27a;  +  18  =  0. 

12.  2aj*-9a;8-27aj2  4-134aj-120  =  0. 

13.  aj«  +  3a;»  -  2aj*  -  15a;»  -  15x^  +  8a;  +  20  =  0. 

14.  18a;»4-3a;*-7a;-2  =  0. 

15.  24a;«~34a;»~  5a; +  3  =  0. 

16.  27a;»-18a;*- 3a;  +  2  =  0. 
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568.  Location  of  the  Roots.  In  order  to  calculate  the  value 
of  an  incommensurable  root  we  must  first  find  a  rough  approxi- 
mation to  the  value  of  the  root ;  for  example,  two  integers 
between  which  it  lies.  This  can  generally  be  accomplished 
by  successive  applications  of  the  principle  of  §  558.  In  some 
equations  the  methods  of  §§  560-563  may  be  useful. 
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(1)  Consider  the  equation  x^  —  6  x^  -}-  3  x  -}-  5  =  0, 


We  find  (§  510)         /(O)  =  +  5 

/(I)  =+3 


/(4)  =  -  15  ; 

/(5)  =  -5; 

/(6)  =  +  23  ; 


/(2)  =  -  5 

/(3)=-13;        /(-l)=-5. 

All  numbers  above  6  give  4-  ;  all  below  —  1  give  — . 
Hence  (§  558),  the  three  roots  are  all  real ;  one  between  1  and  2  ;  one 
between  5  and  6  ;  one  between  0  and  —  1. 

(2)  Find  the  first  significant  figure  of  each  root  of 

a;4  -  2aj«  -  11  a:*  4-  6aj  +  2  =  0. 

The  equation  has,  by  Descartes'  rule  (§  $60),  not  more  than  two  posi- 
tive roots  and  not  more  than  two  negative  roots. 

By  (§  510),      /(O)  =  +  2  ;  /(3)  =  -  52  ;  /(-  1)  =  -  12  ; 

/(l)  =  -4;  /(4)=-22;  /(-2)  =  -22; 

/(2)  =  -  30  ;        /(5)  =  +  132  ;        /(-  3)  =  +  20. 

Hence,  there  are  two  positive  roots,  one  between  0  and  1,  and  one 
between  4  and  5  ;  and  two  negative  roots,  one  between  0  and  —  1,  and 
one  between  —  2  and  —  3.  Plot  the  graph  and  get  approximate  values 
of  the  roots  by  measuring  on  the  axis  of  x. 

To  find  more  closely  a  value  for  the  root  between  0  and  1,  we  find 
/(O.o)  =  4-  2.06+.  Since  /(I)  =  -4,  the  root  lies  between  0.5  and  1. 
We  find  /(0.8)  =  —  0.9+ •  Hence,  the  root  lies  between  0.6  and  0.8.  We 
find  /(0.7)  =  +  0.4—.     Hence,  the  root  lies  between  0.7  and  0.8. 

In  a  similar  manner,  we  find  the  root  between  0  and  —  1  to  lie  between 
-0.2  and  -0.3. 

Hence,  the  first  significant  figures  of  the  roots  are  0.7,  4,  —  0.2,  —  2. 

Ezerciae  89 

Determine  the  first  significant  figure  of  each  real  root  of  the 
following  equations  : 

1.  x^-x^-2x-{-l  =  0,  5.  x^-6x^  —  Sx-h5  =  0, 

2.  ic'- 5a; -3  =  0.  6.  x^ -{- 9  x^  +  24.  x  ■}- 17  =  0, 

3.  x^-5x^-{-7  =  0.  7.  ic^- 15x2  +  6301-50  =  0. 

4.  iB»4-2a;2-30iB  +  39  =  0.  8.  a;*-8a;»-f  14a;»+4aj-8=a 
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569.  Horner's  Method  of  Approximation.  By  this  method  an 
incommensurable  root  may  be  found  to  any  desired  degree  of 
approximation.  We  proceed  to  explain  the  method  by  apply- 
ing it  to  one  of  the  roots  of  the  equation 


X' 


6a;^-f3aj  +  5  =  0. 


[1] 


From  Descartes'  rule  (§  561)  the  equation  has  not  more  than 
two  positive  roots  and  not  more  than  one  negative  root. 

Before  giving  Homer's  process  we  shall  construct  the  graph 

of  the  function  of  x.    In  this  way  we  not  only  locate  the  roots, 

but  obtain   a  graphical  representation  which  enables  us  to 

.follow  with  ease  the  successive  steps  of  the  approximation, 

and  to  see  exactly  how  they  are  miade. 

We  will  first  compute  a  number  of  values  of  /(aj),  writing 
these  values  in  bold  type. 


Valuk  of  X 

Value  OF/(a?) 

Value  of  x 

Value  of /(a;) 

0 

+    5 

+  6 

1-6+3+      6 
+    6+0+18 

0+3+23 

+  1 

1  -  6  +  3  +    6 

-  1 

1_    6+    3+      5 

+1-5-    2 

_    1+    7_    10 

-5-2+    3 

_    7  4.10-      5 

+  2 

1-6+3+    5 

-2 

1-6+3+      6 

+  2-8-10 
-4-6  -    5 

_    2  +  16-    38 

-_    8  +  19-    33 

+  3 

1  -_6  +  3+    5 

-3 

1_    6+    3+      6 

+  3_9_18 

-    3  +  27  -    90 

_  3  _  6  -  13 

-    9  +  30-    85 

+  4 

1-.6  +  3+    6 

-4 

1-    6+    3+      5 

'     +4_8_20 

-_    4  +  40-172 

-  2  -  6  -  15 

_  10  +  43  -  167 

+  6 

l_6+3+    5 

-5 

1-    6+    3+      6 

+  6  -_  5  _  10 

-    6  +  55-290 

-1-2-    6 

_  11  +  68  -  285 
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The  points  of  maxima  and  minima  are  found  by  §  542. 

f(x)  =  aj»  -  6aj2  +  3aj  4-  5, 
/'(aj)  =  3aj»~12a;  +  3  =  0; 
whence,  a;  =  +  3.73  or  +  0.27, 

f\x)  =  6  a;  -  12, 
and  is  positive  if  a?  =  +  3.73,  negative  if  aj  =  +  0.27. 
For  X  =  3.73,  f(x)  =  —  15.39,  a  minimum. 

For  X  =  0.27,  f(x)  =  +  5.39,  a  maximum. 

The  graph  is  plotted  in  the  figure  below,  for  convenience 
5  spaces  of  coordinate  paper  being  used  for  1  horizontal  unit, 
and  1  space  for  5  vertical  units. 


BA 


We  will  now  proceed  to  compute  the  positive  root  between 
1  and  2  by  Horner's  Method.     The  graph 
shows  that  this  root  lies  between  1  and    1—6  +3  +5[1 
1.5. 

Diminish  the  roots  of  the  equation  by 
1 ;  in  other  words,  change  the  origin  from 
its  present  position  to  the  point  marked  1 
(§  552).  The  numerical  work  is  shown  in 
the  margin.  —  3 


+  1 

-5 

-2 

-\5 

+  1 

-2 
-4 

+  3 

-4 

+  1 

—  6 
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The  transformed  equation  is 

aj8_3a;2-6aj  4-3  =  0,  [2] 

and  its  roots  are  less  by  1  than  those  of  the  original  equation. 

This  fact  is  clearly  shown  by  the  new  position  of  the  origin. 

As  equation  [1]  has  a  root  between  1  and  2,  equation  [2] 

must  have  a  root  between  0  and  1,  the  new  zero  of  course  being 

at  the  point  marked  1  in  the  figure.     The  graph  indicates  thr.t 

this  root  probably  lies  between  0  and  0.5  and  nearer  0.5  than 

0.     The  quickest  way,  therefore,  to  find  the  first  figure  of  this 

root  is  to  compute  the  value  of  f(x)  in  [2]  for  different  values 

of  X,  beginning  with  0.5  and  going  backward  0.1  at  a  time  till 

a  change  of  sign  occurs  (§  558).     The  numerical  work  is  as 

follows : 

X  =  0.5|  1-3     -6       +3 

4-  0.5  -  1.25  ~  3.625 

-  2,6  -  7.25  -  0.626 
a;  =  0.4|l-3     -6       +3 

4-  0.4  -  1.04  -  2.816 

-  2,^  —  7.04  4-  0.184 

Therefore,  the  second  figure  of  the  root  we  are  seeking  is  0.4. 

We  now  diminish  the  roots  of  [2]  by  0.4 ;  that  is,  change 
the  origin  by  an  amount  equal  to  0.4  still  farther  towards  the 
right.     The  new  axis  of  y  passes  through  the  point  marked  1.4. 

The  numerical  work  is  as  follows  : 

1_3_6        4-3        \0A 
4-  0.4  -  1.04  -  2.816 


-  2.6  -  7.04 
4-  0.4  -  0.88 


-2.2 
4-0.4 


4-  0.184 


—  7.92 


—  1.8 

The  second  transformed  equation  is 

x^  -  1.8  x^  -  7.92  X  4-  0.184  =  0.  ^\ 
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The  roots  of  [3]  are  less  by  0.4  than  those  of  [2].  Since 
[2]  has  a  root  between  0.4  and  0.5,  [3]  must  have  a  root 
between  0  and  0.1.  As  this  root  is  much  less  than  1,  the 
values  of  the  terms  in  [3]  containing  powers  of  x  higher 
than  the  first  power  must  be  very  small;  so  that  we  shall 
probably  obtain  the  first  figure  of  the  root,  if  we  neglect  the 
terms  in  [3]  containing  x*  and  x^,  and  put 

-  7.92  X  -f  0.184  =  0 ;  whence,  a;  =  0.02  +. 

Hence,  the  root  of  [1],  which  we  are  seeking,  correct  to  two 
decimal  places,  is  1.4  -f  0.02  or  1.42. 
Diminish  the  roots  of  [3]  by  0.02. 

1-1.8    -7.92      +0.184        [002 
+  0.02  -  0.0356  -  0.159112 


- 1.78  -  7.9556 
4-  0.02  -  .00352 


--1.76 
+  0.02 


+  0.024888 


—  7.9908 


—  1.74 

The  third  transformed  equation  is 

x^  -  1.74  x^  -  7.9908  x  +  0.024888  =  0.  [4] 

The  roots  of  [4]  are  less  by  0.02  than  those  of  [3].  Since 
[3]  has  a  root  between  0.02  and  0.03,  [4]  must  have  a  root 
between  0  and  0.01.  This  root  is  so  much  less  than  1  that 
the  first  two,  and  even  the  first  three,  significant  figures  of  it 
may  be  found  by  neglecting  the  powers  of  x  higher  than  the 
first  power  and  simply  dividing  the  constant  term  by  the 
coeflBicient  of  the  first  power  of  x. 

-  7.9908  X  +  0.024888  =  0. 

0.024888      ^^^oii 
^  =  -7:9908-  =  ^-^^^^^^ 

Therefore,  the  root  of  equation  [1],  correct  to  six  significant 

figures,  is 
^        '  a  =  1.42311. 
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This  process  may  evidently  be  continued  until  the  root  is 
calculated  to  any  desired  degree  of  accuracy. 

570.  Remarks  on  Homer's  Method. 

Pirst:  We  diminish  the  roots  by  a  number  less  than  the 
required  root,  and  as  we  do  not  pass  through  the  root,  the 
sign  of  the  last  term  remains  unchanged  throughout  the  work. 
The  last  coefficient  but  one  always  has  a  sign  opposite  to  that 
of  the  last  term. 

If,  in  [3],  the  signs  of  the  last  two  terms  were  alike,  the  value  of  x 
would  be  —  0.02+ .  This  would  show  that  the  value  assumed  for  x  was 
too  great,  and  we  should  diminish  the  value  of  x  and  make  the  last  trans- 
formation again. 

The  first  transformation  may,  however,  change  the  sign  of  the  last 
term.  Thus,  if  there  had  been  a  root  between  0  and  1  in  equation  [1], 
diminishing  the  roots  by  1  would  have  changed  the  sign  of  the  last  term. 

Second :  In  finding  the  second  figure  of  the  root  we  make 
use  of  the  theorem  or  change  of  sign  (§  558). 

Any  figure  after  the  second  is  generally  found  correctly 
from  the  last  two  terms ;  for,  in  this  case,  the  root  is  so  small 
that  powers  of  the  root  higher  than  the  first  are  so  much 
smaller  than  the  root  itself  that  the  terms  in  which  they 
appear  have  but  slight  influence  upon  the  result. 

571.  It  is  not  necessary  to  write  the  successive  transformed 
equations.  When  the  coefficients  of  any  transformed  equation 
have  been  computed,  the  next  figure  of  the  root  may  be  found 
by  dividing  the  last  coefficient  by  the  preceding  coefficient, 
and  changing  the  sign  of  the  quotient. 

Thus,  in  equation  [4],  the  next  figure  of  the  root  is  obtained  by  dividing 
0.024888  by  7.9908. 

For  this  reason,  the  last  coefficient  but  one  of  each  trans- 
formed equation  is  called  a  trial  divisor. 

Sometimes  the  last  coefficient  but  one  in  one  of  the  transformed  equa- 
tions is  zero. .  To  find  the  next  figure  of  the  root  in  this  case  follow  the 
method  given  for  finding  the  second  figure  oi  tiifi  loot. 
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The  work  may  now  be  collected  and  arranged  as  follows : 


-6 

+  1 

•+3 
-5 

+  5 
-2 

-5 
+  1 

-2 
-4 

+  8 

-4 

+  1 

-6 

1.423 


-8 

+  0.4 

-6 

-1.04 

+  8 
-  2.816 

-2.6 
+  0.4 

-7.04 
-0.88 

+  0.184 

-2.2 
+  0.4 

-7.92 

10.4 


-1.8 
+  0.02 

-7.92 

-  0.0356 

+  0.184 

-0.159112 

-1.78 
+  0.02 

-  7.9566 

-  0.0362 

+  0.024888 

-1.76 
+  0.02 

-7.9908 

0.02 


-1.74 


-  7.9908 


+  0.024888  10.003 


The  numbers  in  heavy  type  are  the  coefficients  of  the  successive  trans- 
formed equations,  the  first  coefficient  of  each  equation  being  the  same  as 
the  first  coefficient  of  the  given  equation.  In  this  example  the  first  coeffi- 
cient is  1. 

When  we  have  obtained  the  root  to  three  places  of  decimals  we  can 
generally  obtain  two  or  three  more  figures  of  the  root  by  simple  division. 

572.  In  practice  it  is  convenient  to  avoid  the  use  of  the 
decimal  points.  We  can  do  this  as  follows:  multiply  the 
roots  of  the  first  transformed  equation  by  10,  the  roots  of 
the  second  transformed  equation  by  100,  and  so  on.  In  the 
last  example  the  first  transformed  equation  now  is 

a;»  -  30a;2  _  GOOx  +-  3000  =  0, 

and  this  equation  has  a  root  between  4  and  5.     The  second 
transformed  equation  now  is 

x^  -  180  a;2  -  79,200  x  +- 184,000  =  0, 

and  this  equation  has  a  root  between  2  and  3.     And  so  on. 
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The  complete  work  of  the  last  example,  for  six  figures  of 
the  root,  is  as  follows : 

1.42311  + 


-6 
+  1 

+  3 
-6 

+  5 
-2 

-5 

+  1 

-2 
-4 

+  3 

-4 

+  1 

-6 

-  17310 

+         1 


-  17309 
+         1 


-  17308 

+         1 


-  173070 


-  30 

+    4 

-600 

-104 

+  8000 

-2816 

-26 
+    4 

-704 
-    88 

+    184 

-22 
+    4 

-792 

li 


-180 

+      2 

-79200 
-      366 

+  184000 
-  159112 

-178 
+      2 

-  79556 

-  352 

+    24888 

-176 
+      2 

-79908 

[2 


-  1740 

+        3 

-  7990800 
5211 

+  24888000 
-  23988033 

-1737 
+        3 

-  7996011 
5202 

+      899967 

-1734 
+        3 

-  8001218 

13 


800121300 
17309 


+  899967000 
-  800138609 


LI 


800138609 
17308 


+    99828391 


-  800155917 


-  80015691700  +  99828391000     [1 


We  have  here  performed  the  work  in  full  for  six  figures  of 
the  root.  We  can  find  five  more  figures  of  the  root  by  simple 
division.  If  we  divide  99,828,391  by  800,155,917,  we  obtam 
0.124761,  so  that  the  required  root  to  ten  places  of  decimals 
is  1.4231124761. 
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The  work  may  now  be  collected  and  arranged  as  follows : 


-6 

+  1 

•+3 
-5 

+  5 
-2 

1.423 

-5 
+  1 

-2 
-4 

+  8 

-4 

+  1 
-8 

+  0.^ 

i 

-6 

-6                         +8 
-  1.04                     -  2.816 

|0.4 

-2.6 
+  0.4 

-7.04 
-0.88 

+  0.184 

-2.2 
+  0.4 

-7.92 

-1.8 
+  0.02 

-7.92                     +0.184 

-0.0356                  -0.159112 

0.02 

-1.78 
+  0.02 

-  7.9556 

-  0.0352 

-f  0.024888 

-1.76 
+  0.02 

-7.9908 

-1.^ 

r4 

-  7.9908                  +  0.024888 

10.003 

The  numbers  in  heavy  type  are  the  coefficients  of  the  successive  trans- 
formed equations,  the  first  coefficient  of  each  equation  being  the  same  as 
the  first  coefficient  of  the  given  equation.  In  this  example  the  first  coeffi- 
cient is  1. 

When  we  have  obtained  the  root  to  three  places  of  decimals  we  can 
generally  obtain  two  or  three  more  figures  of  the  root  by  simple  division. 

572.  In  practice  it  is  convenient  to  avoid  the  use  of  the 
decimal  points.  We  can  do  this  as  follows:  multiply  the 
roots  of  the  first  transformed  equation  by  10,  the  roots  of 
the  second  transformed  equation  by  100,  and  so  on.  In  the 
last  example  the  first  transformed  equation  now  is 

a;8  -  30a;2  _  eOOa;  -f  3000  =  0, 

and  this  equation  has  a  root  between  4  and  6.     The  second 
transformed  equation  now  is 

ar»  -  180  x^  -  79,200  x  +  184,000  =  0, 

and  this  equation  has  a  loot  \ife\»"^^«Y^  1  ^sA.  3.     Ani  so  on. 
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The  complete  work  of  the  last  example,  for  six  figures  of 
the  root,  is  as  follows : 

1.42311  + 


-6 
+  1 

+  3 
-5 

+  5 
-2 

-5 

+  1 

-2 
-4 

+  3 

-4 

+  1 

-6 

-  173070 


-80 

+  4 
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+  8000 

-2816 

-26 
4-  4 
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-  88 

+  184 

-22 

+  4 

-792 

\i 


-  180 

+   2 

-79200 
-   356 

+  184000 
-  159112 

-178 
+   2 

-  79666 

-  352 

+  24888 

-  176 
+   2 

-79908 

[2 


-  1740 

+   3 

-  7990800 
5211 

+  24888000 
-  23988033 

-1737 
+   3 

-  7996011 
5202 

+   899967 

-1734 
+   3 

-  8001218 

[3 


-  17810 

+    1 

-  800121300 
17309 

+  899967000 
-  800138609 

-  17309 
+    1 

-  800138609 
17308 

+  99828391 

-  17308 
+    1 

-  800155917 

LI 


-  80016691700  +  99828391000     [1 


We  have  here  performed  the  work  in  full  for  six  figures  of 
the  root.  We  can  find  five  more  figures  of  the  root  by  simple 
division.  If  we  divide  99,828,391  by  800,155,917,  we  obtam 
0.124761,  so  that  the  required  root  to  ten  places  of  decimals 
is  1.4231124761. 
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The  reason  why  simple  division  gives  five  more  figures  of  the  root  is 
seen  by  examining  the  last  transformed  equation.     Write  this 

8.00155917  X  =  0.000099828391  -  1.7307x2  +  x^. 

As  X  is  about  0.00001,  x^  is  about  0.0000000001,  and  x^  is  much 
smaller.  Hence,  the  error  in  neglecting  the  x^  and  x^  terms  is  in  8  a; 
about  0.00000000017,  and  in  x  about  0.00000000002.  The  result  obtamed 
by  division  is  therefore  correct  to  ten  places  of  decimals. 

Comparing  the  work  on  page  479  with  that  on  page  478,  we  see  that 
we  have  avoided  the  use  of  the  decimal  point  by  adopting  the  following 
rule: 

When  the  coefficients  of  a  transformed  equation  have  been  obtain^,  add 
one  cipher  to  the  second  coefficient^  two  ciphers  to  the  third  coeffi>cient,  and 
so  on.     The  coeffixiients  and  the  next  figure  of  the  root  are  then  integers. 

If  the  root  of  the  given  equation  lay  between  0  and  1,  we  should  begin 
by  multiplying  the  roots  of  the  equation  by  10. 

573.  Negative  Roots.  To  avoid  the  inconvenience  of  work- 
ing with  negative  numbers,  when  we  wish  to  calculate  a 
negative  root  we  change  the  signs  of  the  roots  (§  547)  and 
calculate  the  corresponding  positive  roots  of  the  transformed 
equation. 

Thus,  one  root  of  the  equation 

x8-6x2  +  3x  +  6  =  0 

lies  between  0  and  —  1  (§  568).     By  Homer's  Method  we  find  the  corre- 
sponding root  of 

x8-|-6x2-t-3x-5  =  0 

to  be  0.6696 +.     Hence,  the  required  root  of  the  given  equation  is 
-0.6696  +  . 

Exercise  90 

Compute  to  three  decimal  places  for  each  of  the  following 
equations  the  root  of  which  the  first  figure  is  the  number  in 
parenthesis  opposite  the  equation : 

1.  ic'-f  3ir-5  =  0.  (1) 

2.  a;«-6aj-12  =  0.  (3) 
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3.  «•  +  ««  + a;  -  100  =  0. 

4.  a!*  +  10a;*+ 6a;  — 120  =  0. 
6,  a!»  +  9a!''  + 24a; +  17  =  0. 

6.  a!*-12a;»  +  12a;-3  =  0. 

7.  a!*-8a!«+14a;»  +  4a;-8 


=  0. 


(4) 

(2) 

(-4) 

(-1) 
(-0) 


574.  Contraction  of  Homer's  Method.  In  §  572  the  reader 
will  see  that  if  we  seek  only  the  first  six  figures  of  the  root, 
the  last  six  figures  of  the  fourth  coefficient  of  the  last  trans- 
formed equation  may  be  rejected  without  affecting  the  result. 
Those  figures  of  the  second  and  third  coefficients  which  enter 
into  the  fourth  coefficient  only  in  the  rejected  figures  may 
also  be  rejected.  Moreover,  we  may  reject  all  the  figures 
which  stand  in  vertical  lines  over  the  figures  already  rejected. 

The  work  may  now  be  arranged  as  follows  : 


-6                           +8 
+  1                           -5 

+  6  1  1.42311+ 
-2 

-6 
+  1 

-2 
-4 

+  8000 

-2816 

-4 
+  1 

-600 

-104 

+    184000 
-    169112 

-30 

+    4 

-704 
-    88 

+  24888 

-  23991 

-26 
+    4 
-22 
+    4 

-79200 

-  356 

-  79656 

-  852 

+  897 
-800 
+    97 
-   80 

-180 

+      2 
-178 
+      2 
-176 
+      2 

' 

-79908 

-7991 

-  6 
-7997 

-  6 
-8008 

-174 
-2 

-800 
-80 
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The  double  lines  in  the  first  column  indicate  that  beyond 
this  stage  of  the  work  the  first  column  disappears  altogether. 

In  the  present  example  we  first  find  three  figures  of  the 
root.     We  then  contract  the  work  as  follows: 

Instead  of  adding  ciphers  to  the  coeflBicients  of  the  trans- 
formed equation,  we  leave  the  last  term  as  it  is;  from  the 
last  coefficient  but  one  we  strike  off  the  last  figure ;  from  the 
last  coefficient  but  two  we  strike  off  the  last  two  figures ;  and 
so  on.  In  each  case  we  take  for  the  remainder  the  nearest 
integer. 

Thus,  in  the  first  column  of  the  preceding  example  we  strike  off  from 
174  the  last  two  figures,  and  take  for  the  remainder  2  instead  of  1. 

The  contracted  process  soon  reduces  to  simple  division. 

Thus,  in  the  last  example,  the  last  two  figures  of  the  root  were  found 
by  simply  dividing  897  by  800. 

To  insure  accuracy  in  the  last  figure,  the  last  divisor  must 
consist  of  at  least  two  figures.  Consider  the  trial  divisor  at 
any  stage  of  the  work.  If  we  begin  to  contract,  we  strike  off 
one  figure  from  the  trial  divisor  "before  finding  the  next  figure 
of  the  root.  Since  the  last  divisor  is  to  consist  of  two  figures, 
the  contracted  process  will  give  us  two  less  figures  than  there 
are  figures  in  the  trial  divisor. 

Thus,  in  §  672,  if  we  begin  to  contract  at  the  third  trial  divisor, 
—  79,908,  we  can  obtain  three  more  figures  of  the  root ;  if  we  begin  to 
contract  at  the  fourth  trial  divisor,  —  8,001,213,  we  can  obtain  five  more 
figures  of  the  root ;  and  so  on. 

575.  When  the  root  sought  is  a  large  number  we  cannot 
find  the  successive  figures  of  its  integral  portion  by  dividing 
the  absolute  term  by  the  preceding  coefficient,  because  the 
neglect  of  the  higher  powers,  which  are  in  this  case  large 
numbers^  leads  to  sexious  eiioi. 
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Find  one  root  of  x^  -  Sx^ -\-llx  -  4,842,624,131  =  0. 

jc*  -  3aj2  4-  llx  -  4,842,624,131  =  0.  [1] 

By  trial,  we  find  that  a  root  lies  between  200  and  300. 
Diminish  the  roots  of  [1]  by  200, 

SB*  +  800aj8  +  239,997  x^  +  31,998,811  x  -  3,242,741,931  =  0.       [2] 

If  X  =  60,      f(x)  =  -  273,064,071. 
K  oj  =  70,      f{x)  =  4-  471,570,139. 

The  signs  of  f{x)  show  that  a  root  lies  between  60  and  70. 
Diminish  the  roots  of  [2]  by  60, 

«*  +  1040  aj8  4-  405,697  x^  +  70,302,451  x  -  273,064,071  =  0.        [3] 

The  root  of  this  equation  is  found  by  trial  to  lie  between  3  and  4. 
Diminishing  the  roots  by  3,  we  may  find  the  remaining  figures  of  the 
root  by  the  usual  process. 

576.  Any  root  of  a  positive  number  can  be  extracted  by 
Horner's  Method.  . 

(1)  Find  the  fourth  root  of  1296. 

Here,  x*  =  1296, 

or  ic*  +  0aj8  +  0x2  +  Oaj  -  1296  =  0. 

Calculate  the  root,  x  =  6. 

If  the  number  is  a  perfect  power,  the  root  is  obtained  exactly. 

(2)  Find  the  fourth  root  of  473. 

Here,  x*  =  478, 

or  X*  +  0x8  +  0x2  +  Ox  -  473  =  q. 

Calculate  the  root,  x  =  4.66363  + . 

577.  Roots  nearly  Equal.  In  the  preceding  examples  the 
changes  of  sign  in  the  value  of  f(x)  enable  us  to  determine 
the  situation  of  the  roots.  In  rare  cases  two  roots  may  be  so 
nearly  equal  that  they  both  lie  between  the  same  two  consecu- 
tive integers.  In  this  case  the  existence  of  the  roots  will  not 
be  indicated  by  a  change  of  sign  in  f(x),  and  we  must  resort 
to  other  means  to  detect  their  presence. 
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Find  the  roots  of  the  equation  x'  —  515  a^  + 1155  x  —  649 = 0. 

a;8  -  616  x^  +  1166  a;  -  649  =  0.  [1] 

By  Descartes'  rule  this  equation  has  no  nega- 
tive root.  It  has,  therefore,  certainly  one,  and 
perhaps  three,  positive  roots. 

We  find     /(-I)  =-2320; 
/(0)=-649; 
/(I)  =-8; 
/(2)  =  -  391  ; 
/(3)  =  -  1792. 

The  approach  of  /(x)  towards  0  indicates  either  that  there  are  two 
roots  near  1  or  that  the  function  approaches  0  without  reaching  it,  the 
graph  in  the  latter  case  being  as  here  shown. 

Let  us  proceed  on  the  supposition  that  two  roots  near  1  do  exist 
Diminish  the  roots  by  1.     The  transformed  equation 

x8  -  612x2  +  i28x  -8  =  0,  [2] 

by  Descartes'  rule,  still  has  either  one  or  three  positive  roots,  so  that  we 
have  not  passed  the  roots. 

If  we  diminish  the  roots  by  2,  we  obtain 

x8  -  609x2  -  893x  -  391  =  0, 
which  has  but  one  positive  root ;  so  that  we  have  passed  both  roots. 

To  find  the  second  figure  of  the  root,  neglect  the  first  term  of  equa- 
tion [2].     Since  the  roots  are  nearly  equal,  the  expression 

612x2-128x4-8 
must  be  nearly  a  perfect  square.     Comparing  this  with  a(x  —  a)2,  or 

0x2  _  2  aax  +  aa%  we  see  that   and  are   approximate 

2  X  612  128  ^^ 

values  for  the  roots;  these  both  give  i,  or  0.12. 

Diminish  the  roots  by  0.1 ;  the  work  is  as  before.  Continue  until 
the  two  quotients  obtained  as  above  give  different  numbers  for  the  next 
figure  of  the  root.  In  the  present  example  this  occurs  when  we  come  to 
the  third  decimal  figure  ;  the  transformed  equation  is 

x8  -  61,164x2  +  61,632  X  -  11,072  =  0,  [3] 

and  the  two  quotients  are  0.6+  and  0.3 +.  To  separate  the  roots,  try 
0.4;  the  left  member  of  the  last  equation  is  found  to  be  -}-.  Since  0 
gives  —  and  1  gives  — ,  there  is  one  root  between  0  and  0.4,  and  one 
between  0.4  and  1. 

To  calculate  the  first  root,  we  try  0.3;  as  this  gives  a  —  sign,  we 
diminish  the  roots  by  0.3  and  proceed  aa  in  §  674. 
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1 


-  515           +  1165 
1           -  514 

-  649  1  1.1230914 
+  641 

-514 
1 

+  641 
-  513 

-8000 

+  7681 

-613 
1 

+  12800 
-  6119 

-  819000 

+  307928 

-5120 
1 

+  7681 
-5118 

-  11072000 

+  10884867 

-5119 
1 

-6118 
1 

+  256800 

-  102336 
+  153964 

-  102332 

-  187188 

+  184275 

-2868 
+  2002 

-  51170 

2 

-  51168 

2 

+  5168200 

-  1534911 
+  3628289 

-  1634902 

-866 
+  800 

-  51166 
2 

+  2098887 
+  209339 

« 

-  511640 

3 

-  511637 

3 

-  611634 

3 

+  20934 

-  459 
+  20475 

-  469 
+  20016 
+  2002 

-  511681 

-5116 
-51 

+  200 

To  calculate  the  second  root,  we  return  to  equation  [3], 

x«  -  51,164  x»  +  51,632  X  -  11,072  =  0. 

We  have/(0.4)  =  +,  /(I)  =  -  ;  we  find  /(0.6)  =  +,  /(0.7)  =  +  0.383. 
Since/ (0.7)  is  so  small,/ (0.8)  is  undoubtedly  negative. 
Diminish  the  roots  by  7  and  proceed  as  follows  : 

1 


-511640 

7 

+  5168200 

-  3581431 
+  1681769 

-  3681382 

-11072000  11.1270002 
+  11072383 

-  511633 

7 

+  888 

-  511626 

7 

-  1999618 

-200 

-  511619 
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Since  the  sum  of  the  roots  (§  521)  is  515,  we  can  find  the  third  root  by 
subtracting  from  515  the  sum  of  the  two  roots  already  found. 

Hence,  the  3d  root  =  515  -  (1.1230914  +  1.1270002)  =  512.7499084. 

578.   From  the  preceding  sections  we  obtain  the  following 
general  directions  for  solving  a  numerical  equation : 

1.  Find  and  remove  commensurable  roots  by  §§  565-567,  if 
there  are  any  such  roots  in  the  equation. 

2.  Determine  the  situation  and  thence  the  first  figure  of 
each  of  the  incommensurable  roots  as  in  §  568. 

3.  Calculate  the  incommensurable  roots  by  Homer^s  Method. 

Ezercise  91 

Calculate  to  six  places  of  decimals  the  positive  roots  of  the 
following  equations  : 

1.  a;»~3x-l  =  0. 

2.  aj»  +  2aj2-4aj-43  =  0. 

3.  3x»  +  3x2 -}-8«- 32  =  0. 

4.  2  cc*  -  26  x^  +  131 X  -  202  =  0. 

5.  X*- 12x4- 7  =  0. 

6.  x*-5x»-}- 2x2-13x4-55  =  0. 

Calculate,  to  six  places  of  decimals  where  incommensurable, 
the  real  roots  of  the  following  equations : 

7.  x»  =  35,499.  10.   x*^  =  147,008,443. 

8.  x«  =  242,970,624.  11.   x' +  2  x -}- 20  =  0. 

9.  x*  =  707,281.  12.   x« -  10 x2-f8x  + 120  =  0. 

Each  of  the  following  equations  has  two  roots  nearly  equal 
Calculate  the  roots  to  six  places  of  decimals : 

13.  x'- 3x^-4x4- 13  =  0. 

14.  2x*  +  8x»- 35x2 -36x4- 117  =  0. 

15.  x»  4- 11  «^  -  102x  4- 181  =  0. 
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579.  The  problem  of  finding  the  number  and  the  situation 
of  the  real  roots  of  an  equation  is  completely  solved  by  Sturm's 
Theorem.  In  theory  Sturm's  method  is  perfect ;  in  practice 
its  application  is  long  and  tedious.  For  this  reason,  the 
situation  of  the  roots  is  in  general  more  easily  determined  by 
the  methods  already  given. 

Before  passing  on  to  Sturm's  Theorem  itself,  we  shall  prove 
two  preliminary  theorems. 

580.  Situation  of  the  Roots  of  f '(x)  =  0.  Between  any  two 
distinct  real  roots  of  the  equation  t(x)  =  0  there  lies  at  least 
one  real  root  of  the  equation  f '(x)  =  0. 

Let  a  and  fi  be  two  real  roots  of  f(x)  =  0,  )8  being  greater 
than  a.  Then  f(a)  =  0  and  f(P)  =  0.  As  cc  increases  con- 
tinuously from  a  to  P,  f(x)  changes  from  0  to  0  again ;  and 
must  first  increase  and  then  decrease,  or  first  decrease  and 
then  increase.  Hence,  there  must  be  some  point  at  which 
/'(aj)  changes  from  +  to  — , 
or  vice  versa.  Therefore,  for 
some  value  of  x  between  a 
and  p,  f\x)  must  be  zero. 
Hence,  at  least  one  root  of 
f\x)  =  0  must  lie  between 
a  and  fi. 

In  the  graph  the  curve  will  be 
horizontal  where  /'(x)  =  0.     In 

the  figure  here  given,  A,  B,  C,  D  correspond  to  roots  of  f(z)  =  0. 
Between  A  and  B  there  is  one  root  of  /'  (x)  =  0 ;  between  B  and  C, 
three  roots ;  and  between  C  and  D,  one  root. 

It  is  evident  that  if  more  than  one  root  off'(x)  lies  between 
a  and  J3,  the  number  of  roots  must  be  an  odd  iixrcD\i^T. 
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681.  Signs  of  f  (x)  and  f '(x).  Let  a  he  any  real  root  of  an 
eqttation,  f  (x)  =  0,  which  has  no  equal  roots. 

Let  X  change  contimu>usly  from  a  —  h.,  a  value  a  little  less 

than  a,  to  a  -^-h,  a  value  a  little  greater  than  a.     Then  f  (x) 

and  f  (x)  have  unlike  signs  immediately  before  x  parses  through 

the  root,  and  like  signs  immediately  after  x  passes  through  the 

root. 

h^ 
For,  /(a  -  A)  =  -  hf{a)^-^f\a) -  •  • ., 

and  f\a  -  A)  =  f\a)  -  hf\a)  +  •  •  • ;  (§544) 

since  f(a)  =  0,  as  a  is  a  root  of  f(x)  =  0. 

When  h  is  very  small  the  sign  of  each  series  on  the  right 
is  the  sign  of  its  first  term  (§  bb^)\  and /(or  —  h)  2Jidf'(a—h) 
evidently  have  opposite  signs. 

Similarly,  f(a  -}-  h)  and  f'(a  +  h)  have  like  signs. 

Note.    The  above  is  also  evident  from  the  graph  of /(x). 

582.  Sturm's  Functions.  The  process  of  finding  the  H.C.F. 
of  f(x)  and  f'(x)  has  been  employed  (§  643)  in  obtaining 
the  multiple  roots  of  the  equation  f(x)  =  0.  We  use  the 
same  process  in  Sturm's  Method. 

Let  f(x)  =  0  be  an  equation  which  has  no  multiple  roots ; 
let  the  operation  of  finding  the  H.C.F.  of  f(x)  and  /'(x)  be 
carried  on  until  the  remainder  does  not  involve  «,  the  sign  of 
each  rem,ainder  obtained  being  changed  before  it  is  used  as  a 
divisor. 

Note.  If  there  is  a  H.C.F.,  the  equation  has  multiple  roots.  Remove 
them  and  proceed  with  the  reduced  equation. 

Represent  by  /a  (x),  /g  (cc),  ••-,/«  (x)  the  several  remainders 
with  their  signs  changed.  These  expressions  with  f\x)  are 
called  Sturm's  Functions. 

Now,  if  D  represents  the  dividend,  d  the  divisor,  q  the  quo- 
tient, and  R  the  remainder, 

D  =  qd  -V  R. 
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Consequently,  f(x)  =  q^f  (x)  -  f^  (cc), 

/'W  =  9^2/2  (a?) -/8(a), 


where  g'l,  q^^  •••,  g'^.j  represent  the  several  quotients,  or  the 
quotients  multiplied  by  positive  integers. 

From  the  above  identities  we  have  the  following : 

1.  Two  consecutive  functions  cannot  vanish  for  the  same 
value  of  X, 

For  example,  suppose  that  /2(x)  and  f%{^)  vanish  for  a  particular 
value  of  X.  Give  to  x  this  value  in  all  the  identities.  By  the  third 
identity,  /4(x)  will  vanish;  by  the  fourth,  /6(x)  will  vanish;  finally, 
/»(x)  will  vanish,  which  is  contrary  to  the  hypothesis  that  /(x)  =  0 
has  no  multiple  roots. 

2.  When  we  give  to  aj  a  value  which  causes  any  one  func- 
tion to  vanish,  the  adjacent  functions  have  opposite  signs. 

Thus,  if  /g  (x)  =  0,  from  the  third  identity  f^  (x)  =  -  /♦(x). 

583.  Sturm's  Theorem.  We  are  now  in  a  position  to  enun- 
ciate Sturm's  Theorem : 

If  in  the  series  of  functions 

f(x),    f'(x),    f,(x),    ...,    Ux) 

we  give  to  x  any  particular  value  a,  and  determine  the  number 
of  variations  of  sign ;  then  give  to  x  any  greater  value  b, 
and  determine  the  number  of  variations  of  sign  ;  the  number 
of  variations  lost  is  the  number  of  real  roots  of  the  equation 
f  (x)  =  0  between  a  and  b. 

For,  let  X  increase  continuously  from  a  to  5. 
1.  Take  the  case  in  which  x  passes  through  a  root  of  any 
of  the  functions  f%x),  ^(a),  •••,  /n-iQic^)  ^Q^  e:L"ajEcc^\fc  ^v^- 
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If  Cr^  +  4  H^  is  positive,  we  have 

fix)    f\x)    Mx)   Mx) 
jc  =  —  00       —         +         ±        —     2  variations. 
x  =  +  oo        +         +  T         —     1  variation. 

Since  H  may  be  either  +  or  — ,  the  sign  of  fi  (x)  is  ambiguous. 
Hence,  when  Cr^  +  4  H^  is  positive  there  is  but  one  real  root. 
If  Cr^  +  4  J?*  is  negative,  H  must  be  negative,  and  we  have 

m    r{x)    Mx)    A(x) 
x  =  —  00       —         +         —         +3  variations. 
x=  +  oo       +         +         +         +0  variation. 

Hence,  when  G^  +  4  H^  is  negative  there  are  three  real  roots. 

Exercise  92 

Pind  by  Sturm's  Theorem  the  number  and  the  situation 
of  the  real  roots  of  the  following  equations : 

1.  aj«-4aj2-.llaj  +  43  =  0. 

2.  x»  -  6aj2  +  7 aj -3  =  0. 

3.  cc*  -  4aj»  +  aj^  +  6 «  +  2  =  0. 

6.  aj*-x»-x2  +  6  =  0. 

6.  x*-2aj»-3aj2+10aj-4  =  0. 

7.  a:«  +  2aj*  +  3aj»  + 3x^-1  =  0. 

8.  x^  +  a;8  — 2aj2-f-3aj  — 2  =  0. 

9.  cc*  -  12a;»  +  47x2 -.66CC  + 27  =  0. 

10.  9x*  -  64x»  +  60x2 -72x  + 16  =  0. 

11.  2x*-5x«-17x2  +  53x-28  =  0. 

12.  x*  +  2x«- 37x2-38x4- 1  =  0. 

13.  121x*-f  198x8-100x2-36x4-4  =  0. 


CHAPTEK   XXXII 

6SNSRAL  SOLUTION  OF  EQUATIONS 

585.  Numerical  and  Algebraic  Solutions.  By  the  methods  of 
the  preceding  chapter  we  can  find  to  any  desired  degree  of 
accuracy  the  real  roots  of  a  numerical  equation  of  any  degree. 
The  methods  are  theoretically  complete,  and  the  solution  of  a 
numerical  equation  becomes  simply  a  question  of  the  labor 
required  for  the  necessary  computations. 

In  the  case  of  a  literal  equation  we  have  an  entirely  differ- 
ent problem  to  solve.  To  solve  a  literal  equation,  we  have  to 
find  in  terms  of  the  coefficients  expressions  which  will,  when 
substituted  for  the  unknown  in  the  given  equation,  reduce  that 
equation  to  an  identity.  Thus,  the  roots  of  the  general  quad- 
ratic ax^  +  6aj  -}-  c  =  0  have  been  found  to  be  (§  191) 

2a 

In  the  case  of  a  particular  quadratic  with  numerical  coeffi- 
cients the  roots  can  be  found  by  putting  for  a,  ft,  c  in  the  above 
expression  their  particular  values,  and  performing  the  indi- 
cated operations. 

Similar  solutions  have  been  obtained  for  the  general  equa- 
tions of  the  third  and  fourth  degrees,  and  for  certain  special 
forms  of  equations  of  higher  degrees. 

The  solution  of  the  general  equation  of  the  fifth  degree 
involves  expressions  called  elliptic  functions,  and  is  conse- 
quently beyond  the  scope  of  the  present  treatise. 

In  many  cases,  however,  the  numerical  values  of  the  roots 
of  a  particular  equation  are  not  easily  obtained  from  the 

498 
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• 
general   solution^  and   for  numerical  equations   the   general 
solutions  are  in  such  cases  of  little  value. 

A  general  solution  differs  from  the  solutions  obtained  in 
the  last  chapter  in  that  'a  general  solution  represents  not  one 
particular  root  but  all  the  roots  indiscriminately. 

586.  Reciprocal  Equations.  Eeciprocal  equations  (§  551); 
called  also  recurring  equations^  are  of  four  forms : 

1.  Degree  even ;  corresponding  coefficients  equal  with  like 
signs. 

2.  Degree  even;  corresponding  coefficients  numerically 
equal  but  with  unlike  signs. 

3.  Degree  odd;  corresponding  coefficients  equal  with  like 
signs. 

4.  Degree  odd ;  corresponding  coefficients  numerically  equal 
but  with  unlike  signs. 

The  following  are  examples  of  the  four  forms : 

1.  2a;*-3a;«  +  4a;2-3x  +  2  =  0; 

2.  3x«-x«  +  2{B*-2x2  +  x-8  =  0; 

3.  a^  +  3x*-2x»-2a;2  +  3a;  +  l  =  0; 

4.  2x6  +  5x*  +  x8-x2_5aj_2  =  0. 

Eyery  equation  of  the  second  form  evidently  lacks  the  middle  term. 

Every  reciprocal  equation  of  the  second,  third,  or  fourth 
form  can  be  depressed  to  an  equation  of  the  first  form. 

Second  Form.     Consider  the  equation 

ax^  +  ^^^  4  caj*  —  cx^  —  bx  —  a  =  0, 

or  a(x^-l)  +  bx(x^-l)+cx^(x^-l)^0. 

Hence,  the  equation  is  divisible  by  cc^  —  1 ;  consequently,  1 
and  —  1  are  both  roots.  The  depressed  equation  formed  by 
dividing  the  given  equation  by  a;^  -  1  is 

ax^  +  5aj'  -f  (a  -}-  c)  cc*  +  6aj  +  a  =  0, 

which  is  evidently  of  the  first  form. 
Similarly  for  any  equation  of  the  second  form. 


t 
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Third  Form.     Consider  the  equation 

ax^  -}-  hx^  +  ca?'  +  cx^  +  ^  +  a  =  0, 

or  a(aj«  +  l)  +  ^a(a:'  +  l)+caj2(a  +  l)  =  0.        [1] 

Hence,  the  equation  is  divisible  by  cc  +  1 ;  consequently,  —  1 
is  a  root.  The  depressed  equation  formed  by  dividing  [1]  by 
05  + 1  is 

ax^  —  (a  —  5)aj'  4- (a  —  6  +  c)a5*  —  (a  —  6)aj  +  a  =  0, 

which  is  evidently  of  the  first  form. 

Similarly  for  any  equation  of  the  third  form. 

Fourth  Form.     Consider  the  equation 

ax^  +  ^^^  +  cx^  —  cx^  —  bx  —  a  =  Oy 
or  a(x^-l)+bx(x^-l)  +  cx^(x-l)=0.       [1] 

Hence,  the  equation  is  divisible  by  «  —  1 ;  consequently,  + 1 
is  a  root.  The  depressed  equation  formed  by  dividing  [1]  by 
«  —  1  is 

ax*'  +  (a  +  b)x*  -{- (a  +  b  -{-  c)x^  +  (a  -{-  b)x  -{-  a  =  0, 

which  is  evidently  of  the  first  form. 

Similarly  for  any  equation  of  the  fourth  form. 

By  the  preceding,  to  solve  any  reciprocal  equation,  it  is  only 
necessary  to  solve  one  of  the  first  form. 

687.  Any  reciprocal  equation  of  the  first  form  can  be 
depressed  to  an  equation  of  half  the  degree. 

We  proceed  to  illustrate  by  examples : 

(1)  Solve  the  equation  a;*  -  12a;»  +  29aj^  -  12jc  +  1  =  0. 

Divide  by  x2,        x2  -f  -i  -  12  fx  +  I")  +  29  =  0. 

x-^  \        x/ 

Solve  this  equation  for  x  +  -  • 

X 

Then,  x  +  -  =  9  or  3. 

X 
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Solve  these  equations  for  x. 

T>,on  ^      9±Vff      ^,     ^      S±VE 

Tnen,  x  = »     and    x  = • 

2  2 

The  first  two  roots  are  reciprocals  each  of  the  other  ;  also  the  second 
two  roots  are  reciprocals  each  of  the  other. 

(2)  Solve  the  equation 

This  is  of  the  fourth  form  j  dividing  by  x  —  1,  we  find  the  depressed 

equation  to  be 

X*  -  2x8  +  3x2  _  2x  +  1  =  0. 

This  may  be  written 

x2  +  2  +  l-2(x  +  i)  +  l=0, 

X2  \  X/ 

Extract  the  root,  x  H 1  =  0. 

X 

c  1  1±V33 

Solve,  x  = 1 

2 

these  expressions  being  double  roots. 


Ezercise  93 

Solve  the  equations : 

1.  x^-i-7x^-7x  —  l=z0, 

2.  ic*  +  2aj»  +  a^  +  2aj  +  l  =  0. 

3.  aj«-3ic«  +  5aj*- 6a:2-}-3aj-l  =  0. 

4.  x^-5x^  +  6x^-5x  +  l  =  0, 
6.  2x^-'5x^+6x^^5x  +  2  =  0. 

6.  x^-4.x^-{-x^ -{-X^  —  4.X  +  1=:0. 

7.  a;*-10aj»  +  26ic2-10a;  +  l  =  0. 

8.  x^  +  mo;^  +  mx  4-1  =  0. 

9.     X^  +  X^  —  X^  —  X^  +  X  +  l=zO, 

10.   3x^-2x*-f  5x«-5a2  4.2x--3  =  0. 
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588.  Binomial  Equations.     An  equation  of  the  form 

cc"  ±  a  =  0 
is  called  a  binomial  equation. 

We  shall  first  consider  the  two  equations  ' 

x»  —  1  =  0,    a**  +  1  =  0. 

If  w  is  even,  the  equation  aj"  +  1  =  0,  by  Descartes'  rule 
(§  560),  has  no  real  roots ;  the  equation  cc**  —  1  =  0  has  two 
real  roots,  -}- 1  and  —  1,  the  remaining  n  —  2  roots  being 
complex. 

If  n  is  oddf  the  equation  aj"  +  1  =  0  has  one  real  root,  —  1 ; 
the  equation  a;"  —  1  =  0  has  one  real  root,  + 1,  the  remaining 
n  —  1  roots  being  in  each  case  complex. 

589.  Now  consider  the  equation  a?"  ±  a  =  0,  where  a  is 

positive.     Represent  by  Va  the  positive  scalar  ?ith  root  of  a. 

Then,  if  a  is  any  root  of  x**  ±  1  =  0,  or  Va  will  be  a  root  of 
a;»  ±  a  =  0. 

For,  (a  -Vay  =  c^a  =  ^:lxa  =  ^:a. 

Since  a  is  any  root  of  sc**  ±  1  =  0,  the  n  roots  of  a**  ±  a  =  0 
are  found  by  multiplying  each  of  the  n  roots  of  aj**  ±  1  =  0 

by  Va. 

The  roots  of  a  binomial  equation  are  all  diffierent.  For 
05"  ±  a  and  its  derivative  nx^"^  can  have  no  common  factor 
involving  x  (§  643). 

690.  If  a  is  a  root  of  the  equation  x°  —  1  =  0,  then  a\ 
where  Is.  is  an  integer,  is  also  a  root. 

For,  if  a  is  a  root,  a*  =  1. 

But  (a*)»  =  (a»)*  =  (1)*  =  1. 

Therefore,  a*  is  a  root  of  aj"  =  1,  or  of  a;"  —  1  =  0. 
Similarly  for  a  root  of  a?"  + 1  =  0,  provided  A;  is  an  odd 
integer. 
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691.  The  Cube  Roots  of  Unity.  The  equation  «•  =  1,  or 
05*  —  1  =  0,  may  be  written 

(x  -  1)  (aj2  +  a;  -h  1)  =  0, 

of  which  the  three  roots  are 

If  either  of  the  complex  roots  is  represented  by  co,  the  other 
is  fomid  by  actual  multiplication  to  be  (o\  This  agrees  with 
the  last  section. 

Also,  0)^  +  0)  -}- 1  =  0. 

In  a  similar  manner,  we  find  the  roots  of  «•  =  —  1  to  be 


-1,  i-iV-3,  ^  +  ^V=3, 
or  —  1,  —  CD,  —  0)^. 

592.   Examples.     (1)  Find  the  six  sixth  roots  of  1. 

"We  have  to  solve  x^  —  1  =  0, 

or  (a;«-l)(x8+l)  =  0. 

Hence,  the  roots  are  ±  1,  ±  w,  ±  «2. 

(2)  Find  the  five  fifth  roots  of  1. 

We  have  to  solve  x^  —  1  =  0, 

or  (x  -  1)  (x*  +  x8  +  x2  +  X  +  1)  =  0. 

.*.  X  —  1  =  0,  or  X  =  1 ; 
or  X*  +  x8  +  aJ*  +  aj  +  1  =  0, 

CI*         .1  ,  1      -1±  V6 

Solve  for  X  +  -»  x  +  -  = . 

X  X  2 

Solve  these  equations  for  x,  and  we  obtam  for  the  remaining  four 
roots, 

_  1  +  Vs  _t  Vio  +  2  Vs  VITT     _  1  -  V6  j_  Vio  -  2  VS  V^ 
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Ezercise  94 

Solve  the  binomial  equations : 

1.  aj«-f-l  =  0.  3.   a;»-l  =  0. 

2.  aj8-l  =  0.  4.   a*- 243  =  0. 

6.   Find  the  quint ic  on  which  depends  the  solution  of  the 
equation  x^^  =  1. 

6.  Show  that  a;'  ±  y*  =  (a?  ±  y)  (x  ±  wy)  (x  ±  w^). 

7.  Show  that 

x^  -\-  y^  -\'  z^  —  yz  —  zx  —  xy^ix  ■\-  my  -\-  <t)^z)(x  +  <«>V  +  ***)• 

8.  If  a  is  a  complex  root  of  a;*  —  1  =  0,  show  that 

(1  -  a)(l  -  a^(l  -  a»)(l  -  a*)=  5. 

593.    The  General  Cubic.     We  shall  write  the  general  equa- 
tion of  the  third  degree  in  the  form 

ax^  +  Sbx^  +  Sex  -\-  d  =  0.  [1] 

Before  attempting  to  solve  this  equation  we  shall  transform 
it  into  an  equation  in  which  the  second  term  is  wanting. 

Put  «  =  oaj  +  0.    Then,  x  = 

a 

Substitute  this  expression  for  x  and  reduce, 

«»  +  3(ac  -  52)«  +  (a^d  -Sabc  +  2  J«)  =  0, 
or,  putting  H  =  ac  —  b^,  and  G  =  aH  —  3  abc  -}-  2  5', 

'  z^  +  SHz-\-G  =  0.  [2] 

In  the  transformed  equation  put  «  =  w*  -}-  v\ 

Then,  (w*  +  v^y  +  3  H(u^  +  v*)  +  G  =  0, 

which  reduces  to 

w  +  V  +  3(A*  +  fi")  (t*^  +  V*)  +  Gf  =  0.  [3] 
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Since  we  have  assumed  but  one  relation  between  u  and  r, 
we  are  at  liberty  to  assume  one  more  relation. 

Let  us  assume  uK^  =  —  IT.  [4] 

[3]  now  reduces  to        u  -\-  v  =^  —  G,  [5] 

[4]  may  be  written  wv  =  —  H^,  [6] 

Eliminate  v  from  [5]  and  [6],  u^-^-Gu^^  H\  [7] 

Equation  [7]  is  called  the  reducing  quadratic  of  the  cubic. 

Solving  this  quadratic,  we  find 

■  G±VG^T~^ff^ 


u  = 


2 
-  g»      -  G^:  ■\/G^  +  4  g»  I 


^=     u      -  2 


[8] 


Since  cmc  +  6  =  «  =  w*  +  v*,  the  three  values  of  z  are 
vr -t       (ou*  —  — -9       anjir  —  — -y 

where  w*  is  any  one  of  the  three  cube  roots  of  u. 

Since  there  is  the  sign  ±  before  the  radical,  we  have  appar- 
ently six  values  of  z,     Erom  [4]  it  is  seen,  however,  that  there 
are  really  but  three  different  values  of  z. 
The  above  solution  is  known  as  Cardan^s, 

Solve,  by  Cardan's  Method, 

2a;«-6a;«  +  12aJ-ll  =  0. 

Here,  a  =  2,      6  =  —  2. 

Put  2  =  2a;  -  2 ;  then  «»  +  12 2  -  12  =  0.        • 

.*.  H  =  4,  G  =  —  12,  and  the  reducing  quadratic  is 

w2-12w  =  64. 
Solve,  w  =  6  ±  10  =  10  or  -  4. 

.-.  «  = =  —  4  or  -f  16. 

u 
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Hence,  the  values  of  z  are 

2V2-V4;   2wV2-w2V4;   2ctf2V2~wVi; 
and  the  values  of  x  are 

V2  V2  V^ 

594.  Discussion  of  the  Solution.  The  above  solution,  while 
complete  as  an  algebraic  solution,  is  of  little  value  in  solving 
numerical  equations. 

In  the  case  of  a  cubic  there  are  three  cases  to  consider. 

I.  All  three  roots  real  and  unequal.  In  this  case  (r^  +  4  /f  ^ 
is  negative  (§  684,  Example  2),  and  its  square  root  is  ortho- 
tomic.     If  we  put  E^  =  —  (G^  +  4  H^y  we  have 

-  G  +  ^  V^\*  .  f-G-  iT  V^\* 


ax  -{-  b 


={^^±f^)\{-^^f^. 


Since  there  is  no  general  algebraic  rule  for  extracting  the 
cube  root  of  a  complex  expression,  the  case  of  three  real  and 
unequal  roots  is  known  as  the  irreducible  case. 

11.    Two  of  the  roots  equal.     In  this  case  Cr*  -|-  4  ^'  =  0 
(§  684,  Example  2),  and  we  have 


ax  -{-  b  = 


{=fK=f)' 


III.    Two  roots  complex.     In  this  case  G^^  +  4  J?'  is  positive 
(§  664,  Example  2),  its  square  root  is  real,  and  we  have 


ax  +  b 


The  value  of  the  expression  0^  +  4:11^  determines  the 
nature  of  the  roots.  For  this  reason,  G^  -\-  4:H^  is  called  the 
discriminant  of  the  cubic. 
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Hence,  we  conclude  that  the  general  solution  gives  the 
roots  of  a  numerical  cubic  in  a  form  in  which  their  values 
can  be  readily  computed  only  in  the  second  and  third  cases. 

In  either  of  these  cases,  however,  the  real  roots  are  more 
easily  found  by  Horner's  Method. 

In  the  first  case  the  roots  may  be  calculated  by  a  method 
involving  Trigonometry.     (See  §  616,  Chapter  XXXIII.) 

Bxeroiae  95 

Find  the  three  roots  of : 

1.  »» -I- 6  a*  =  36. 

2.  3aj»- 6x^-2  =  0. 

3.  aj»-3a;*-6a;-4  =  0. 

4.  9a;»-54aj«-|- 90a; -60  =  0. 
6.  sfi  +  Smz^  =  m^(m  +  iy. 

6.   In  the  case  of  the  cubic,  putting 
show  that      X»  -h  AT »  =  2  Sa»  -  3  Sa«)8  +  12  apy 


\a       or         or  J 


_     21 G 
"■"~^' 
LM  =  Sa«  -  Sa^ 

9iy 

—  i"' 

a* 
and  Z»-ilf»  =  -3V^()8-y)(y-a)(a-^). 

7.   From  Example  6,  and  the  relation 

show  that    a«()8  -  y)«(y  -  ay  {a  -py  =  ^  27  (G«  +  4  H% 
and  thence  deduce  the  conditionB  ot  %  5^. 
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595.   The  General  Biquadratic.     We  shall  write  the  general 
equation  of  the  fourth  degree  in  the  form 

Put  z  =  ax-^-b. 

Then,  a;  =  ^^. 

a 

Substitute  in  [1]  this  expression  for  x  and  reduce, 

«*  +  6(a(j  -  b^)z*  +  4:(a^d  -Sabc  +  2^»)« 

+  (a»e-4a%(i  +  6a^^c-.35*)  =  0.    [2] 
The  fourth  term  may  be  written 

a*(ae-4:bd  +  Sc^-3(ae-  b^. 
Put  H  =  ac-b\ 

G  =  aH-3alc  +  2b% 
and  I  =  ae  —  4:bd  +  Sc^ 

Then  [2]  is  written  in  the  form 

z^-{-6Hz^  +  4:Gz  +  a^I-SH^  =t  0,  [3] 

in  which  the  «•  term  is  wanting. 
To  solve  this  equation  put 

z  =  Vw  +  Vv  -f-  "yrw. 
Square,    z^=^u  +  v  +  W'\-  2  (  Vwi;  -{-  "Vuw  -f-  Vtn^). 

Transpose,  and  square  again, 

z*  —  2  (u  -{- V  -{- w)  z^  -\- (u  +  V  -{-  wy 

=  4  (uv  -f-  wi/;  -f-  v^)  +  3  «  Vti  Vv  Vt^. 
If  this  equation  is  identical  with  [3], 

uv  -f-  uw  -\-  vw  =  3  H^ T-  9 

4 

G 
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Hence  (§  621),  u,  v,  and  w  are  the  roots  of  the  cubic 

t*  +  3Ht^  +  fsH^  -  ^)t-  ^  =  0.  [4] 

This  is  known  as  Euler^s  cubic. 
This  equation  may  be  written 

(t-{-Hy-  —  (t-\'H)+ =0, 

or,  putting  t  -{-  H  =  a%  and  clearing  of  fractions, 

4a»^-/a^  +  /  =  0,  [5] 

where  J  =  -i (a^HI -G^-4.H^)=ace^2hcd^ad:^-eb'^--<^. 

Equation  [5]  is  called  the  reducing  cubic  of  the  biquadratic. 
If  ^1,  ^a>  ^8  are  the  roots  of  this  cubic,  since  t  =  a^O  —  Hj 
the  four  roots  of  equation  [1]  are  given  by 

ax-{-b=^  Va^^i  -H-\-  Va^^a  -  ^  +  Va^^s  -  H.       [6] 

Since  each  radical  may  be  either  -f-  or  — ,  there  are  appar- 
ently eight  values  of  x  obtained  from*  the  following  combina- 
tions of  signs : 

+  +  +         +  +  -         +-+         -  +  + 
-I-         -  +  -         + 

But   Vm  vv  "WW  =  —  —  •        Consequently,  the  number  of 

admissible  combinations  is  reduced  to  four. 

Hence,  if  Xi,  X2,  x^,  and  x^  are  the  roots  of  the  equation 

003*  -|-  4  bx*  +  6  cx^  -f-  4  c^a;  -h  «  =  0, 


then  sc,  =  -  -< 
a 


—  ^  -f-  -^at  —  H  +  ^—  at  —  2H  — 


G 


-\/at  —  H 
t  =  -\  —  ^  +  -y/at  —  H  —  V  —  a^  -  2  jy  — 


(? 


^at  —  H 
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=:_J  -  5  -  -yJat  -H+^-at-2H'{- 


■\/at-H 


}■ 

where  t  ^--U^^^^'^^^ 


and 


2^"  ■  3V3 

I=a6-4:bd-{-Sc% 

J  =  ace  -{-  2  bed  —  ad^  —  eb^  —  c*, 

G  =  a^d-3ale'{-2  b\ 


The  above  solution  is  known  as  Euler's, 
In  determinant  form 


b 

a 

b 

e 

H  = 

a 

/  = 

b 

e 

d 

b 

e 

e 

d 

e 

596.   Discussion  of  the  Solution.     Eepresent  by  a,  p,  y,  3  the 
roots  of  the  given  biquadratic. 
Then,  by  equation  [6],  we  have 

aa  -{-  b  =  -{-  "Vu  —  Vv  —  "WW 
ap  -{-  b  =  —  Vw  +  -y/v  —  "y/w 
ay  +  ft  =  —  Vm  —  Vv  +  WW 
aS  +  ft  =  +  Vm  -I-  Vv  +  -Vw 


.. 


[7] 


From  [7],  if  Oi,  0^,  0^  are  the  roots  of  the  reducing  cubic, 


a 


u^a%-H^  —  {P^y-a-hy 


a 


2 


V  =a«^2-iy  =  ^(y  +  a-^-8)« 


>  • 


[8] 


a 


w  =  a*e,-H  =  ^(a  +  p-y-S)' 
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There  are  six  cases  to  be  considered. 

I.    The  four  roots  of  the  biqiwdrcUic  all  real  and  unequcU. 

In  this  case  by  equations  [8]  Uy  v,  w  are  all  real.  Conse- 
quently, tfy  0^  0^  are  all  real,  and  the  cubics  [4]  and  [6]  fall 
under  the  irreducible  case  (§  694, 1). 

II.    Roots  all  complex  and  unequal. 
By  §  525  the  roots  must  be  of  the  forms 

h  -f-  ^h  h  —  kif  I  +  mi,  I  —  mi, 
and  from  equations  [8] 

uz=--^(k-my, 


a^ 


^  =  "  4"  (*  +  ^)^ 


a^ 


So  that  tke  roots  of  Euler's  cubic  are  all  real,  two  being 
negative  and  one  positive,  and  the  cubics  [4]  and  [6]  again 
fall  under  the  irreducible  case  (§  694, 1). 

III.  Two  roots  real  and  two  complex. 

In  each  cubic  two  roots  are  complex  and  one  is  real 

IV.  Two  roots  equal,  the  other  two  unequal. 
Each  of  the  cubics  has  a  pair  of  equal  roots. 

Y.    Two  pairs  of  equal  roots. 
Two  roots  of  Euler's  cubic  vanish,  the  third  being  —SH. 

The  roots  of  the  reducing  cubic  are  -t>  -7> s— 

^  a^    a*  a* 

VI.    Three  roots  equal.  - 

The  roots  of  Euler's  cubic  are  —  H,  —  H,  —  H;  those  of 
the  reducing  cubic  all  vanish. 

VII.    All  four  roots  equal. 

All  the  roots  of  both  cubics  vanish  and  IT  =  0. 
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597.   Discriminant.     Comparing  the  reducing  cubic  with  the 
cubic 

we  "find  the  discriminant  of  the  reducing  cubic  to  be 

The  expression  /'  —  27  J^  is  called  the  discriminant  of  the 
biquadratic. 

From  the  last  section  we  obtain  the  following : 

I.   Discriminant  of  the  reducing  cubic  negative  ;  that  is, 
/•  —  27  J^  positive. 

The  roots  of  the   biquadratic   are  either  all  real   or   all 
complex. 

II.   Discriminant  of  the  reducing  cubic  vanishes  ;  that  is, 
/»- 27/2  =  0. 

The  roots  of  the  biquadratic  fall  under  one  of  the  following 
cases: 

(1)  Two  roots  equal,  the  other  two  unequal. 

(2)  Two  pairs  of  equal  roots.     In  this  case  (?  =  0,  and 


12H^         .     %H 


8 


/=  TT-^  /  = 


a"  a» 


(3)  Three  roots  equal.     In  this  case  7=0  and  J"  =  0. 

(4)  Four  roots  equal.     In  this  case  /  =  0,  /  =  0,  -fif  =  0. 

III.  Discriminant  of  the  reducing  cubic  positive ;  that  is, 
/•  —  27  J^  negative. 

Two  of  the  roots  of  the  biquadratic  are  real  and  two  are 
complex. 

698.  When  the  left  member  of  a  biquadratic  is  the  product 
of  two  quadratic  factors  with  rational  coefficients,  the  equa- 
tion can  be  readily  solved  as  follows : 
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Solve  the  equation 

x^  -  12aj»  +  12a;«  +  176a;  -  96  =  0. 

Here,  a  =  1,  6  =  —  3 ;  put  z  —  x  —  Z. 

Then,  2*  -  4223  +  32  «  +  297  =  0. 

Compare  this  with 

and  we  find  g'  +  g— p2=:__42, 

^  32 

g^-g  =  — I 
P 

gg'  =  297. 

Eliminating  q  and  g^,  p  is  given  by 

!/»  -  84p*  +  676 p2  -_  1024  =  0, 

of  which  two  roots  are  found  to  be  ±  2. 

Take  p  =  2,  then  g'  =  —  11,  g  =  —  27,  and  the  equation  in  z  is 

(«2  +  22  -  27)  (22  -.  22  -  11)  =  0. 

From  this  2  =  -  1  ±  2  V7,  or  1  ±  2  VS. 

Since  x  =  2  +  3,  we  find  the  four  values  of  x  to  be 

2  +  2V7;  2-2V7;  4  +  2V3;  4-2 V3. 

In  a  similar  manner,  we  can  solve  any  biquadratic  when  the  cubic  in 
p2  has  a  commensurable  root. 

Exercise  96 

Find  the  four  roots  of : 

1.  a;*-12aj«  +  60a;«-84a;  +  49  =  0. 

2.  aj*-17a;«-20a;-6  =  0. 

3.  aj*-.8aj»  +  20ic2-16ic-21  =  0. 

4.  a;* -lla;»  + 46x2 -117a; +  45  =  0. 

5.  a;* -7aj»-60aj2  + 221a; -169  =  0. 

6.    Show  that  the  biquadratic  can  be  solved  by  quadratics 
lfG=0. 
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7.  Show  that  the  two  biquadratic  equations 

dx^  +  6  cx^  ±  4  <?«  4-  «  =  0 
have  the  same  reducing  cubic. 

8.  Solve  the  biquadratic  for  the  two  particular  cases  ia 
which  /  =  0  and  /  =  0. 

9.  Show  that  if  H  is  positive  the  biquadratic  has  eitL.r 
two  or  four  complex:  roots. 

10.  Find  the  reducing  cubic  of 

a*  -  6  ax^  -I-  8a;  Va»  +  ft»  +  c«  -  3  abc+(12bc  -  3a«)  =  0. 

11.  Show  that  /  vanishes  for  the  biquadratic 

S  a(x  -  2  ay  =  2  a(x  -  3  ay. 

12.  If  the  roots  of  a  biquadratic  are  all  real,  and  are  in 
harmonical  progression,  show  that  the  roots  of  Euler's  cubic 
are  in  arithmetical  progression. 

13.  Form  the  equation  whose  voots  are  the  squares  of  the 
roots  of  ax^  +  3  bx^  -{-  3  ex  -\-  d  =  0. 

14.  Form  the  equation  whose  roots  are  the  cubes  of  the 
roots  of  ax^  +  3  bx^  +  3  ex  +  d  =  0. 


15 

roots  of  ax 


.   Form  the  equation  whose  roots  are  the  squares  of  the 
i  of  ax^  +  4  bx^  +  6  ex^  -\-  4:  dx  -\-  e  =  0, 

16.  Form  the  equation  whose  roots  are  the  cubes  of  the 
roots  of  aaj*  +  4:bx^  -{-  6  cx^  -\-  4,  dx  -\-  e  =  0, 

17.  Show  that,  if  a^I  =  12  H^  and  aV  =  8  H^,  the  biquad- 
ratic has  two  distinct  pairs  of  equal  roots. 


i/ 


CHAPTER  XXXIII 

COMPLEX  NUMBERS 

599.  Representation  of  Scalar  Numbers.  Let  XX^  be  a  straight 
line  of  unlimited  length.     Let  0  be  a  fixed  point  on  that  line. 

With  any  convenient  unit  of  length  measure  off  along  the 
line  from  0  to  the  right  and  to  the  left  a  series  of  equal 
distances. 

X^^ 1  I  I  i  I  rf  I  r?  I  ?  I'^P  I  f^P  I  I  I  I  I X 

o 

Each  of  the  points  of  division  thus  obtained  represents  an 
integer  (§  22^,  If  the  points  to  the  right  represent  positive 
integers,  those  to  the  left  represent  negative  integers. 

The  point  0  represents  0. 

To  represent  a  rational  fraction  -r?  where  a  and  h  are  inte- 
gers, h  being  positive  and  a  either  positive  or  negative,  we 
divide  the  unit  into  h  equal  parts,  and  then  measure  off  a  of 
these  parts.  The  point  obtained  lies  between  two  of  the  points 
that  represent  integers. 

We  cannot  find  exactly  the  point  that  represents  a  given 
incommensurable  number.  We  can,  however,  always  find 
two  fractions  between  which  the  given  incommensurable 
number  lies;  and  the  point  that  represents  the  incommen- 
surable number  lies  between  the  points  that  represent  the 
two  fractions. 

Since  the  difference  between  the  fractions  can  be  made  as 
small  as  we  please,  the  distance  between  the  two  points  that 
represent  the  fractions  c^si  \»  laaAa  '^  ^xaail  «a  we  please,  and 
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the  position  of  the  point  that  represents  the  given  incommen- 
surable number  can  therefore  be  determined  to  any  desired 
degree  of  accuracy. 

600.  The  following  example  will  illustrate  the  preceding 
argument. 

The  odd-numbered  convergents  to  the  periodic  continued 
fraction 

^  +  1+2' 
numbering  from  1  -f-  :j as  the  first  convergent,  are  (§  451) 

'2 

and  the  even-numbered  convergents  are 

h  ih  ih  Uh"'  [2] 

Let  K  denote  the  complete  value  of  the  continued  fraction, 
and  kf  denote  the  convergent  numbered  t,  then  (§  449,  Cor.), 

and  k2t_2>^2t>  ^     j 

for  all  positive  integral  values  of  t. 

and  k2t  —  ^2<-i  >  ^2«  —  -K^  >  0. 

Now,  k2t  —  ^2<-i  <  {h  —  ^i)'>  if  ^  >  1, 

and  A^a- A^i  =J-|  =  Tiy. 

•  *•  "Tnt  ^  ^2«  "'2«  — l;    ^*    C  >■  1. 

•*•  Tot  ^  ^         "^2«— 1  ^  ^f 

and  •T->k2t'-K>0. 
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Let  M  be  any  explicitly  assigned  constant  number  less  than 
K,  so  that  K  —  M>  0  ;  then,  since  K  —  M  is  constant  and 
not  zerO;  an  integer  m  can  be  found  such  that 

Therefore,  since  A^g^^iis  the  convergent  numbered  2  m  — 1, 

and,  therefore,  K>  k2m^i>  M, 

Hence,  if  K>  M>  ^,  there  can  be  found  in  series  [1]  a 
convergent  which  shall  be  greater  than  M  but  less  than  Kj 
thus  separating  K  from  ilf,  no  matter  how  small  K  —  M 
may  be. 

Similarly,  if  N  is  an  explicitly  assigned  number  greater 
than  K,  so  that  iV  —  -K"  >  0,  then  an  integer  n  can  be  found 
such  that 

.\N—K  >k2^  —  K>0. 

Hence,  if  J  >  iV  >  ^,  there  can  be  found  in  series  [2]  a 
convergent  which  shall  be  less  than  N  but  greater  than  K,  thus 
separating  K  from  N,  no  matter  how  small  N  —  K  may  be. 

Hence,  there  exists  one  number,  and  only  one  number,  which 
is  greater  than  each  and  every  convergent  in  the  infinite  series 
[1]  and  is  also  less  than  each  and  every  convergent  in  the 
infinite  series  [2],  namely,  the  number  which  is  the  complete 
value  of  the  periodic  continued  fraction. 

Returning  to  the  representation  of  numbers  by  points,  the 
points  that  represent  the  convergents  |,  \^,  J^,  f  f  J,  •  •  •  form 
an  endless  sequence  advancing  from  |,  and  those  that  represent 
the  convergents  |,  f  f ,  f  J,  |^f ,  •  •  •  form  an  endless  sequence 
retrograding  from  J.     No  point  tbat  lies  in  the  first  sequence 
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coincides  with  a  point  in  the  second  sequence  or  lies  between 
two  points  in  it ;  that  is,  the  two  sequences  lie  wholly  without 
each  other,  as  shown  by  [3].  Between  the  first  sequence  and 
the  second,  but  belonging  to  neither  of  them,  there  lies  one 
point,  and  only  one,  namely,  the  point  that  represents  the  com- 
plete value  of  the  periodic  continued  fraction.  Every  other 
point  between  ^  and  J  either  belongs  to  one  or  other  of  the 
sequences,  or  lies  between  two  points  of  one  of  them.  There- 
fore, the  point  that  represents  K,  the  complete  value  of  the 
periodic  continued  fraction,  is  completely  determined  by  the 
sequences  as  their  sole  point  of  section. 

It  is  now  easy  to  determine  the  number  K,      Since  the 
point  K  lies  between  the  sequence 


5     19  71  265 

3'    ll'  41 '  153 

and  the  sequence 

7     26  97  362 


4     15     56      209 
the  point  K^  lies  between  the  sequence 

{(!)•  m'  (s)'  m)'  ■  d')'  ■■■} 

and  the  sequence 

{©'  (M)'  m-  m)'  ■■-  (I)'  -}■ 

The  first  sequence  may  be  written 

(^-|)'  (^-n-»)'  i'-ir)'  -'(3-^.)' •••}•[*] 

The  second  sequence  may  be  written 

{(3  +  ii)'  {S  +  ^^,  (3  +  ^,).  .■..(3+|,),...}.[5] 

(§§  455  and  459) 


514  COLLEGE   ALGEBRA 

Now,  br+i  =  4:br  —  br^i>3b^ 

•'•  *r+i>3''^i,  and  5i  =  3. 

2    ^_2__  1 

^  Qr  +  l  ^ 


ft^+i^.    9r+i  -4x9'- 

Also,  d^^i  =  4:d^  —  dr_i  >Sdr 

•*•  dr^i>S''diy  and  c^i  =  4. 
.-.  c;^+i>4x3'-. 


c^,+i^      16x9^ 

Let  Af  be  an  explicitly  assigned  constant  number  less  than 
3 ;  then,  however  small  3  —  Jf  may  be,  since  it  is  greater  than 
0  and  is  constant,  an  integer  m  can  be  found  such  that 

1 


4x9 


m 


<S-M, 


and  hence  a  point  in  the  sequence  [4]  can  be  foimd  that  lies 
between  the  points  that  represent  M  and  3. 

Similarly,  if  N  is  an  explicitly  assigned  constant  number 
greater  than  3,  then,  however  small  N  —  S  may  be,  there  can 
be  foimd  in  the  sequence  [5]  a  point  that  lies  between  the 
points  that  represent  3  and  N. 

Hence,  the  point  that  represents  3  lies  between  the  sequence 
[4]  and  the  sequence  [5],  and  no  other  point  lies  between  them,; 
that  is,  the  point  that  represents  3  is  their  sole  point  of  section. 
But  the  point  that  represents  K^  lies  between  the  sequence 
[4]  and  the  sequence  [5].  Hence,  the  point  that  represents 
K^  must  be  the  point  that  represents  3,  and  therefore  K^  =  3. 

.•.^  =  V3. 

It  appears,  then,  that  all  scalar  numbers  may  be  represented 
by  points  in  the  line  XX'. 
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Conversely,  every  point  in  the  line  XX'  represents  some 
scalar  number  which  may  be  integral  or  fractional^  commen- 
surable or  incommensurable,  positive  or  negative. 

601.  The  preceding  method  of  representing  numbers  assumes 
that  the  ordinal  numbers,  not  the  cardinal,  are  fundamental, 
so  that  the  phrase  the  point  that  represents  3  is  short  for  the 
phrase  the  point  which  is  3d  in  an  endless  sequence  of  points 
numbered  1st,  2d,  3d,  •  •  • ;  and  the  phrase  the  point  that  repre- 
sents I  is  short  for  the  phrase  the  point  which  is  6th  in  a 
finite  sequence  of  points  numbered  |lst,  2d,  3d,  4th,  6th,  6th  |, 
say  the  sequence  ^i^^',  which  is  itself  the  first  sequence  element 
in  the  endless  sequence  of  sequences  |5i%  ^a^',  ^g^',    "l- 

602.  Representation  of  Orthotomic  and  Complex  Numbers.  An 
orthotomic  number  (§  206)  cannot  be  represented  by  a  point 
on  the  line  XX'  (§  699),  since  all  points  on  that  line  represent 
scalar  numbers.  We  must  therefore  seek  elsewhere  for  its 
representative  point. 

Let  the  straight  lines  XX'  and  YY'  intersect  at  right  angles 
at  Of  and  mark  off  OP, 
OP'y  OP",  and  OP"',  all 
of  the  same  length  as  in 
the  accompanying  dia- 
gram. A  rotation  coun- 
ter-clockwise through   a 

right  angle  would  convert  

OP  into   OP'y   OP'  into  ^' 
OP",  OP"  into  OP'",  and 
OP'"   into    OP,   so   that 
we  may  say  that,  taking 
account   of   direction  as 

well  as  length, 

OP'      OP" 

OP  ^ 


T 


■P' 


0 


-P 


nt 


OP 


III 


OP 


OP'       OP" 
Let  i  denote  this  common  ratio. 


OP 


in 
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Then, 


OP' 


and 


But 


OP 

h 

OP'' 

OP'' 

OP' 

OP 

OP' 

OP 

OP" 

—  1 

=  I' 


OP 


Also, 


OP 


in 


OP'"   OP"   OP'  _  .3 


and 


Finally, 


OP        OP" 

OP'    OP       "  ' 

OP'"      OP" 
OP         OP 

OP'" 

OP"  "     '• 

•      •     V         —    ~~~    %» 

OP        OP 
OP      OP'" 

OP'"   OP"   OP' 
OP"    OP'    OP 

i\ 

.•.i*=4-l. 

Hence,  if  we  take  account  of  direction  as  well  as  length, 

we  have 


•P' 


jt 


X' 


0 


OP'  =  {'0P 

=(Virr)  OP, 

OP"  =  i^ '  OP 

=  (- 1)  OP, 
and  OP'"  =  i« .  OP 


-P 


nt 


X  =  (-  V-1)  OP. 

Hence,  if  the  point  P 
represents  a  scalar  num- 
ber a,  the  point  P'  repre- 
sents the  oithotomic  num- 
ber a  V—  1,  and  the  point 

P"'  represents   the  negative  orthotomic  number   —  a  V—  1. 

Thus,  exactly  as  all  scalar  numbers  may  be  represented  by 
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points  on  the  axis  XX\  so  all  orthotomic  numbers  may  be 
represented  by  points  on  the  axis  yy',  which  cuts  the  axis 
XX^  at  right  angles,  or  orthotomically. 

Therefore,  XX'  is  called  the  axis  of  scalars,  and  YY'  is  called 
the  axis  of  orthotomics.     The  point  0  is  called  the  origin.    * 

The  only  point  on  both  axes  is  0.  This  agrees  with  the  fact 
that  zero  is  the  only  number  that  may  be  considered  either 
scalar  or  orthotomic. 

Again,  a  and  ai  are  measured  on  different  lines.  This  agrees 
with  the  fact  that  a  and  ai  are  different  in  kind. 

To  determine  a  point  that  represents  the  complex  number 
a  -{-h  V—  1,  determine  on  the  scalar  axis  a  point  A  that 
represents  a,  and  on  the  orthotomic  axis  determine  the  point 
B  that  represents  h  V—  1.  Through  the  points  A  and  B 
draw  straight  lines  parallel  to  the  axes.  These  lines  inter- 
sect in  a  point  P  which  represents  the  number  a  -f-  ^  V—  1  in 
the  scale  in  which  A  represents  a. 

603.  Vectors.  When  a  straight  line  is  given  a  definite 
direction  and  a  definite  length  it  is  called  a  vector.  Thus, 
the  lines  used  to  represent  scalar  numbers  and  those  used  to 
represent  orthotomic  numbers  are  all  vectors. 

Vectors  need  not,  however,  be  parallel  to  either  of  the  axes ; 
they  may  have  any  direction. 

The  line  ABj  considered  as  a  vector  beginning  at  A  and  end- 
ing at  B,  is  in  general  written  AB, 

Two  parallel  vectors  which  have  the  same  length  and  extend 
in  the  same  direction  are  said  to  be  equal  vectors. 

604.  Vector   Addition.      To  add  a         B 

vector  CD  to  a  vector  AB,  we  place        /  ^  ^ 

C  on  B,  keeping  CD  parallel  to  its     /      f  J^^ 

original  position,  and  draw  AD.  c     I         ^^y^ 

AD  is  called  the  sum  of  the'  two        j  ^^  / 

vectors.  ^i-^_ /b 

Then,  AD=:AB  +  BD  =  'AB-\'  CD. 
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The  addition  here  meant  by  the  sign  +  is  not  addition  of 

numbers,  but  addition  of  vectors, 
generally  called  geometric  addition. 
It  is  evidently  identical  with  the 
composition  of  forces. 

From  the  dotted  lines  in  the  figure 
and  the  known  properties  of  a  paral- 
lelogram it  is  easily  seen  that 


^i)  =  Ci)  4-  AB. 


.-.  J5+  CD=  CD-[-AB. 

Consequently,  vector  addition  is  commutative  (§  36).  It  is 
easily  seen  that  it  is  also  associative  (§  36). 

605.  Complex  Numbers.  A  complex  number  in  general 
consists  of  a  scalar  part  and  an  orthotomic  part,  and  may  be 
written  (§  212)  in  the  typical  form  x  +  yi,  where  x  and  y  are 
both  scalar. 

If  we  imderstand  the  sign  4-  to  indicate  geometric  addition, 
we  shall  obtain  the  vector  that  represents  x  +  yi  as  follows : 

Lay  off  X  on  the  axis  of  scalars  from  0  to  M.  From  M  draw 
the  vector  MP  to  represent  yi.  Then,  the  vector  OP  is  the 
geometric  sum  of  the  vectors  OM  and  MP,  and  represents  the 
complex  number  x  -f-  yi- 


Instead  of  the  vector  OP  we 
sometimes  use  the  point  P  to 
represent  the  complex  num- 
ber. 

Thus,  in  the  figure  the  vectors 


OP,  OQ,  OR,  OS  or  the  points  P, 
Q,  Ry  8  respectively  represent  the 
complex  numbers  6  +  4  i,  — 6  +  5i, 
-6-3i,  3-6i. 

In    the    complex    number 
X  4-  yi,  X  and  yi  are  represented  by  vectors.      Kow,  vector 
addition  is  commutative.     Therefore,  x  -V  t/x  =  yi  -f  x. 
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This  is  also  evident  from  the  figure. 

The  expression  x  +  yi  is  the  general  expression  for  all  num- 
bers. This  expression  includes  zero  when  x  =  0  and  y  =  0; 
includes  all  scalar  numbers  when  y  =  0 ;  all  orthotomic  num- 
bers when  a;  =  0 ;  all  complex  numbers  when  x  and  y  both 
dijffer  from  0. 

606.  Addition  of  Complex  Numbers.  Let  x  -f  yi  and  x'  -f-  y'i 
be  two  complex  numbers.     Their  sum, 

x-\-yi-[-x'  +  y'i, 

may  by  the  commutative  law  be  written 

X  +  x'  -\'(y  +  y')l 

Let  OA  and  OB  be  the  representative  vectors  of  x  -[-yi 
and  on!  +  y'L     Take  AC  equal  to  OB, 

Then,  OC  =  0A  +'0B, 

Draw  the  other  lines  in  the  figure. 

Then,  OH  =  OF -^  FH 

=  OF-\-OE 

=  x  -\-x\ 
and  HC  =  FA-\-  KC 

=zFA-\-EB 

=  yi  +  y'i- 

But      OC  =  OJ  -f  OB. 

Hence,  the  sum  of  the  vectors  of  two  complex  numbers  is  the 
vector  of  their  sum. 

Since  vector  addition  is  commutative,  it  follows  that  the 
addition  of  complex  numbers  is  commutative. 

The  sum  of  two  complex  numbers  is  the  geometric  sum  of 
the  sum  of  the  scalar  and  the  sum  of  the  orthotomic  parts  of 
the  two  numbers. 
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Find  the  sum  of  2  -f  3 1  and  —  4.4- 1. 


2  +  3  i  =  OM,  and  -  4  +  i  =  0M\ 

It  now  we  proceed  from  Jlf,  the 
extremity  of  OM,  in  the  direction 
of  OM^  as  far  as  the  absolute  value 
of  OM^y  we  reach  the  point  JIT'. 

Hence,  OJf"  =  —  2  +  4  i,  the  smn 
of  the  two  given  complex  numbers. 

The  same  result  is  reached  if  we 
first  find  the  value  of  2  +  ( -4)  =  -2. 
That  is,  if  we  count  from  O  two 
scalar  units  to  A'\  and  add  to  this  sum  3  i  +  i  =  4  i ;  that  is,  count  four 
orthotomic  units  from  -A"  on  the  perpendicular  A"W\ 

607.   Modulus  and  Amplitude.     Any  complex  number  a;  +  y^' 
can  be  written  in  the  form 


X'  A' 


Vx2  4- 


The  expressions 


t 


( 


X 


Vaj2  + 


+ 


y 


t 


■y/x^  4-  y' 


') 


X 


and 


y 


=:l  may  be  taken  as 

-\x^  4-  y^  V aj^  4-  y^ 

tbe  sine  and  the  cosine  of  some  angle  <^,  since  they  satisfy  the 

equation 

cos^<^  4-  sin^<^  =  1. 


If  we  put  r  =  Vic^  +  y^f  the  complex  number  may  be  written 

r  (cos  <^  4-  **  sin  <^). 

Since  r  =  Vx^  4-  y^,  the  sign  of  r  is  indeterminate.  We 
shall,  however,  in  this  chapter  take  r  always  positive. 

The  positive  number  r  is  called  the  'modulus,  the  angle  ^ 
the  amplitude,  of  the  complex  number  x  4-  yi- 

Let  OP  be  the  representative  vector  of  a;  4-  yi-  Since  r  is 
the  positive  value  of  Vic^  +  y^,  it  is  evident  that  r  is  the 
length  oi  OP. 

On  the  axis  OX  take  OR  equal  in  length  to  OP  and  on  the 
axis  OY  take  OR^  also  equal  in  length  to  OP,  then  OR  =  r  and 
OR'  =  H. 
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AlsO;  cos  ROP  =  -T—  =  ~i 

OR       T 


and 


sin 


ROP  =  -—T  =  ^.. 


.',  r(cos  ROP  +  t  sin  ROP) 
=  x  +  yi  =  r  (cos  ^  +  t  sin  ^). 

Hence^  the  numerical  measure 
of  the  angle  ROP  =  ^  ±  2  rnr. 

The  above  is  easily  seen  to 
hold  true  when  x  and  y  are  one  or  both  negative. 

The  modulus  of  a  scalar  number  is  its  absolute  value.  The 
amplitude  of  a  scalar  number  is  0  if  the  number  is  positive, 
180**  if  the  number  is  negative. 

The  modulus  of  an  orthotomic  number  at  is  a.  The 
amplitude  of  this  number  is  90°  if  a  is  positive,  270°  if  a  is 
negative. 

608.  Since  the  sum  of  the  lengths  of  two  sides  of  a  triangle 
is  greater  than  the  length  of  the  third  side,  it  follows,  from 
§§  604,  606,  that,  in  general. 

The  modulus  of  the  sum  of  two  complex  numJ>ers  is  less 
than  the  sum,  of  the  moduli. 

In  one  case,  however,  that  in  which  the  representative 
vectors  are  collinear,  the  modulus  of  the  sum  is  equal  to  the 
sum  of  the  moduli. 

609.  Multiplication  of  a  Complex  Number  by  a  Scalar  Number. 
Let  X  -{-  yi  he  any  complex  number.  If  the  representative 
vector  is  multiplied  by  any  scalar  number  a,  it  is  easily  seen 
from  a  figure  that  the  product  is  oa;  4-  ayt. 


Therefore, 


a(x  +  y%)  =  aa;  +  ayi. 


Hence,  the  multiplication  of  a  complex  number  by  a  scalar 
number  is  distributive. 
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Multiply  -  2  +  t  by  3. 

Take  0A=-2  on  OX",  and  erect  at  A  the 
perpendicular  AM  =  1 .  Then,  OM  =  —  2 + i. 
Take  OM  three  times,  and  the  result  is 
0M'=  -6+3  i,  the  product  of  (-2+i)  by  3. 

610.   Multiplication  of  a  Complex  Num- 
ber by  an  Orthotomic  Number.    We  have 
seen  (§  602)  that  multiplying  a  scalar  number  or  an  ortho- 
tomic number  by  i  turns  that  number  through  90**.     Let  us 
consider  the  effect  of  multiplying  a  complex  number  by  i. 
By  the  commutative,  associative,  and  distributive  laws^ 

v^t  X  r  (cos  ^  +  i  sin  <^)  =  r  (i  cos  <^  —  sin  ^) 

=  r  (—  sin  ^  +  t  cos  ^). 

Li  Trigonometry  it  is  shown  that 

—  sin  ^  =  cos  (90**  +  ^), 
and  cos  <^  =  sin  (90**  +  ^). 

.-.  t  X  r (cos  <^  -f  t  sin  <^)  =  r  [cos  (90**  +  <^)  +  t  sin  (90*  +  «^)]. 

Here,  also,  the  effect  of  multiplying  by  t  is  to  increase  ^  to 
<l>  4-  90** ;  that  is,  to  turn  the  representative  vector  in  the 
positive  direction  through  an  angle  of  90**. 

The  effect  of  multiplying  a  complex  number  by  an  ortho- 
tomic  number  ai  is  to  turn  the  complex  number  through  a 
positive  angle  of  90**,  and  also  to  multiply  the  modulus  by  a. 

611.  Multiplication  of  a  Complex  Number  by  a  Complex  Number. 
We  come  now  to  the  general  problem  of  the  multiplication  of 
one  complex  number  by  another.  This  case  includes  all  other 
cases  as  particular  cases. 

Let  r  (cos  <^  +  t  sin  <^)  and  r'  (cos  <^'  +  t  sin  ^')  be  two  com- 
plex numbers. 

By  actual  multiplication  their  product  is 

rr' £cos  ^  cos  ^'  —  sin  <^  sin  <^'  +  i  (sin  ^  cos  ^'  +  cos  ^  sin  ^')], 
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In  Trigonometry  it  is  shown  that 

cos  ^  cos  ^'  —  sin  ^  sin  ^'  =  cos  (^  +  ^^ 
and  sin  ^  cos  ^'  +  cos  ^  sin  <^'  =  sin  (^  +  ^'). 

.'.  r  (cos  ^  +  1  sin  <^)  X  r'(cos  ^'  +  t  sin  ^') 

=  rr' [cos  (<^  +  <^')  +  t  sin  (<^  +  <^')]. 

Therefore,  the  modulus  of  the  prodtict  of  two  complex  num- 
bers is  the  prodtLCt  of  their  moduli,  and  the  amplitude  of  the 
product  is  the  sum  of  the  amplitudes. 

Hence,  the  effect  of  multiplying  one  complex  number  by 
another  is  to  multiply  the  modulus  of  the  first  by  the  m^odulics 
of  the  second^  and  to  turn  the  representative  vector  of  the  first 
tfirough  the  amplitude  of  the  second, 

612.   Division  of  a  Complex  Number  by  a  Complex  Number. 

mi.  X-     X  r(cos<M-Jsin_^ 

The  quotient  -f. Zi  ,   -  -    ^t\ 

^  r  (cos  <^'  + 1  sm  ^') 

becomes,  when  both  terms  are  multiplied  by  cos  <^' —  i  sin  <^', 

r  [(cos  <^  cos  <^^  4-  sin  <^  sin  <^^  +  i  (sin  <^  cos  <!>'  —  cos  ^  sin  <!>')'] 

r'(cos2<^'  +  sin2<^') 

In  Trigonometry  it  is  shown  that 

cos  ^  cos  <^'  4-  sin  <^  sin  <^'  =  cos  (<^  —  <^'), 

sin  <l>  cos  <^'  —  cos  <^  sin  <!>'  =  sin  (<^  —  ^'), 

and  cos^^'  -f  sin*<^'  =  1. 

r(cos<^-f  *sin<^)       r  .i\  ,    »  -    /.       .ixn 

•'•  "77 T»  ,   .  •    Tfx  =  -[cos  (<^  -  <^')  +  *  sm (<^  -  <^')]. 

r'(cos^'  +  tsin<^')      r^       vi-      i-/  vi-      i-zj 

Hence,  the  modulus  of  the  quotient  of  two  complex  num- 
bers is  obtained  by  dividing  the  modulus  of  the  dividend  by 
that  of  the  divisor;  and  the  amplitude  of  the  quotient,  by 
subtracting  the  amplitude  of  the  divisor  from  that  of  the 
dividend. 
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613.   Powers  of  a  Complex  Number.     From  §  611  we  obtain 
for  the  case  in  which  n  is  a  positive  integer 

[r  (cos  <^  +  t  sin  <^)]"  =  r"  [cos  (<^  +  <^  H to  n  terms) 

+  t  sin  (<^  +  ^  H to  n  terms)] 

=  r"  (cos  n<l>  +  i  sin  n<^). 

614..  Roots  of  a  Complex  Number.     From  §  613,  putting  ^ 
for  7i<^,  and  r  for  r",  we  obtain 

Vr  (  cos  —  4-  *  sin  —  j      =  r  (cos  ^  +  t  sin  ^) ; 


or 


[r(cos  <^  +  i  sin  <^)]**  =  V^f  cos  -  +  *  sin  —  j 


where  by  Vr  is  meant  the  scalar  positive  value  of  the  root. 

The  last  expression  gives  apparently  but  one  value  for  the 
nth  root  of  a  complex  number.  But  we  must  remember  that 
there  are  an  imlimited  number  of  angles  which  have  a  given 
sine  and  cosine.     Thus,  as  shown  by  Trigonometry,  the  angles 

4>,  <l>  +  360^  <l>  +  720**,  . . .,  <l>  +  k (360**), 

all  have  the  same  sine  and  the  same  cosine.     We  have,  there- 
fore, the  following  nth.  roots  of  r  (cos  ^  4-  *  sin  ^) : 

^(cos^  +  ismi)',  [1] 

\       n  nj  *■  "^ 

«/-/       ^  +  360^  .    ^_4^360^\^ 

Vr  (  cos h  %  sm  — ) ;  [2] 

\  n  ^       / 

^r(       <^4-(n- 1)360**  .    .   .    <^  4- (n  -  1)  360 A      ..  . 

Vr(cos-J- — ^^ ^ +  t  sin  ^^^-^-^^ ^ );    L**] 

\  n  71/ 

np(       <^  4-^(360**)  ,    .   .    ^J-n(360^\.  _        .. 

-yr  (  cos ^^ 4-  *  sm ^ ^  ) ;  [w  4- 1] 

\  n  n  J  ^         -^ 
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In  this  series  the  [ti  4-  l]th  expression  is  the  same  as  the 
first ;  the  \n  +  2]th  the  same  as  the  second ;  and  so  on. 

Therefore,  there  are  but  n  different  ?ith  roots,  those  num- 
bered [1]  to  \n\ 

Prom  this  section  and  the  preceding  section  we  can  obtain 
an  expression  for 

tn 

[r(cos  <^  4-  *  sin  <^)]**, 

where  —  is  a  rational  fraction. 
n 

Find  the  twelve  twelfth  roots  of  1. 
The  twelve  twelfth  roots  of  1  are : 

cosO°  +  ismO°=l;  [1] 

cos  30°  +  i  sin  SO^*  =  _l±i;  [2] 

cos  60°  +  isin  60°  =  l-±-i— ?;  [3] 

A 

cos90°  +  isin90°  =  i;  [4] 


cos  330°  +  I  sin  330°  =  — ^ .  [12] 

615.  Complex  Exponents.  The  meaning  of  a  complex  expo- 
nent is  determined  by  subjecting  it  to  the  same  operations  as 
a  scalar  exponent. 

It  follows  that  such  an  expression  as  a*"*"*^,  where  a  is  a 
scalar  number  and  x-\-yi  a  complex  exponent,  may  be  sim- 
plified by  resolving  it  into  two  factors,  one  of  which  is  a  scalar 
number,  and  the  other  an  orthotomic  power  of  e  (§  434). 

From  the  ordinary  rules  for  exponents. 

Put  a^  =  e\ 

Then^  u  =  log^a*'  =  'y  lo%e<3i- 
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«*.«*.  as* 


Now,  e"=H-a!+r^  +  r3-  +  fj  +  -..  (§434) 


[2+(I  +  (i  +  - 
Hence,      e*'=l  +  M*  +  -|^  +  -|^  +  -r^  +  -tj-  H 

=(i-[2+(i--)+v-[3+[5— •; 

By  the  Differential  Calculus  it  is  proved  that  when  u  is  the 
circular*  measure  of  an  angle, 


u^  .  w*      u^ 


C08«  =  l-|  +  g-|  +  -.., 
14  W  1* 

8in«  =  «-|  +  |-^+..., 


each  series  being  an  infinite  series. 

Therefore,  e^  =  cos  u  -{-  i  sin  t^, 

and  e*+ **  =  e*  (cos  w  +  i  sin  w). 

Also,  a*+ «^  =  a*  (cos  w  +  *  sin  u) 

=  a*  [cos  (y  log^a)  +  i  sin  (y  log^a)]. 

616.  Trigonometric  Solution  of  Cubic  Equations.  In  the  irre- 
ducible case  (§  594, 1)  the  numerical  values  of  the  roots  of  a 
cubic  equation  may  be  found  by  the  trigonometric  tables.  We 
have  (§  694,  III) 

«^+^=(, 2 — )^\ 2 ;• 

In  the  case  to  be  considered  G^  +  4:H*  is  negative  (§  594, 1). 

^             G                         ^   V(?2  4-  4  H»       .„    .     . 
Put      —  -^  =  72  cos  <^,  and  r =  iR  sin  ^. 


/.  cos<^=-^,  and  sin  <^  = ^r^ 

Now,  by  TrigonomeUy ,  eo«?  <^>  -V  «»^^*  <V  =•  "^^ 
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Then,  i2«  =  (-  H)\ 

and  22  =  (—  iJ)l 

By  §  614, 
ax  +  5  =  (—  IT)*  [(cos  <^  4- 1  sin  ^)*  +  (cos  ^  —  i  sin  <^)*]. 

The  cube  roots  in  the  right  member  must  be  so  taken  that 
their  product  is  1,  since  in  §  593  wM  =—  H. 
The  three  values  of  ax  +  b  are : 

2(-^)*cosf ; 


3 
2(-^)*cos^|  +  120«Y 

2(-iJ)*cosr|  +  24oA 
<l>  is  given  by  the  relation 


^      cos  <^  G 

Solve  the  equation  »'  —  6  »  +  2  ;=  0. 
Here,  G  =  2,  jH"  =  -2,  and  G»  +  4  jH"*  =  -  28. 

log  7  =  0. 84610  n.  |  +  120<>  =  156<>  54'  6''. 

o 

log  tan  0  =  0.42265  n.  ^ 

^  =  1100  42-18".  1  +  2400  =  2760  54-6''. 

Then  the  three  values  of  z  are  found  by  logarithms  to  be 
«  =  2V2cos    36°  64' 6''=      2.2618; 
«  =  2  V2  cos  156<»  54'  6"  =  -  2.6016 ; 
«  =  2  V2  cos  276°  64'  6"  =     0.3399. 

Check:  -  (2.2618  -  2.6016 +0.3399)  =  0; 

-  [2.2618  X  (-  2.6016^  X  Q.^^^^^^^*!.  ^^^^\ 
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Horner's  Method  is,  however,  to  be  preferred  to  the  method 
of  this  section. 

617.  We  have  in  this  chapter  extended  the  term  number  to 
include  complex  expressions  of  the  form  a  -{-b  V—  1.  These 
expressions  are  often  called  imaginary  quantities,  although 
when  we  are  considering  them  without  attempting  to  give 
them  any  ai-ithmetical  interpretation,  there  is  nothing  imagi- 
nary about  these  so-called  imaginaries.  The  collection  of 
symbols  3  -f  4  V—  1  is,  as  far  as  symbols  go,  as  real  as  the 
collection  3  +  4  V2.  It  is  only  when  we  seek  to  obtain  a 
result  arithmetically  interpretable  and  arrive  at  a  complex 
expression  that  cannot  be  interpreted,  that  such  expression 
can  be  called  in  a  strict  sense  imaginary ;  but  under  similar 
circumstances  a  fractional  number  or  a  negative  number  may 
become  imaginary,  while  on  the  other  hand  a  complex  number 
may  represent  as  real  a  solution  as  a  positive  integer  repre- 
sents.    The  following  problems  illustrate  these  statements. 

(1)  Two  clocks  begin  striking  at  the  same  moment ;  one  of 
the  clocks  strikes  6  strokes  more  than  the  other,  and  the  num- 
ber of  strokes  struck  by  one  of  them  is  double  the  square  of 
the  number  of  strokes  struck  by  the  other.  Pind  the  number 
of  strokes  struck  by  each  clock. 

(2)  The  temperatures  indicated  by  two  thermometers  differ 
by  6°,  and  the  number  of  degrees  in  the  temperature  indicated 
by  one  of  the  thermometers  is  double  the  square  of  the  num- 
ber of  degrees  in  the  temperature  indicated  by  the  other. 
Find  the  temperature  indicated  by  each. 

(3)  Two  men  start  to  walk  from  the  same  place  at  the 
same  moment ;  at  the  end  of  an  hour  they  are  6  miles  apart, 
and  the  number  of  miles  one  of  them  has  walked  is  double  the 
square  of  the  number  of  miles  the  other  has  walked.  Find 
the  number  of  miles  each  has  walked. 

Each  of  these  three  problems  yields  the  equations 
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••.  (2x^-x-6) (2x^  -  aj  +  6)  =  0. 
.-.  (x  -  2)  (2x  +  3)|(2aj  -  J)«  +  V-|  =  0. 
.'.x:=z2  or  -  1 J  or  J  (1  ±  V—  47). 
y  =  8  or  4J  or  J  (-  23  ±  V-  47). 

In  the  case  of  Problem  (1),  the  only  real  solution  is  a;  =  2, 
y  =  8 ;  the  other  solutions  are  imaginary.  Neither  the  factor 
(2a:  +  3)  nor  the  factor  | (2a;  —  J)*  +  ^|  can  be  zero  in  this 
probleuL 

In  the  case  of  Problem  (2),  the  real  solutions  are  x  =  2,  y  =  8 
and  a;=— 1^,  y  =  +  4^ ;  the  solutions  a;  =  J (1  ±  V—  47), 
y  =  i(—  23  ±  V—  47)  are  both  imaginary,  for  the  factor 
1(2  a;  —  J)^  +  ^- 1  cannot  be  zero  in  this  problem. 

In  the  case  of  Problem  (3),  all  four  solutions  are  real.  If 
the  men  walk  in  the  same  direction,  the  solution  is  x  —  2, 
y  =  8  ;  if  they  walk  in  opposite  directions,  the  solution  is 
a;  =  —  1  J,  y  =  4  J  ;  if  they  walk  in  directions  obliquely  trans- 
verse, the  solutions  are 


X 


=  J(1±V=:47),    y  =  J(~23±V^r47), 


as  shown  in  the  accompanying  figure,  one  man  walking  from 
0  to  a;,  a  distance  of  V3  miles,  while  the  other  walks  from  O 
to  y,  a  distance  of  6  miles,  the  distance  from  x  to  y  being 
then  6  miles. 
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Exercise  97 

/  Find  the  value  of : 

1.    (a  +  W)*  +  (a  -  ^t)*. 

1+21      l-2i 

J      2  +  36i      7-26i 
y       6  + Si  "^  3-4i  * 

4.   Show  that  [( V3  +  1)  +  (  V3  -  l)i]«  =  16  -h  16 i 
6.   If  Vo;  4-y*  =  a  4-  ^^,  show  that 

6.  Find  the  modulus  of  -7^ .  ^^A  ^ — :ri" 

(6  — 4i)(16  4-8t) 

7.  Find  the  three  cube  roots  of  1  4-  *. 

8.  Find  the  five  fifth  roots  of  1. 

9.  Find  the  four  fourth  roots  of  3  +  4 1. 

10.  Solve  the  equation  «•  —  12  «  +  3  =  0. 

11.  Solve  the  equation  2a;'  —  3a;  —  1=0. 

12.  Show  that  (V^)'^^  =  r^. 
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PLANE  AND  SPHERICAL 
TRIGONOMETRY 

By  George  Wentworth  and  David  Eugene  Smith 


In  this  new  trigonometry  the  authors  appeal  directly  to  the 
interest  of  the  student.  They  set  forth  the  uses  of  trigonometry 
with  exceptional  clearness  in  the  opening  pages,  and  through- 
out the  book  postpone  the  theoretical  part  of  the  subject,  when- 
ever possible,  until  the  practical  uses  are  shown  and  the  need 
for  it  appears.  For  example,  the  graphs  of  functions,  radian 
measure,  and  trigonometric  equations  are  treated  late  in  the 
course  where  their  significance  is  evident 

The  course  provides  an  abundance  of  applied  problems  in  ad- 
dition to  the  purely  theoretical  work.  Simple  surveying  and  plane 
sailing  are  among  the  lines  of  application  emphasized,  although 
the  authors  make  no  attempt  to  enter  into  the  technicalities  of 
these  subjects.  The  abundance  of  problems,  their  careful  grad- 
ing, and  the  unusual  excellence  of  typography  are  all  features 
distinctive  of  the  Wentworth-Smith  Mathematical  Series. 

Plane  Trigonometry    1 88  -I-  20  pages 

Plane  Trigonometry  and  Tables    188  +  104  pages  ' 

Plane  and  Spherical  Trigonometry    230  +  26  pages 

Plane  and  Spherical  Trigonometry  and  Tables 
230  +  104  pages 

Trigonometric  and  Logarithmic  Tables    104  pages 
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